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Introduction

Low rank approximation of matrices �nds wide use in many areas [1], such as
machine learning, statistics, and data compression. In many applications, approxi-
mation by matrices of unit rank is of interest to deal only with the basic information
involved in the data under consideration [2, 3].

In [4, 5], the problem of rank-one approximation of positive square matrices
is formulated as a problem of minimizing the log-Chebychev distance between ma-
trices. The optimization problem is represented in terms of tropical (idempotent)
mathematics, which deals with the theory and applications of idempotent semi-
�elds. A solution approach based on methods and results of tropical optimization
is used to provide a complete direct solution given in compact vector form.

In this paper, we extend the above results to solve the rank-one approxi-
mation problem in the case of rectangular non-negative matrices. The problem is
formulated in terms of max-algebra, which is a tropical semi�eld with the maxi-
mum in the role of addition, and with multiplication de�ned as usual. We start
with necessary de�nitions and results of tropical mathematics, and then apply
them to obtain complete solutions to a tropical optimization problem under dif-
ferent assumptions. The results obtained serve as the basis to derive a solution to
the approximation problem in question in compact closed vector form. We o�er
the solution in di�erent forms for the case of arbitrary non-negative matrices and
for the case of matrices without zero columns.
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1. Tropical algebra

We begin with preliminary de�nitions and results of tropical mathematics from
[4, 6], which are used in what follows.

1.1. Idempotent semi�eld

Suppose X is a nonempty set that is closed under addition ⊕ and multiplication ⊗.
Addition and multiplication are associative and commutative, and have respective
neutral elements, zero 0 and identity 1. Addition is idempotent, resulting in the
equality x ⊕ x = x for all x ∈ X. Multiplication distributes over addition, and is
invertible in the sense that, for each nonzero element x ∈ X, there exists inverse
element x−1 such that x ⊗ x−1 = 1. Together with the operations ⊕ and ⊗, and
their neutral elements, the set X forms the algebraic system, which is usually called
the idempotent semi�eld. In what follows, the multiplication sign ⊗ is dropped for
simplicity.

The semi�eld Rmax,× is de�ned on the set of non-negative real numbers,
and equipped with the addition ⊕ de�ned as maximum, and the multiplication
⊗ de�ned as usual. The neutral elements 0 and 1 coincide with the arithmetic
zero 0 and one 1. The power and inversion notations have the usual meaning. This
semi�eld is often called max-algebra.

1.2. Matrix algebra

Let Xm×n be the set of matrices over X, withm rows and n columns. A matrix with
all zero elements is the zero matrix denoted 0. A matrix with 1 on the diagonal
and 0 elsewhere is identity matrix, which is denoted by I. In the case of max-
algebra, the zero and identity matrices have the usual form. Any matrix without
zero columns is called column-regular.

Matrix addition and multiplication, and multiplication by scalars are de�ned
as usual, except that the arithmetic operations are replaced by ⊕ and ⊗.

The multiplicative conjugate transpose of a nonzero matrix A = (aij) ∈
Xm×n is the matrix A− = (a−ij) ∈ Xn×m with the elements a−ij = a−1ji if aji 6= 0,
and a−ij = 0 otherwise.

Consider a square matrix A = (aij) ∈ Xn×n. The trace of the matrix A is
calculated as trA = a11 ⊕ · · · ⊕ ann.

The spectral radius of A is the scalar λ = trA⊕ · · · ⊕ tr1/n(An).

The Kleene star operator for A is given by the formula A∗ = I⊕· · ·⊕An−1.

The set of column vectors of order n is denoted by Xn. A vector that has no
zero elements is called regular. In max-algebra, the regularity of a vector means
that the vector is positive.

The multiplicative conjugate transpose of a nonzero column vector x = (xi)
is a row vector x− = (x−i ), where x

−
i = x−1i if xi 6= 0, and x−i = 0 otherwise.



Rank-one approximation of non-negative matrices 3

2. Tropical optimization problem

Given a rectangular matrix A ∈ Xm×n, the problem is to �nd regular vectors
x ∈ Xm and y ∈ Xn that achieve the minimum

min
x,y

x−Ay ⊕ y−A−x. (1)

The following theorem generalizes the result of the paper [5], and gives a
complete solution to problem (1) in explicit form.

Theorem 1. Let A ∈ Xm×n be a nonzero matrix, µ be the spectral radius of the

matrix AA−. Then, the minimum in problem (1) is equal to µ1/2, and all regular

solutions are given by

x = (µ−1AA−)∗v ⊕ µ−1/2A(µ−1A−A)∗w,

y = µ−1/2A−(µ−1AA−)∗v ⊕ (µ−1A−A)∗w; v ∈ Xm, w ∈ Xn.

For column-regular matrices, the solution can be represented as follows.

Theorem 2. Let A ∈ Xm×n be a column-regular matrix, µ be the spectral radius of

AA−. Then, the minimum in problem (1) is equal to µ1/2, and all regular solutions

are given by

x = (µ−1AA−)∗u, u ∈ Xm;

µ−1/2A−x ≤ y ≤ µ1/2(x−A)−.

3. Application to matrix approximation

The problem of approximating a non-negative rectangular matrix A = (aij) by
positive matrix X = (xij) is formulated to minimize the Chebyshev distance in
logarithmic scale, given by

max
i,j:aij 6=0

| log aij − log xij | = log max
i,j:aij 6=0

max(aijx
−1
ij , a

−1
ij xij).

Since the logarithm (on the base greater than one) is monotone increasing, the
approximation problem is equivalent to minimizing the argument of the logarithm.
Observing that any positive matrix X of unit rank can be represented as stT ,
where s = (si) and t = (tj) are positive vectors, we reduce the problem to that of
the form

min
s,t

max
i,j:aij 6=0

max(s−1i aijt
−1
j , sia

−1
ij tj).

Representation of the objective function in terms of max-algebra yields⊕
i,j:aij 6=0

(s−1i aijt
−1
j ⊕ sia

−1
ij tj) = s−A(t−)T ⊕ tTA−s.

We now formulate the rank-one approximation problem as to �nd a matrix
X = stT , where s and t are positive vectors that solve the problem

min
s,t

s−A(tT )− ⊕ tTA−s.
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The last problem has the same form as problem (1) with x = s, y = (tT )−

and thus admits complete solutions given by the results of section 2.

Theorem 3. Let A be a non-negative matrix, µ be the spectral radius of the ma-

trix AA−. Then, the minimum error of log-Chebyshev approximation is equal to

log(µ)/2, and all approximate matrices are given by stT , where

s = (µ−1AA−)∗v ⊕ µ−1/2A(µ−1A−A)∗w,

tT = (µ−1/2A−(µ−1AA−)∗v ⊕ (µ−1A−A)∗w)−; v ∈ Xm, w ∈ Xn.

The next result holds if the approximated matrix has no zero columns.

Theorem 4. Let A be a non-negative matrix without zero columns, µ be the spectral

radius of AA−. Then, the minimal error of log-Chebyshev approximation is equal

to logµ1/2, and all approximate matrices are given by stT , where

s = (µ−1AA−)∗u, u ∈ Xm;

µ−1/2s−A ≤ tT ≤ µ1/2(A−s)−.
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