
Russian Academy of Sciences 

St.Petersburg Department 

of Steklov Mathematical Institute 

Euler International Mathematical Institute 

St.Petersburg Electrotechnical University "LETI" 

  

 

 

 

 

 

 
 

International Conference 

Polynomial Computer Algebra 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

International Conference on Polynomial Computer Algebra 

St. Petersburg, April, 2019 

 
でíÖ¡ö"ぢñöñëßÜëÇ 

423;"



���������	
	��
��	�
��	�

������������	
��������
�

���������������������� �!���"
���

���
�����������
������

����	
������
����

������������	
��	��
���������

������������� � ���#����$� � ���������� � �������� ��� �!�� � "
���%
 ��� 
 
 ���

���������
����	
������
 ����
 
 
��	��
������������	
!��"�#���
�	
����������
�$�
�%

&�&�'����	��(�
''!
�����"����
�����
�)�
��


*"�
���+

�������
�"���
�������
�,���$�$
������
��
��$
������
��
��

�������

��������$ 
�� 
 �"� 
 ������������	 
��������
� 
��
��	%��#��	 
��#����� 
�	�����

�����
��������������
����	
����

-
���
����������
$�����#���
��
���+	�(





���������
��
!��"�#���
��
����
����



 !"#$ %& '%()$()

 !"!#$ %&#!'(!$) %'*+$ ,"-+.+/0.1+

 !" #$%& '!'(%)*++,%*),-. /!0+ -&0  ,)102- +3*%0 !4 5(/,#0'+,!'*) 6$*'-$#

+.+-0# %!'-*,'7 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9

 !"!#$ %&#!'(!$) %'*+$ ,"-+.+/0.1+) %*2#"03 45'5*(!$

:$*'-,4.,'; '!'(%)*++,%*),-. !4 -&0  ,)102-(<%&#,/- 0'+0#1)0 !4 6$1,-+ *'/

6$-2,-+ 1. =,;'02 4$'%-,!'+ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 >

6+785$ %./!8

?*)!,+ 0)),3-,% 4$'%-,!' *'/ ,-+ +.##0-2,0+8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8@@

9.03 %('(!$) :03"!0/ :!/(3") ;+5$0. 6+-!*20!$5-) <= <0$#

A&0 +.#1!),% 32!1)0#+ *++!%,*-0/ ",-& B$';0(C$--* #0-&!/+8 8 8 8 8 8 8 8 8 8 8 8 8 8@D

:03"!0/ >!&0?"

E!,'- +.##0-2,0+ !4 -&0 E*,')0F0 GH8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8I@

%*"52 >!#".!*!'(!$

A&0!20# E2!F,'; 4!2 J,',#*) K!;,% $+,'; J*%&,'0 K0*2','; A0%&',6$0+ 8 8 8 II

%/+@!$.+' >!23"0$

<!#0 32!302-,0+ !4 /!$1). +.##0-2,% 302,!/,% +!)$-,!'+ -!  *#,)-!',*' +.+-0#

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8IL

<='( >/0$35-)  /!.070' A+'.2

M' %!#3$-02 *);012* *,/0/ '$#02,%*) +!)$-,!' !4 MNO 1. P',-0 /,Q020'%0

#0-&!/ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 I>

:0?"+/! B+'0!

R33),%*-,!'+ !4 S*2 T!/0 -! ,'F!)$-,F0 /,F,+,!'+ *'/ * ;200/. *);!2,-&# 4!2

%!#3)0-0 +0-+8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 UI

40*!#" B"!*+

5$#02,%*) <.#1!),% N.'*#,%+V <-$/,0+ !4 -&0 H'F*2,*'- T!#3!'0'-+ 8 8 8 8 8 8 8 UW

C!'0! B"+73!+-!) %/+@!$.' D/+#5$25-

N0F0)!3,'; * =!)42*# N0#!'+-2*-,!'+ E2!X0%- 4!2 1,4$2%*-,!' /,*;2*#+ !4

'!'),'0*2 MNO8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8UD

B"!$#&5 B"+$) E+$(=!$ E=) <5$# D+$#

R 5$#02,%*) B!*/#*3 R);!2,-&# 4!2 <#!!-& S!$'/0/ B0*) R);012*,% <$24*%0

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8YU

3



 !"#$%&"' ()*+,-.

