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Abstract. We review some properties of the Gamma function of Euler, Γ(z),
paying particular attention to the complex plane. We than de�ne the inverse
Gamma function,

∨
Γk(z), which is a multi-valued function, and therefore must

have its branches de�ned for all complex values. The branches are de�ned by
considering �rst the range of

∨
Γ, the domain of Γ, and then transforming to the

domain of
∨
Γ, the range of Γ. Having delineated all branches, we then present

numerical algorithms for the evaluation of
∨
Γ.

1. Introduction

A recent review [1] of the factorial or Γ function noticed some interesting facts.
The asymptotic approximation known as Stirling's formula was really due to de
Moivre, and Stirling's own formula is actually more accurate, in some sense. The
two approximations are respectively

ln Γ(z) = 1
2 ln 2π + (z − 1

2 ) ln z − z +
∑∞

n=1
B(2n)

2n(2n−1)z2n−1 ,

where B is a Bernoulli number. This form was due to de Moivre. Stirling himself
derived

Z = z − 1
2 ,

ln Γ(z) = 1
2 ln 2π + Z lnZ − Z −

∑∞
n=1

(1−21−2n)B(2n)
2n(2n−1)Z2n−1 .

Derivations of Stirling's formula are very popular amongst contributors to
journals such as the American Math. Monthly: about 30 variations on the deriva-
tion have been published. For many authors, the derivation of the formula is more
important than its utility. In fact we shall show it is remarkably accurate even in
the complex domain.

Another observation was that only a few papers have addressed the question
of the functional inverse of Γ. One of the earliest applications of inverse Γ was
made by Gaston Gonnet in 1981 [2] (in the same paper that de�ned W ). The
inverse is a new challenge for the approach to understanding multi-valued inverse
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functions in the complex plane presented in [3]. In order to visualize the branch
cuts in the real line, take Γ(x) over −4 < x < 4:

The points at which the branch cuts are de�ned should eliminate the multi-
valued component from

∨
Γ at the intervals constrained by the cutting lines. We

therefore chose the local minima and maxima of Γ(x) for the location of those
points.

∨
Γ is then treated as a single valued function at those intervals and labelled

with a branch index k:
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We shall describe work on evaluation on the real line and the discuss possible
extension of branches in the complex plane.

References

[1] J. M. Borwein and R. M. Corless, Gamma and factorial in the Monthly, Amer-

ican Math. Monthly, 125, 400�424, (2018).

[2] G. H. Gonnet, Expected length of the longest probe sequence in hash code searching,
J. of ACM, 28, 289�304 (1981)

[3] D. J. Jeffrey Twenty years of Lambert W . RISC seminar 2016.

A. C. Camargos Couto
Dept. Applied Mathematics
University of Western Ontario
London, Ontario, Canada
e-mail: acamarg@uwo.ca

D. J. Je�rey
Dept. Applied Mathematics
University of Western Ontario
London, Ontario, Canada
e-mail: djeffrey@uwo.ca


