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Introduction
In this report, we discuss the dimer problem, which is one of the classical lattice
models of statistical mechanics. The combinatorial interpretation of this model
is reduced to the enumeration of close-packed dimer configurations. For many
kinds of graphs popular in physical applications, such configurations are perfect
matchings.

For qualitative estimation of the model parameters, regular graphs of degree
q are usually used, assuming that the probability of belonging of each edge of the
lattice to the matching is the same and is equal to 1/q. In the thermodynamic
limit, this approximation comes to a satisfactory description of the properties of
the model, but the conditions for its use are not entirely clear.

In our study, the tori Cm×Cn of even order are used as an example of regular
graphs. The set of edges of these graphs can be divided into subsets of Em and
En. The edge em ∈ Em if it belongs to one of the simple cycles Cm. Accordingly,
the edge en ∈ En if it belongs to one of the simple cycles Cn.

During the study, one of the edges em ∈ Em was selected and the number
of perfect matchings in the graph containing this edge was found. Denote the
obtained value by K(m)

m,n. The tori Cm×Cn are convenient because K(m)
m,n does not

depend on the choice of the edge em.
Having performed similar calculations for one of the edges en, one can find

the value of K(n)
m,n and estimate the occupation probabilities of the em and en edges

R(m)
m,n =

K
(m)
m,n

Km,n
, R(n)

m,n =
K

(n)
m,n

Km,n
,

where Km,n is the total number of perfect matchings on the torus. In the present
work, for small values of m < 11, closed form expressions for R(m)

m,n and R(n)
m,n are

found and their asymptotic behavior is investigated. In particular, explicit values
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for R(m)
m = limn→∞R

(m)
m,n and R(n)

m = limn→∞R
(n)
m,n are obtained. For a few values

of m > 10, extensive sets of numeric data were computed. The use of convergence
acceleration methods allowed to estimate R(m)

m and R(n)
m with sufficient accuracy

for these values of m.

1. The technique of calculation

At present, simple methods for calculatingK(m)
m,n andK(n)

m,n with arbitrary values of
torus parameters are unknown. To derive closed form expressions, it was necessary
to fix one of the torus parameters and solve a set of enumeration problems for
each individual value m > 2. However, the approach used in this work has certain
advantages. The fact is that a wide range of recurrence relations were obtained
earlier [1], which are satisfied by the sequences {Km,n} at fixed values ofm < 21. If
the sequences {K(m)

m,n} and {K(n)
m,n} satisfy the same or similar recurrence relations,

then the values ofK(m)
m,n andK(n)

m,n can be expressed as linear combinations ofKm,n.
To enumerate perfect matchings, the method proposed half a century ago by

Wilf was used [2]. Modern computer algebra systems allow its effective implemen-
tation not only for small graphs, but also for graphs of moderate order containing
several thousand vertices [3].

In our work, all calculations were performed in the Maple system. The advan-
tages of this system include the effective implementation of operations on integers
of very large bit width, support for multithreading, as well as the ability to derive
recurrence relations directly from the initial segments of numerical sequences. So-
lutions of recurrence relations were found using the rsolve procedure, and then
simplified by the built-in tools of the system. Various manipulations of the re-
currence relations are greatly facilitated when using commands from the genfunc
package.

Since the orders of recurrence relations increase exponentially [1], their deriva-
tion turns out to be extremely resource-intensive. For this reason, for m > 10, only
small initial segments of the {K(m)

m,n} and {K(n)
m,n} sequences were calculated. The

length of these initial segments was chosen so as to ensure the necessary accuracy
of finding the limit values R(m)

m and R(n)
m .

The length of the initial segment can be significantly reduced if we use the
methods of convergence acceleration. When choosing the acceleration method,
we were guided by the fact that all the roots of the denominators of generating
functions associated with the {Km,n} sequences are simple and real. In this case,
it makes sense to use the well-known ε-algorithm [4]. The implementation of this
algorithm in the computer algebra system allows all intermediate calculations to be
performed in rational numbers, which eliminates rounding errors and instabilities
inherent in all extrapolation methods.
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Evaluation of the coefficients of the asymptotic expansions of R(m)
m and R(n)

m

was carried out by numerical data fitting. The least squares method was used,
implemented in the LSSolve procedure from the Optimization package.