 !"#$%&' (!")*+ ,-% .%/,"*0 )1'%)2 ($3"!1,-& (*+ 1,' 3%*%!($14(,1"* ,"

*"*4%!" 5-(!(5,%!1',15 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 78

 %,-% ()/0)%-.

9"*',!)5,1:% ,(';' 1* +1',(*5% <$=&>1(+' 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ?7

 !"#$%&"' ()/1$0)*%

@%$(,1:1',15 <:'=(**1;": A"!,%26 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6?B

2'*3-'*". 4*5$

C!">15($ "!,-"3"*($ $1*%(! >!%:(!1%,1%' 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 DE

6.$% 4-!3$0-.7 45*,'8 9$.!-.

F(*+()G $(*3)(3% H"! +=*(&15($ '=',%&' /1,- (),"&(,15 +1I%!%*,1(,1"* 6 6 6 6 6 DJ

:$+*!** 4/;)*%7  ',"5 </;5*%7 =*0-!$8 :$++*!*".

@KL #)&>1*3 ,!%%' (*+ ( H(', @KL ($3"!1,-&6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6D7

:*>,-' ?&%"'$!

9($5)$(,1"* "H M13- <!+%!' "H ,-% @%'"*(*5% ."!&($ N"!& 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 DB

4$.*& @"A'"8

C-% O(&&( H)*5,1"* (*+ 1,' 1*:%!'% 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 DP

B*0)$*! <)$'*%-.

K;%,5- "* Q)(,%!*1"*15 F"!%*,4 ,!(*'H"!&(,1"*' 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 BR

:!$&*5*' <-'%8$0

S*:(!1(*,  !"T%5,"!' 1* U!%(,-  !"+)5, @%>!%'%*,(,1"*'6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6B?

2!"C <-+)".-87 4"%*+ B*'-%-.

9$)',%! &"*"&1($' (*+ K5-)! >"'1,1:1,= 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 PR

=*0-!$* <'*./!*%7 ?!*;$.",$ D-5$%-.$

V'1*3 ,!">15($ ">,1&14(,1"* 1* !(*;0"*% (>>!"21&(,1"* "H *"*0*%3(,1:% &(,!15%'

6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6P?

2"%%$&* B$!$+>)-%-07 2/'3"% 2".-%&-.

W)15; ,!1(*3)$(! "!,-"3"*($ +%5"&>"'1,1"* "H &(,!15%' 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 P8

2"%%$&* B$!$+>)-%-07  !!$ E*&0-

9"*,!"$ "H &(,!12 5"&>),(,1"*' "* +1',!1#),%+ &%&"!= 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 87

F"- B-'$7 B*>)"!$ ("'*$

U%(; S*:"$),1:% #('%' ":%! %I%5,1:% !1*3' 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 88

4



 !"#$%&'( )*!!%(+

 !"#$%&'( )*"+,(%& -*.'"%&/0 1,"2(#3%4* ,5 6%.%4# )#7!#.&#/ 8 8 8 8 8 8 8 8 8 8 8 9:;

,-+.(* /+#0!%*"1

<%4=%.,=>?'/(,= -#7!'.4%@'4%,. ,5 ?'4$%3 A(B#+$'/0  #C D./%BE4/ '.F

G#&E.%7!#/8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 899H

23(+ 4%!++

6,(%'4%,. ,5 )<I.J B$,!2 +* &,.K!B'&* &('//#/ 5$," 2,(*.,"%'( '(B#+$' 2,%.4 ,5

=%#C 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 99L

5%+%&" 4%&+&%

A !.%=#$/'(%4* 4E#,$#" 5,$ /4$#//#F B$'2E/ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 99M

6"(7"* 4"("8"9:#0

1,!.4%.B 2#$5#&4 "'4&E%.B C%4E ' /#(#&4#F #FB# ,. Cm × Cn 4,$% 8 8 8 8 8 8 8 8 899N

 &'("* 4"("1%(*3#:%

1,.O.#F /4,&E'/4%& F%/4!$+'.&# 5,$ 5!.&4%,.'( %4#$'4%,./ +'/#F ,. ' &,.4%.!,!/>

#=#.4 ",F#( ,5 ' +%,/*/4#" 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9H;

