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Abstract. We discuss problems and recent results related to the Newton-
Puiseux algorithm and its generalization for nonzero characteristic obtained
by the author earlier. In particular we suggest explicit expansions of algebraic
functions in formal power series in nonzero characteristic and thereby obtain
an interesting generalization of the Taylor theorem to nonzero characteristic
for these functions.

In paper [3] we developed a new method and proved the fundamental result
in theory of computation with parameters. After that we demonstrate the strength
of this method in [4], [5], [6] (the third concluding part of [4], [5] is to appear) and
solved there long standing difficult problems.

It is interesting now to apply the methods of [3], [4] to the problem of con-
structing Newton-Puiseux expansions of the roots of polynomials with parametric
coefficients. Of course here one should work with commutative separable algebras
over the ground field in place of its finite field extensions. It is only one of the
difficulties. To obtain good bounds for the complexity one can apply the results of
[8]. We hope to consider this problem in detail in one of our next papers.

In [7] we generalized the Newton-Puiseux algorithm to the case of a nonzero
characteristic ground field k. There we obtained a canonical algorithm for factoring
polynomials over the maximal weakly ramified extension of the field k((X)). Note
that so far there has been a general opinion that such an algorithm is impossible
or if it exists it must be very complicated. So our result from [7] can be considered
as a true discovery. Still there is a problem to estimate the sizes of coefficient from
finite extensions of the field k involved in this natural construction similarly to
[8] (there the field k has zero characteristic). But now it seems there is no direct
analog of the results from [8] sufficient to get the required bounds for sizes of
coefficients. We need to return to a more classical approach and estimates the
denominators of these coefficients. More precisely, we would like to formulate the
following hypothesis.
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Let k = Fpm(t1, . . . , tl) where t1, . . . , tl are algebraically independent over the
finite field Fpm of pm elements, p = char(k), m > 1 is an integer. Denote by ks
the separable closure of the field k. Let f ∈ k[X,Y ] be a separable polynomial
with respect to Y (i.e., the degree degY f = n > 1 and the discriminant of f
with respect to Y is nonzero) with the leading coefficient lcY f = fn. Assume that
f ∈ Fpm [t1, . . . , tl, X, Y ] and the degrees degX,Y f 6 d, degt1,...,tl

f 6 d1 for some
d, d1 > 2. Let g ∈ ks((X))[Y ] be an irreducible (in the last ring) factor of the poly-
nomial f . Then by this hypothesis there are a polynomial 0 6= λ ∈ Fpm [t1, . . . , tl]

of degree degt1,...tl
λ = d1d

O(1) and a polynomial g1 = g1(t1, . . . , tl, X, Y ) ∈
Fpm [t1, . . . , tl][[X]][Y ] such that

g = g1(t1, . . . , tl, X/λ, Y ).

One can even specify this hypothesis. Namely, let y1, . . . yn ∈ k((X)) be all
the the pairwise distinct roots of the polynomial f (here k((X)) is an algebraic
closure of the field k((X))). Put F = f

n(n−1)
n

∏
16i6=j6n(Z − yi + yj) where Z is a

new variable. So the polynomial F ∈ Fpm [t1, . . . , tl, X, Z]. Let F =
∑

i,j Fi,jX
iZj

where all the coefficients Fi,j ∈ Fpm [t1, . . . , tl]. Let V be the set of all vertices of
the Newton broken line of the polynomial F considered as an element of k[[X]][Z].
Put λ1 =

∏
(i,j)∈V Fi,j . Then one can suppose additionally in the formulated

hypothesis that λ divides λN1 for some integer N = dO(1).
This hypothesis (if it is true) is a key to obtain good bounds for sizes of

coefficients from ks in the construction from [7]. To prove this hypothesis we need
to analyze carefully the algorithm from [7] (at present we don’t see any other way).

Notice also that one can generalize the expansions introduced in [7] to obtain
the canonical algorithm for factoring polynomials in the ring ks((X))[Y ] in nonzero
characteristic (k is arbitrary in what follows). Here in some sense one can combine
the expansions from [1], [2] and [7]. Of course the algorithm for factoring polyno-
mials in the ring ks((X))[Y ] can be deduced from the algorithm of [7] immediately
without introducing these new expansions but it will not be canonical.

