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1 Schur functions and Schur positivity

Schur polynomials sλ(x1, . . . , xN) form a vector space basis (over Z) of the ring of sym-
metric polynomials in the variables x1, . . . xN , while λ runs over the set of partitions or
Young diagrams.

A symmetric function is Schur positive if its expansion on the basis of the Schur
functions involves only non-negative coefficients only.

Since a product of symmetric polynomials is symmetric, one can expand it in terms
of Schur polynomials. In particular, for product of Schur functions, we get

sµ(x1, . . . xN)sν(x1, . . . xN) =
∑
λ

cλµ,νsλ(x1, . . . xN). (1)

Here cλµ,ν are the Littlewood-Richardson coefficients. These coefficients are nonnegative,
since we have a combinatorial description of these coefficients : cλµ,ν is equal to the
number of semistandard Young tableaux of skew shape λ \ µ and of weight ν.

For a quadruple of partitions µ, ν, µ′, ν ′, we have

sµsν − sµ′sν′ =
∑
λ

(cλµ,ν − cλµ′,ν′)sλ(x1, . . . xN). (2)

Then the LHS is said to be Schur positive if for any λ,

cλµ,ν − cλµ′,ν′ ≥ 0.

Questions on Schur positivity of several types of expressions sµsν−sµ′sν′ has been posed
and studied in series of works, see [2, 5, 3, 4].

Lam, Postnikov, and Pyaljavskii [4] proved Schur positivity of

sµ∨νsµ∧ν − sµsν , (3)

and confirmed several open problems posed in [2, 5, 3, 4].
Recall that a flag minor is a minor of a matrix which is equal to a determinant of a

square submatrix which is constituted of elements of the intersection of a set of columns
and the first consecutive rows. To a flag minor ∆I , where I = {i1, i2, . . . , ik} denotes the
column set, is associated a Schur function sλ with λ = (ik−k+1, ik−1−(k−1)+1, . . . i1).
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Definition 1.1 A polynomial in flag minors is Schur positive if substituting in it the
Schur functions instead of the flag minors yields a Schur positive symmetric function.

For example, for a subsets I = {i1, i2, . . . , ik} and J = {j1, . . . , jk} and I ∨ J =
{max(i1, j1), . . . ,max(ik, jk)}, I ∧ J = {min(i1, j1), . . . ,min(ik, jk)}, we have Schur posi-
tivity of the polynomial

∆I∨J∆I∧J −∆I∆J .

Namely, this follows from Schur positivity of (3).

2 Cluster algebra of C[SLw0,e
N ]

Let B be the subgroup of upper triangular matrices of SLN and B− be that of lower
triangular, w0 be the longest element of the Weyl group, the group of permutations on
[N ]. The coordinate ring the big double Bruhat cell SLw0,e

N := B ∩B−w0B−, C[SLw0,e
N ],

has a cluster algebra structure [1].
The cluster variables of such a cluster algebra are specific polynomials in flag minors.

We call cluster polynomials such polynomials.
We state the following conjectures bases on numerous computer experiments.

Conjecture 2.1 Any cluster polynomial is Schur positive.

Conjecture 2.2 Any such a polynomial as a linear combination of Schur function has
the full support. Namely, for a cluster polynomial, all integer points of the convex hull of
vectors corresponding to partitions which support the Schur functions of the corresponding
linear combination correspond to summands with positive coefficients.

3 Some examples

We choose an initial cluster seed being the seed corresponding to the reduced decomposi-
tion s1s2s1 · · · sN−1 · · · s1 of w0 (see [1]). Any sequence of cluster mutations at 4-valency
vertices results in a flag minor. Because of that, we get Schur positivity in such a case.

A mutation at a 6-valency vertex of the initial seed gives a cluster polynomial of the
form

∆i−1,[i+1,i+j+1]∆[i,i+j−1] −∆i−1,[i+1,i+j−1]∆[i,i+j+1].