/+#0!%+ 4(0$#3(+&

-%P#$#.4%'4%,. '.F /2#&%'( 5!.&4%,./ ,. O.%4# O#(F/ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9HL

/+#+.% ;"80("<

),"# .#C %F#.4%4%#/ 5,$ Q#$.,!((% .!"+#$/ =%' 1#.4$'( R$'C4&E,!S 2,(*.,"%'(/

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 89;:

 !"=%&'( 6"!+1"($.01

T. 2,(*.,"%'(/ ,5 ,FF F#B$## ,=#$ $#'(/8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 89;;

>:"& 6:%0$:+

A22'$#.4 )%.B!('$%4%#/ ,5 ->O.%4# )*/4#"/ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9;U

6"(7"* 6!%1*%&01? @!7% 6."$+#

6%$/4 ,$F#$ (%.#'$ T-V #7!%='(#.4 4, F#5,$"#F W#!. #7!'4%,. 8 8 8 8 8 8 8 8 8 8 8 8 8 9;L

6"(7"* 6!%1*%&01? @!"7 )%(+9:"1

Q#((X 2,(*.,"%'(/ %. ?'4E#"'4%&' '.F '/*"24,4%& /,(!4%,./ ,5 %.4#B$'(

#7!'4%,./ 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9;N

)%(# 68+1%#01$#*

T. $#/,(!4%,. ,5 /%.B!('$%4%#/ %. '$+%4$'$* &E'$'&4#$%/4%&8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9Y9

5



 !"#$ %&#"'!( )*$+#",-. /0**".&

 !"#$%&'( )*"+,(%& -*.'"%&/0 )1!2%#/ ,3 14# 5.6'$%'.1 7,"8,.#.1/ 9 9 9 9 9 9 :;<

10.&"+& %#&*&+"

=. &,"8!1#$ '(>#+$' '%2#2 >#.#$'1%,. ,3 #?'&1 /,(!1%,./ 3,$ @$#24,(" %.1#>$,A

2%B#$#.1%'( #C!'1%,./ 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 :;D

),"23*0 4$.#!&+

E+,!1 &,"+%.'1,$%'( &,2#/ 14'1 2%/1%.>!%/4 14# $#'(%F'1%,./ ,3 &,.1%.!,!/

8$,&#//#/ 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 :G:

5$.-2 4*"-&6&.

7,"8!1#$ '(>#+$' '%2#2 >#.#$'1%,. ,3 ' "%"#1%& 2%B#$#.&# /&4#"# 3,$ H-

/1#'2* )1,I#/ J,K 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 :G<

78.& 7"+893:&;!

)#C!#.1%'( &,./1$!&1%,. ,3 /'"8(#/ 3$," $#/%2!'( '((,&'1%,. ",2#(/ 9 9 9 9 9 9 9 9 :GG

<8'$,$ =&6"

@'&1,$%'( 8,(*.,"%'(/ %. &,"8!1#$ '(>#+$' 8$,+(#"/ $#('1#2 1, /*"+,(%&

/!""'1%,.9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9:GL

M

6



How much non-classicality does the Hilbert space

of N -dimensional quantum system contain?

Vahagn Abgaryan, Arsen Khvedelidze, Ilya Rogojin and Astghik

Torosyan

One of manifestations of incompatibility of classical and quantum descrip-
tions of reality is the existence of negative values of the Wigner function (WF),
which serves as a quantum analogue of the probability distribution function.
Though, strictly speaking, the physical reflection of this deviant behaviour is un-
known, it is nevertheless well established that various non-classical physical effects
ranging from quantum entanglement to squeezing may accompany the WF nega-
tivity [1, 2]. Moreover, it may be speculated that there is an interplay between
the intensity of non-classicality of the state and various measures characterizing
the degree of negativity of WF [1, 3]. It seems that there are two natural ways
to quantify the degree of negativity. First one is through distance based measures
describing the remoteness of the (state described by) given WF from the set of
(classical states with) non-negative WFs [1, 3]. While the second by volume based
measures through the volume of the negative part of WF [1].