Even more, one can describe further generalization of these expansions and
obtain a canonical algorithm for factoring polynomials in the ring k((X))[Y ] in
nonzero characteristic. But here one should work with commutative separable
algebras over the ground field in place of its finite field extensions, cf. above. This
last generalization will be useful for explicit algorithms in theory of algebraic curves
in nonzero characteristic and allows to obtain the results similar the ones from [9],
[10] (in [9] a more general situation is considered and some inaccuracies from [10]
are corrected). For example, using these results one can compute the genus of a
curve. Notice also that in the case l = 0, i.e., if the ground field is finite all these
results follow directly from [11] (in the English translation of the last paper two
pages 1913, 1914 are given in the wrong order; besides this we have found in the
original paper and its translation a small non-essential inaccuracy in the statement
of lemma 5).
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One more interesting problem related to this subject is to get an efficient
algorithm for factoring polynomials over the rings of multi-variable formal power
series in any characteristic. Say, to factor a polynomial ψ ∈ k[[X1, X2]][Y ] in this
ring.

At the end of this extended abstract we would like to describe an explicit
analog of the Taylor series for algebraic function in nonzero characteristic. Let k
be an arbitrary field of characteristic p > 0. Put K = k((X)). Let f ∈ k[[X]][Y ] be
a separable polynomial with respect to Y with the degree degY f = n > 1. Consider
the separable algebra A = K[Y ]/(f). Put y = Y mod f ∈ A. Let Z,W be new
variables. For every ϕ ∈ k[[X]] the element ϕ(X+Z) ∈ k[[X,Z]] ⊂ K[[Z]] is defined
in the natural way. So f(X + Z,W ) ∈ K[[Z]][W ]. Put B = K[[Z]][W ]/(f(X +
Z,W )) and w = W mod f(X + Z,W ) ∈ B. So not formally we have w = y(X +
Z) = y|X:=X+Z . Now we would like to find an embedding of K[[Z]]-algebras
K[[Z]][w] → K[y][[Z]] such that w 7→

∑
i>0 wiZ

i, where all wi ∈ K[y] = A and
w0 = y, i.e. to find an explicit representation w =

∑
i>0 wiZ

i ∈ K[y][[Z]]. Such
a representation exists by the inverse function theorem for formal power series
over K since we have f ′Y (X, y) is invertible in A due to the separability of the
polynomial f with respect to Y . The inverse function theorem is valid in nonzero
characteristic and it is deduced (similarly to the case of zero characteristic) from
the implicit function theorem for formal power series over K[y] in two variables
Z, T with a nonzero invertible Jacobian, namely considering the mapping (Z, T ) 7→
(Z, f(X +Z, T + y)). So by definition put Diy = wi for every i > 0. Now for every
z ∈ K[y] one can define the elements Diz ∈ K[z] ⊂ K[y] in the similar way. Hence
Di are k-linear operators on K[y]. We have Di(z1z2) =

∑
06m6iDm(z1)Di−m(z2)

and Di(Dj(z)) =
(
i+j
i

)
Di+j(z) for all integers i, j > 0 and z1, z2, z ∈ K[y]. Notice

also that if the initial polynomial f ∈ k[X,Y ] then all Diy ∈ k(X)[y] (it is also
the consequence of the inverse function theorem).

Of course, in the case of zero characteristic we have Diy = 1
i!

diy
dXi by the

Taylor theorem. In nonzero characteristic if y ∈ ks((X)) and y =
∑

j>j0
aiX

j , all
aj ∈ ks (in this case degY f = 1), then one can prove thatDiy =

∑
j>j0

aj
(
j
i

)
Xj−i.