Substituting Schur functions instead of the flag minors yields the following polynomial
in Schur functions

s(ij+1,i−1)sij − sij+2s(ij−1,i−1), (4)

where ab denotes sequence (a, a, . . . , a) with b entries.
For example, for i = 3, j = 2, we get Schur positivity of (4) as well as validity of

Conjecture 2.2,

s(22)s(4)s(333) + s(44)s(3)s(222)
s(33)

= s(332)s3 − s(333)s2
= s(4322) + s(5321) + s(632)
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Schur positivity of (4) can be obtained using a result of ([6]), for which follows that

∆I∆J −∆I′∆J ′ (5)

is Schur positive if, for any interval K ⊂ N, there holds

max(|I ∩K|, |J ∩K|) ≤ max(|I ′ ∩K|, |J ′ ∩K|). (6)

Observation. All cluster variables of the form (5) computed in our experiments
fulfill (6), and thus are Schur positive.

4 Extreme Schur functions of cluster polynomials

For partitions ν and µ, the Schur functions of the product sνsµ labeled by the sum ν+µ
and the concatenation µ ∪ ν are lexmax and lexmin terms, respectively.

4.1 Two tropical semirings on partitions or Young diagrams

Lets us defined two dual tropical semirings on the set of partitions: for one we consider
the pair of operations as summation and lexmax, and for another as concationation and
lexmin.

Namely the first tropical semiring is specified by

(λ1, . . . , λk)�1 (µ1, . . . , µk) = (λ1, . . . , λk) + (µ1, . . . , µk) = (λ1 + µ1, . . . , λk + µk);

and
(λ1, . . . , λk)⊕1 (µ1, . . . , µk) = max{(λ1, . . . , λk), (µ1, . . . , µk)},

where max is the lexicographical maximum of two vectors of Rk.
The second semiring is specified by

(λ1, . . . , λk)�2 (µ1, . . . , µk) = (λ1, . . . , λk) ∪ (µ1, . . . , µk) = (λ1, . . . , λk, µ1, . . . , µk)
↑;

where (x1, . . . , xn)↑ = (xσ(1) ≥ . . . ≥ xσ(n)) is a non-increasing ordering of xi’s.

(λ1, . . . , λk)⊕2 (µ1, . . . , µk) = min{(λ1, . . . , λk), (µ1, . . . , µk)},

where min is the lexicographical minimum of two vectors of Rk.
These semirings are dual with respect to transposition. Namely, for a partition

λ = (λ1, . . . , λk), let λ′ denote the transposed (dual) partition, λ′i := #I, where I ⊂ [k],
such that λj ≥ i, for j ∈ I. Then

λ�2 ν = (λ′ �1 ν
′)′, λ⊕2 ν = (λ′ ⊕1 ν

′)′.
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4.2

Theorem 4.1 Let Qin be the initial seed of the cluster algebra C[SLw0,e
N ].Let P be a

cluster polynomial in flag minors. Then the expansion of the Schur specialization of P
on the basis of Schur functions has terms labeled by lexmin and lexmax partitions with
coefficients 1. Moreover these lexmin and lexmax partitions can be obtained by following
the same sequence of mutations from Qin as for a cluster variables corresponding to P
but with respect to the two tropical semirings on the partitions.

For example,(
s(5,3,2,2,2) + s(6,3,2,2,1) + s(7,3,2,2)

)
s(4,4,3)s(3,3) + s(3)s(3,3,3,3)s(2,2,2)s(5,5)

s(4,3,3,2,2,2)+s(4,4,2,2,2,2)+s(4,4,3,2,2,1)+s(5,3,3,2,2,1)+s(5,4,2,2,2,1)+s(5,4,3,2,1,1)
+s(5,4,3,2,2)+s(5,5,2,2,1,1)+s(5,5,3,2,1)+s(6,3,3,2,2)+s(6,4,2,2,2)

+s(6,4,3,2,1)+s(6,5,2,2,1)+s(6,5,3,2)+s(6,6,2,2)

= s(5,4,3,3) + s(6,4,3,2) + s(7,4,3,1) + s(8,4,3)

the lexmin of concatenations of the numerator is (5, 4, 4, 3, 3, 3, 3, 2, 2, 2), and subtracting
lexmin of denominator (4, 3, 3, 2, 2, 2) yields (5, 4, 3, 3) of RHS; lexmax sums, the nomi-
nator yields (14, 10, 5, 2), the denominator (6, 6, 2, 2), and we get (8, 4, 3) of RHS. Note
that the support here is the segment [(5, 4, 3, 3), (8, 4, 3)].
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