The aim of this short report is an estimation of the total non-classicality
contained in the Hilbert space of N -dimensional system which is uniformly covered
with respect to the Hilbert-Schmidt measure, through a volume based measure of
negativity1. We define the indicator of non-classicality of the given state ρ as the
relative measure

Mρ =
1

V ol (Ωρ[ν])
M {ω ∈ Ωρ | Wρ(ω) < 0} , (1)

while the global indicator of non-classicality as

P =
1

V ol (State space)

∫
Mρ dV (ρ). (2)

Here ν is a set of parameters fixing the Stratonovich-Weyl mapping kernel [4, 5].
The estimation of P for infinite-dimensional systems is going to be presented in
the report for the most convenient choices of the Stratonovich-Weyl kernel.

1Under assumption of universality of each of two kinds of measures, this, among other things,

will describe the degree of remoteness of classical and quantum phase spaces.
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 ?" F6<6;2 GH;6)*62 627 G)=(2 I<J(7('&7K(+5( )12!4!3" ') 6!7(3$ )&(*#!'(" )'$ 8943:34

;&1(#&2 "-"#32"+ <LL>=MNN6)O&J$1);N>7PN!BQD$QRCD!$>7P+ ?Q!D$

 S" F$ GH;6)*62+ G$ I<J(7('&7K( 627 G$ T1)1=*62+ 5( 2'0&4! "+1*3 ') #,3 6!7(3$

;&1"!+$'%1%!4!#- 0!"#$!%&#!'(" )'$ 890!23("!'(14 ;&1(#&2 "-"#32"+ U6>&=V& W654<$

3(X$ 9.#Y #"$+ !BB@?Q!+ ?Q!D$

 E" G26L1'( I(2P64V 627 I6)1' U*4KV1Z=V&+ 8371#!:!#- ') #,3 6!7(3$ )&(*#!'( 1" 1(

!(0!*1#'$ ') ('(9*41""!*14!#-+ [$ .>L$ \M ]562L5X 3(X&4'6==$ .>L$ "+ SCA^EQE+ ?QQE$

F6<6;2 GH;6)*62

_6H1)6L1)* 1P Y2P1)X6L&12 T(4<21'1;&(=

[1&2L Y2=L&L5L( P1) W54'(6) ,(=(6)4<

!E!CDQ `5H26+ ,5==&6

(@X6&'M  !"!#$!%&#''#()*!+(,-'*

G)=(2 I<J(7('&7K(

G ,6KX67K( #6L<(X6L&46' Y2=L&L5L(

YJ$ [6J6V<&=<J&'&+ TH&'&=& 3L6L( a2&J()=&L*

TH&'&=&+ b(1);&6

Y2=L&L5L( 1P ]562L5X 9<*=&4= 627 82;&2(()&2; T(4<21'1;&(=

b(1);&62 T(4<2&46' a2&J()=&L*

TH&'&=&+ b(1);&6

_6H1)6L1)* 1P Y2P1)X6L&12 T(4<21'1;&(=

[1&2L Y2=L&L5L( P1) W54'(6) ,(=(6)4<

!E!CDQ `5H26+ ,5==&6

(@X6&'M !." )/&0+$1,12

G=L;<&V T1)1=*62

_6H1)6L1)* 1P Y2P1)X6L&12 T(4<21'1;&(=

[1&2L Y2=L&L5L( P1) W54'(6) ,(=(6)4<

!E!CDQ `5H26+ ,5==&6

(@X6&'M !34#"+.&0+$1,12

 !
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 !"#$% &""$'($) *+,)($#, !,- $(% %.//&(0$&%

 !"#$% &'()#

 !"#$%&#'  !" #$%& %'()"*& +, "--./&.* .0&"12$-%3 ,'0*&.+0% $04 *'2#"% !$%

0'5"2+'% $//-.*$&.+0% .0 /!6%.*%7  8+ 4.%&.0*& $//2+$*!"% &+ .0#"%&.1$&.01

"--./&.* ,'0*&.+0% !$#" ("*+5" 9*-$%%.*$-:; &!$& +, <$2- =$*+(. $04 &!$& +,

>$2- ?"."2%&2$%%7  8+ 4.%&.0*& *!$/&"2% $2" 4"4.*$&"4 &+ &!"%" &8+

$//2+$*!"% .0 ?!.&&$@"2 $04 ?$&%+0 A,$5+'%B 9<+'2%" +, C+4"20 D0$-6%.%:

8.&!+'& $&&"5/&% +, '0.E*$&.+07 F+5" !$#" &!'% *-$.5"4 &!$& &!"

