Back to solving the quintic,
depression and Galois primes
Semjon Adlaj
Abstract. Évariste Galois is best known for proving the insolubility of the
general quintic via radicals. There, he (merely) confirmed the ingenious
insights of Carl Gauss, Paolo Ruffini and Niels Abel. Yet, Galois went on
(spectacularly alone) to formulate both necessary and sufficient criterion for
solubility of a general algebraic equation via radicals. Even more, he was
undeniably the first to actually solve the general quintic via exhibiting it as
a modular equation of level 5. We aim and (hopefully) succeed at lifting any
remaining doubts, concerning the latter (persistently hardly ever known)
claim. And along with presenting Galois construction for depressing the
degree of the modular equation of level 5, 7 or 11, we show that such
construction is unique for the (Galois) prime 5, but one more construction is
possible for each of the two remaining Galois primes 7 and 11.

In his last letter [5], eloquently described by Hermann Weyl as “the most
substantial piece of writing in the whole literature of mankind”, Évariste Galois
indicated sufficient and necessary condition for depressing the degree of the
modular equation of prime level. For this purpose he introduced the projective
special linear group over a prime field, which we denote by Gp ,1 and observed
that it was simple whenever the prime p strictly exceeded the prime 3.2 He
pointed out the three exceptional primes for which the group Gp possessed a
subgroup of index, coinciding with p. These were the primes 5, 7 and 11. For any
prime p strictly exceeding 11 only subgroups of index p + 1, and no lower, are
guaranteed to exist. Equivalently said, a modular equation, of prime level p ≥ 5,
1 The

group Gp might be viewed as the Galois group (in the common sense) of its corresponding
algebraic equations, as we shall further clarify. The standard notation for Gp is PSL(2,Fp ), where
we assume the index p to denote a prime.
2 The very concept of simplicity, being introduced by Galois, is the basis for classifying groups.
The classification of finite simple groups, which referred to as “an enormous theorem”, was
(prematurely) announced in 1981 (by Daniel Gorenstein) before it was completed in 2004 (by
Michael Aschbacher and Stephen Smith).
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is depressable,3 from degree p + 1 to degree p, iff p ∈ {5, 7, 11}. Via explicitly
constructing the subgroups, corresponding to these three exceptional primes,
Galois must, in particular, be solely credited for actually solving the general
quintic via exhibiting it as a modular equation of level 5. While Galois’
contribution for formulating sufficient and necessary criterion for solubility of an
algebraic equation via radicals is acknowledged, his decisive contribution to
actually solving the quintic (before Hermite and Klein) is, surprisingly, too
poorly recognized (if not at all unrecognized)! Betti, in 1851 [3], futily asked
Liouville not to deprive the public any longer of Galois’ (unpublished) results,
and, in 1854 [4], went on to show that Galois’ construction yields a solution to
the quintic via elliptic functions.4 One might associate with each quintic, given in
Bring-Jerrard form, a corresponding value for the (Jacobi) elliptic modulus β, as
Hermite did, in 1958 [6], implementing this very Galois’ construction (thereby
enabling an efficient algorithm for calculating the roots via values of an elliptic
function at points placed apart by multiples of fifth-period). The group G5 acts
(naturally) on the projective line PZ5 , which six elements we shall, following
Galois, label as 0,1,2,3,4 and ∞. Then collecting them in a triple-pair
{(0, ∞),(1, 4),(2, 3)}, the group G5 is seen to generate four more triple-pairs
{(1, ∞),(2, 0),(3, 4)},{(2, ∞),(3, 1),(4, 0)},{(3, ∞),(4, 2),(0, 1)},{(4, ∞),(0, 3),(1, 2)}.
Together, the five triple-pairs constitute the five-element set upon which G5
acts.5 Galois did not (in his last letter) write down the four triple-pairs, which we
did write after the first, and we now, guided by his conciseness and brevity,
confine ourselves to writing down only the first pair-set that he presented for
each of the two remaining cases, where p = 7 and p = 11, respectively:
{(0, ∞),(1, 3),(2, 6),(4, 5)} and {(0, ∞),(1, 2),(3, 6),(4, 8),(5, 10),(9, 7)}. Unlike the
case p = 5, an alternative might be presented for the case p = 7, which is
{(0, ∞),(1, 5),(2, 3),(4, 6)}, and for the case p = 11, which is {(0, ∞),(1, 6),(3, 7),
(4, 2),(5, 8),(9, 10)}. The “absolute invariant” for the action of the subgroup Γ2 ,
of the modular group Γ := PSL(2, Z), consisting of linear fractional
transformations congruent to the identity modulo 2, is the square (of the elliptic
3 This

