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Abstract. We describe a simple procedure to construct a sample from a resid-
ual allocation model without sampling the underlying distribution. The talk
is based on an ongoing joint work with Jim Pitman, University of California
at Berkeley.

Introduction

Samples from random discrete distributions occur in a variety of models of mathe-
matical genetics, ecology, computer science and statistics [1, 3, 6, 7]. Let (P1, P2, . . .)
be a random discrete distribution on the positive integers, with Pj > 0 for all j ≥ 1,
and

∑
j Pj = 1 almost surely. By a sample from (Pj) we understand a sequence of

random variables (X1, . . . , Xn) such that, given (Pj), they are independent and

P[Xi = j|(Pj)] = Pj , i = 1, . . . , n, j ∈ N = {1, 2, . . . }.

A sequence (Pj) can always be represented in the stick-breaking form

Pj = Hj

j−1∏
i=1

(1−Hi) (1)

for some sequence of random discrete hazard probabilities (Hi), with 0 < Hi < 1
almost surely. Hazards Hj can be interpreted as conditional probabilities P[Xi =
j|Xi ≥ j]. We say that the random discrete distribution is generated by residual
allocation model (RAM) if random discrete hazards Hi in (1) are independent.
The case when hazards are also identically distributed is also known as Bernoulli
sieve [2]. The most studied RAM is the celebrated GEM(θ) distribution and its
two-parameter generalization [5] which appears for Hi with beta(1 − α, θ + iα)
distribution, that is with density B(1− α, θ + iα)−1h−α(1− h)θ+iα−1, 0 < h < 1,
for α ∈ [0, 1) and θ > −α.
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There is a natural way to generate samples from a RAM related to the so-
called Kingman paintbox construction. First generate a sequence (Pj) by some

means, say using the representation (1), and let Fk :=
∑k
j=1 Pj be cumulative

sums so that

F0 = 0; Fk = 1−
k∏
i=1

(1−Hi), k ∈ N, (2)

and Pk = Fk − Fk−1 for k ≥ 1. Note that

0 < F1 < F2 < · · · ↑ 1 almost surely. (3)

These points divide the interval [0, 1] on in�nite number of subintervals. Next
generate n uniform samples U1, . . . , Ui on [0, 1] and de�neXi = j if Ui ∈ [Fj−1, Fj).

This procedure is e�ective but requires a construction of interval partition.
Our aim here is to describe an alternative approach which does not rely on interval
partition at all.

Consecutive construction of a sample

We shall describe the sample X1, . . . , Xn in terms of counts

Nn:j = #{i ∈ {1, . . . , n} : Xi = j}, j ∈ N. (4)

For many characteristics of the sample this is a su�cient statistics, because given
distinct sample values 1 ≤ x1 < · · · < xk and counts ν1, . . . , νk of these values, so
that

Nn:xi
= νi for i = 1, . . . , k, and Nn:j = 0 for j /∈ {x1, . . . , xk},

each particular sample with these counts appears with the probability
(

n
ν1,...,νk

)−1
.

A notation for cumulative sums of counts will be also useful:

Sn:j =
∑
i≥j

Nn:i = #{i ∈ {1, . . . , n} : Xi ≥ j}. (5)

Note that Sn:1 = n.
Introduce binomial moments

µj(n,m) = EHn
j (1−Hj)

m. (6)

Then the sample can be constructed by the following procedure.

Theorem 1. Suppose that for we have already generated �rst n = 0, 1, . . . values
of a sample which have counts (Nn:j) as in (4). Then in order to learn a value of
Xn+1 one should perform a sequence of choices whether Xn+1 = j, for j = 1, 2, . . . ,
with the probability to stop at j

P[Xn+1 = j|(Nn:i)i∈N, Xn+1 ≥ j] =
µj(Nn:j + 1, Sn:j)

µj(Nn:j , Sn:j)
. (7)

For a RAM subject to assumptions (3) this sequence stops at �nite step almost
surely.
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This consecutive construction works best when there are explicit formulas for
the moments (6). This is the case when Hi have beta distribution, as in the GEM
model [4].
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