?"."2%&2$%% $//2+$*! .% 5+2" %'.&$(-" ,+2 9&!"+2"&.*$-: 2"%"$2*!3 8!"2"$% &!"

=$*+(. "--./&.* ,'0*&.+0% $2.%" 95+2" ,2"G'"0&-6: .0 $//-.*$&.+0%7 H"& $04

.04""4 %'*! 4.*!+&+56 .% $2&.E*.$- $04 &!" %&'46 +, "--./&.* ,'0*&.+0% $04

*'2#"% *$0 $04 5'%& (" 0$&'2$--6 '0.&"4 #.$ $0 $-1"(2$.* $//2+$*!3 2"$4.-6

/2+4'*.01 $ 5+%& *$0+0.*$- 9"%%"0&.$-: "--./&.* ,'0*&.+0 8!.*! /2"%"2#.01

&2$0%,+25$&.+0% $*G'.2" 9%.5/-"%&: ,+25%7 D-&!+'1! %'*! 90$&'2$-: ('.-4.01

(-+*@3 &+ 8!.*! 8" A)'%&.E$(-6B +'1!& &+ 2","2 $%  !" #$%&'( "%%') '* +,-* '&-3

!$% (""0 +0-6 2"*"0&-6 .0&2+4'*"43 .&% "I/-+.&$&.+0 !$% $-2"$46 (""0 G'.&"

,2'.&,'-7 J+& 5"2"-6 ,+2 "K*."0&-6 2"1"0"2$&.01 @0+80 $04 "%&$(-.%!"4

2"%'-&% ('& ,+2 $&&$.0.01 0"8 *$-*'-$&.+0% 8!.*! /2"#.+'%-6 %""5"4 &++

*'5("2%+5" &+ /'2%'" #.$ ".&!"2 &!" =$*+(. +2 &!" ?"."2%&2$%% $//2+$*!7

L"2"3 $& M<D NOPQ3 8" $.5 $& 4"5+0%&2$&.01 &!" 5"&!+4+-+1.*$-

%.10.E*$0*" +, &!.% 0$&'2$--6 $-1"(2$.* $//2+$*! #.$ $//-6.01 .& &+ $ ,"8 ('&

G'.&" ,'04$5"0&$- /2+(-"5% +, *-$%%.*$- 5"*!$0.*%3 &!"2"(6 /2+4'*.01

,+25.4$(-"3 !$24-6 %&$04$24 $04 !.1!-6 "K*."0& %+-'&.+0%R

 ! "#$%&'&()#* +$,(&-&.(/

 !" #$%& '!'(#"! c) *#+'# $  !"!# $#% !&$'(#!' H(c) ,-$ -./ $%.-!' !' $' $"0-."$"1
23'%.-!' f 4

H(c)f(x) := cf (x/c) .

5&3/) .&# 6"$7& !2 .&# 23'%.-!' f 8&#' /309#%.#* .! &!:!.&#.1) 8-.& "$.-! c) 8-.&
.&# !"-6-' 0#-'6 .&# +;#* 7!-'.) 1-#<*/ .&# 6"$7& !2 .&# 23'%.-!' H(c)f =
># /&$<< 3/# $' 377#" /30/%"-7. .! -'*-%$.# .&# 23'%.-!'$< ."$'/2!":$.-!'

f c(x) := cf
(√

cx
)

,
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 !"#$%& '()*$

+,-., +" /,*)) &%0 ,"/-0*0" 0% "12)-.-0)3 4"+4-0" +,"&"5"4 * 4-/6 %7 .%&78/-&9 /8.,

* &%0*0-%&: +-0, 0," .%##%& 8/" %7 822"4 /8;/.4-20/ 7%4 ("&%0-&9 2%+"4/: *4-/"/<

=,-)" 6""2-&9 -& #-&( 0,*0 0," />8*4" 4%%0 -/ &%0 /-&9)" 5*)8"(: +" /,*)) *//8#":

8&)"// +" -&(-.*0" %0,"4+-/": -0/ 5*)8"/ 0% )-" -& 0," 4-9,0 ,*)7 2)*&" +-0,%80 0,"