well-established term means lowerable. Its conception is a simple (yet ingenious) idea with
which Galois alone must be fully credited, and, as we shall soon see, is the single most crucial
(yet rarely brought to awareness) step towards actually solving the quintic.
4 In 1830, Galois competed with Abel and Jacobi for the grand prize of the French Academy of
Sciences. Abel (posthumously) and Jacobi were awarded (jointly) the prize, whereas all references
to Galois’ work (along with the work itself!) have (mysteriously) disappeared. The very fact that
Galois’ lost works contained contributions to Abelian integrals is either unknown (to many) or
deemed (by some) no longer relevant to our contemporary knowledge. For the sake of being fair
to a few exceptional mathematicians, we must cite (without translating to English) Grothendick
(as a representative), who (in his autobiographical book Récoltes et Semailles) graciously admits
that “Je suis persuadé d’ailleurs qu’un Galois serait allé bien plus loin encore que je n’ai été.
D’une part à cause de ses dons tout à fait exceptionnels (que je n’ai pas reçus en partage, quant
à moi).”
5 Indeed, it is the five-element set (not merely a five-element set) which Hermite had no choice
but to employ. Galois’ construction for each of the two remaining cases, where p = 7 or p = 11,
allows an alternative, as will, next, be exhibited.
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modulus) β 2 . A fundamental domain Γ2 \H, for the action of Γ2 (on the upper
half-plane H), might be obtained by subjecting a fundamental domain Γ\H (of
Γ) to the action of the quotient group Γ/Γ2 ∼
= S3 .6 In particular, β 2 viewed as
function on H, is periodic, with period 2. Sohnke, in a remarkable work [7], had
determined the modular equations for β 1/4 , for all odd primes up to, and
including, the prime 19. That work, along with Betti’s work, inspired Hermite to
(successfully) relate a (general) quintic, in Bring-Jerrard form, to a modular
equation of level 5, yet he had little choice but to admit the importance of a sole
Galois idea (in depressing the degree of the modular equation).7 The modular
polynomial for β 1/4 , of level 5, is
φ5 (x, y) := x6 − y 6 + 5 x2 y 2 (x2 − y 2 ) + 4 x y (1 − x4 y 4 ),
and the period of β 1/4 (as an analytically continued function) is 16. Denoting the
roots of φ5 (x, y = β 1/4 (τ )), for a fixed τ ∈ H, by


τ + 16 m
, 0 ≤ m ≤ 4,
y5 = β 1/4 (5 τ ), ym = −β 1/4
5
one calculates the minimal polynomial for x1 := (y5 − y0 )(y4 − y1 )(y3 − y2 ) y. It
turns out to be
√
x5 − 2000 β 2 (1 − β 2 )2 x + 1600 5 β 2 (1 − β 2 )2 (1 + β 2 ).
Thereby, a root of the quintic
x5 − x + c, c :=
is

√

5 c x1
=
4 (1 + β 2 )
6 The

2 (1 + β 2 )
2 (1 + y 8 )
p
p
,8
=
55/4 β(1 − β 2 )
55/4 y 2 1 − y 8

x
(y5 − y0 )(y4 − y1 )(y3 − y2 )
q √ 1
q √
=
,
2 5 5 β(1 − β 2 )
2 y 5 5 (1 − y 8 )

latter quotient group coincides with G2 which is isomorphic with S3 .
had apparently adopted Cauchy’s catholic and monarchist ideology, much in contrast
to Galois’ passionate rejection of social prejudice. In 1849, Hermite submitted a memoir to
the French Academy of Sciences on doubly periodic functions, crediting Cauchy, but a priority
dispute with Liouville prevented its publication. Hermite was then elected to the French Academy
of Sciences on July 14, 1856, and (likely) acquainted, by Cauchy, with ideas stemming from
(but not attributed to) Galois “lost” papers. T. Rothman made a pitiful attempt in “Genius
and Biographers: The Fictionalization of Evariste Galois”, which appeared in the American
Mathematical Monthly, vol. 89, 1982, pp. 84-106 (and, sorrowly, received the Lester R. Ford
Writing Award in 1983) to salvage Cauchy’s reputation (unknowingly) suggesting further evidence
of Cauchy’s cowardice, and surprising us, along the way, with many (unusual but ill substantiated
and biased) judgements telling us much about T. Rothman himself, but hardly anything
trustworthy about anyone else!
8 One must note that the constant coefficient c is invariant under the inversions β 7→ −1/β and
β 7→ (1 − β)/(1 + β). Here, the composition of the latter two inversions is another inversion.
The corresponding four-point orbit in a fundamental domain Γ2 \H is generated via the mapping
τ 7→ 2/(2 − τ ).
7 Hermite
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and so is expressible via the coefficients λm and µm of the elliptic polynomials
rm5 (x) = x2 − λm x + µm , 0 ≤ m ≤ 5.9 In fact, the polynomials rm5 might be
2
8
so ordered so that, for each m, the value βm
coincides with ym
. The (general)
8
2
expression for ym = βm might be written as
8
ym
=

s(λm , µm , β)
,
β 4 s(λm , µm , 1/β)

where

s(λ, µ, x) =

1 + λx
+ x2
µ


 2




2λ
2
4λ +
+ 4 + 5µ x + λ
+ 3 x2 + x3 ,
µ
µ

and the coefficients λm = γm + (2 · γm ) and µm = γm (2 · γm ) satisfy
5
Y


1
62 x10
− 21 x8 − 60 x6 − 25 x4 − 10 x2 + +
x2 − λm x + µm = x12 +
5
5
m=0




92 x2
x6
α 3 x5
+ α x3 x8 + 4 x6 − 18 x4 −
− 7 + α 2 x4
− 3 x2 − 2 −
= r5 (x),
5
5
5
where α := 4(β + 1/β). The roots γm and 2 · γm ,10 0 ≤ m ≤ 5, of the division
polynomial r5 might be highly efficiently calculated via the algorithm provided in
[1]. Calculating a pair, say γ0 and γ5 , suffices, of course, for calculating all twelve
roots via applying the addition formula along with the doubling formula, as told
in [2].
Nowadays, oblivion has entirely replaced marvelling at Galois key step,
towards solving the quintic, in depressing the degree of the modular equation, of
level 5, from 6 to 5,11 and Galois is merely mentioned, along with Abel, for
determining that the quintic is not solvable via radicals. We hope that this
(crippled) view of Galois (deeply constructive) theory would finally come to an
end.
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