Let us return to the case of an arbitrary polynomial f with degY f > 1.
At present we would like to get general formulas for Di(z) for z ∈ A in nonzero
characteristic. Strangely enough we could not find them in literature. Let s > 0 be
an integer. We have K[y] = K[yp

s

] since f is separable with respect to Y . One can
represent fp

s

= fs(X
ps

, Y ps

) where fs ∈ k[[X]][Y ] is a separable polynomial with
respect to Y . Denote by δs the differentiation of the ring k((Xps

))[Y ps

] over k such
that δs(Xps

) = 1. Such a differentiation exists and unique since the polynomial
fs is separable with respect to Y . Speaking not quite formally it coincides with
d/dXps

on the ring k[[Xps

]]. Let z ∈ k((X))[y]. We represent z =
∑

06i<ps ziX
i

where all zi ∈ k((Xps

))[yp
s

]. By definition put δs(z) =
∑

06i<ps δs(zi)X
i ∈ A.

Here we would like to note that this definition implies that for all z1, z2 ∈ A we
have δs(z1z

ps+1

2 ) = δs(z1)zp
s+1

2 .
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Now we are able to give the required formula for Di(z) for z ∈ A. Namely
let us represent i = i0 + i1p+ . . .+ irp

r where all ij , 0 6 j 6 r, are integers such
that 0 6 ij < p and ir 6= 0. Then we have

Di(z) =
1

i0!i1! . . . ir!
δi00 δ

i1
1 . . . δirr (z), (1)

where δijj is the ij-th power of the operator δj (of course δ0j = id is the identity
operator) for every j.

One can prove here the following fact. Let f = f1f2 where f1, f2 ∈ ks[[X]][Y ],
degY f1 = n1 > 1. Put A1 = ks((X))[Y ]/(f1) and y1 = Y mod f1 ∈ A1. For
all z1 ∈ A1 and integers i, s > 0 the elements δs(z1), Di(z1) ∈ A1 are defined
similarly to δs(z), Di(z) ∈ A (see above; with ks, f1 in place of k, f). We have an
epimorphism of ks((X))–algebras ψ : ks ⊗k A→ A1, y 7→ y1. Now we claim that
ψ(δs(z)) = δs(ψ(z)), ψ(Di(z)) = Di(ψ(z)) for every z ∈ A and for all s, i > 0.

The formula (1) has a theoretical importance. In practice to compute and
estimate Diy it is better to proceed as follows. Assume additionally that f ∈
k[X,Y ]. One finds the least integer s such that ps > i, for all 0 6 j < n one
represents yp

sj =
∑

06m<n bj,my
m where all bj,m ∈ k(X) and solving a linear

system over the field k(X) finds the relation y =
∑

06j<n ajy
psj where all aj ∈

k(X). After that one represents aj = cj/c
ps

where all cj , c ∈ k[X] and have the
least possible degrees. Now y =

∑
06j<n cjY

psj/cp
s

and Diy =
∑

06j<nDi(cj) ·
Y psj/cp

s

. All Di(cj) are easily computed since we know Di(X
m), see above.

At present we have an immediate application to the considered above prob-
lems. Namely, assume that the polynomial f ∈ k[X,Y ] has a root Y = y1 ∈ ks[[X]].
Put f1 = Y −y1. So f1 divides f . Let us define w1 similarly to w (with ks, f1 in place
of k, f). Then one can easily see that w1|X=0 = y1|X:=Z . Hence (w1|X=0)|Z:=X =
y1. Put Diy1(0) = Diy1|X=0 for every i. Hence y1 =

∑
i>0Diy1(0)Xi. One can

compute Diy as described above and after that find the minimal polynomial
Φi ∈ k[X,Z] of the element Diy over k(X) (we assume that X does not di-
vide Φi). Also one can obtain good upper bounds for the sizes of coefficients from
k of this polynomial Φi. Since ψ(Diy) = Diy1 the element Diy1 is a root of the
polynomial Φi. Hence Diy1(0) is a root of the polynomial Φi(0, Y ). So one can get
the required efficient upper bound for the size of Diy1(0).

Finally we would like to note that now in the case of zero characteristic
applying the inverse function theorem (similarly to how it was above in nonzero
characteristic) we can obtain the results of [8] by another method. This is also of
great interest.
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