Since the necessary condition for the existence perfect matching in the graph
is the parity of its order, then for odd m, the parameter n must be even. In this
case, it is advisable to somewhat change the notation made earlier. We assume that
for odd m, the value of K(m)

m,n denotes the number of perfect matchings with the
selected edge em in the graph Cm × C2n. The value of K(n)

m,n should be subjected
to the same adjustments. As a result of the changes, the sequences {K(m)

m,n} and
{K(n)

m,n} will not contain zero elements and the order of recurrence relations will
be halved. Previously, similar notation was used in [1] when calculating Km,n.

2. Some results
The results of the calculations showed that for all the studied values of m, the
sequences {K(n)

m,n} and {Km,n} satisfied the same recurrence relations. The order
of the recurrence relation for the sequence {K(m)

m,n} has always been one less for
odd m and 2 less for even m. For example, for m = 3 we get

K
(n)
3,n = 6K

(n)
3,n−1 − 6K

(n)
3,n−2 +K

(n)
3,n−3, K

(m)
3,n = 5K

(m)
3,n−1 −K

(m)
3,n−2.

Taking into account the initial dataK(n)
3,2 = 15,K

(n)
3,3 = 64,K

(n)
3,4 = 299 andK(m)

3,2 =

10,K
(m)
3,3 = 48, the values of K(m)

3,n and K(n)
3,n can be expressed in terms of the total

number of perfect matchings on the torus

K
(m)
3,n =

1

21
(K3,n+1 −K3,n−1) , K

(n)
3,n =

1

2
K3,n −K(m)

3,n .

Based on the well-known formula for K3,n and the expressions obtained
above, it is easy to verify the monotonicity of the sequences {R(n)

3,n} and {R
(m)
3,n },

with the sequence {R(n)
3,n} decreasing and {R(m)

3,n } increasing. The same condition
was fulfilled for all other odd m. The limiting values of the edges em and en
occupation probabilities have a simple form: R(m)

3 = 1/
√
21, R

(n)
3 = 1/2− 1/

√
21.

For even m, the relationship between the values of R(m)
m,n and R(n)

m,n is more
complex. When n < m, the result of comparing these values depends on the parity
of torus parameters. Obviously, for n = m, the edges em and en are equivalent,
therefore, R(m)

m,n = R
(n)
m,n. However, for n > m, perfect matchings contain more

edges belonging to the cycles Cm, so R(m)
m,n > R

(n)
m,n.

Due to the rapid growth of the orders of recurrence relations, the explicit
formulas for K(m)

m,n and K
(n)
m,n turn out to be cumbersome even for small m. For

example, when m = 4, we obtain a recurrent relation of the sixth order, which is
satisfied by the members of the sequence {K(m)

4,n }

K
(m)
4,n = 4K

(m)
4,n−1 + 5K

(m)
4,n−2 − 24K

(m)
4,n−3 + 5K

(m)
4,n−4 + 4K

(m)
4,n−5 −K

(m)
4,n−6.
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To calculate R(m)
4,n , it is convenient to express the values of K(m)

4,n in terms of K4,n

K
(m)
4,n =

7

192
(K4,n+1 −K4,n−1) +

1

32
(K4,n+2 −K4,n−2)−

1

192
(K4,n+3 −K4,n−3).

The normalization condition K
(m)
4,n + K

(n)
4,n = 1

2K4,n, which is satisfied for all
m, allows us to find the limit values of the occupation probabilities: R(m)

4 =

1/(2
√
3), R

(n)
4 = 1/2 − 1/(2

√
3). Closed form expressions for the probabilities

R
(m)
m and R(n)

m , containing radicals, can be obtained for some other values of m.
For example, for m = 5, we have

R
(m)
5 =

√
30 + 2

√
205

5
√
41

, R
(n)
5 =

1

2
−

√
30 + 2

√
205

5
√
41

.

In our work, the inverse power dependence was used to describe the transition
to the thermodynamic limit. Such asymptotic behavior is quite common for many
lattice models. Fitting the values of R(m)

m and R
(n)
m obtained at 2 < m < 12 in

accordance with the function A+B/mα, we obtain the following results:

R(m)
m ∼ 0.2498− 0.3284

m2.132
, R(n)

m ∼ 0.2502 +
0.3284

m2.132
if m is odd,

R(m)
m ∼ 0.2489 +

0.6017

m1.959
, R(n)

m ∼ 0.2511− 0.6017

m1.959
if m is even.

The parameters A, B, and α were obtained by the least squares method
using the LSSolve procedure from the Optimization package. The scatter of the
parameters found allows us to estimate the accuracy of the asymptotic expansion
coefficients.
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