-#*9-&*43 &"9*0-5" 4*3< =-0, 0,-/ .,%-." %7 ;4*&., 7%4 0," />8*4" 4%%0 %&"

98*4*&0""/ 0,*0 √
x =

√
x,

+-0, 0," ;*4 ("&%0-&9 .%#2)"1 .%&$89*0-%&<

?"0 H ("&%0" 0," 822"4 ,*)7 %7 0," .%#2)"1 2)*&"

H := {z : Im(z) > 0}.
@," 94%82 PSL(2,R) *.0/ 7*-0,78))3 %& H: *&( .%&/0-080"/ 0," 94%82 %7 -0/

.%&7%4#*) *80%#%42,-/#/<

?"0 D ("&%0" 0," 78&(*#"&0*) (%#*-& 7%4 0," *.0-%& %7 0," #%(8)*4 94%82

PSL(2,Z): ;"-&9 * (-/.4"0" /8;94%82 %7 PSL(2,R): 82%& H
D := H/PSL(2,Z).

A"&%0-&9 ;3 L 0," /"0 %7 )*00-."/: 0,*0 -/ 0," /"0 %7 (-/.4"0" /8;94%82/ %7 4*&6  : -&

C: +" #*3 -("&0-73 D +-0, 0," >8%0-"&0 L/C×: 0,*0 -/: 0," >8%0-"&0 %7 0," *.0-%&

%7 0," #8)0-2)-.*0-5" 94%82 %7 -&5"40-;)" ")"#"&0/ %7 C 82%& L<
@," B-/"&/0"-& /"4-"/ %7 -&("1 k -/ * 78&.0-%& Gk: %& 0," 822"4 ,*)7 2)*&" H:

("0"4#-&"( ;3 0," ">8*)-03

Gk(x) :=
∑

(n,m)∈Z⊕Z\(0,0)

(mx+ n)−2k.

=,"& 0," -&("1 k -/ *& -&0"9"4 /04-.0)3 "1.""(-&9 1: Gk -/ * #%(8)*4 7%4# %7 +"-9,0

k< C& %0,"4 +%4(/: -0 -/ 0,"& * ,%)%#%42,-. 78&.0-%& %& 0," "10"&("( 822"4 ,*)7

2)*&" H ∪∞: /*0-/73-&9 0," 4")*0-%&

Gk

(

ax+ b

cx+ d

)

= (cx+ d)2kGk(x) ∀
(

a b
c d

)

∈ SL(2,Z).

B12)%-0-&9 0," -("&0-03

Gk(∞) = 2ζ(2k),

+,"4" ζ -/ 0," D-"#*&& ζE78&.0-%& *&( /"00-&9

∆ := 4h3
2 − 27h2

3, h2 = 15G2, h3 = 35G3,

%&" F&(/ 0,*0

∆(∞) = 4

(

π4

3

)3

− 27

(

2π6

27

)2

= 0.

@,"4";3 ∆ -/ * .8/2 7%4# %7 +"-9,0 6<
@," G)"-& jE-&5*4-*&0 -/ ("F&"( */

j :=
4h3

2

∆
HIJ

 !
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 !"#$% &""$'($) *+,)($#, !,- $(% %.//&(0$&% 1

!,- )!, 2& 3$&4&-5 2&$,6 ! /#-+"!0 *+,)($#, #* 4&$67( 05 !% ! 2$8&)($#, *0#/
(7& &9(&,-&- *+,-!/&,(!" -#/!$, D ∪∞ #,(# (7& :$&/!,, %'7&0& C∪∞ 4$(7 !

;%$/'"&< '#"& !( $,=,$(.> ?7& j@$,3!0$!,( $% &3$-&,(". =9&- +,-&0 (7& (0!,%*#0/!($#,

(h2, h3) 7→ (c2h2, c
3h3).

A#0 !, !02$(0!0. '!$0 (h2, h3)5 %+28&)( (# (7& )#,-$($#, (7!( ∆ -#&% ,#( 3!,$%75  !"

#"$"%& %'&& "(($) $* +,-* $.- ℘ $% (7& %#"+($#, #* (7& -$B&0&,($!" &C+!($#,

y′2 = 4
(

y3 − h2y − h3

)

= 4(y − e1)(y − e2)(y − e3) ;D<

4$(7 ! ;-#+2"&< '#"& !( E&0#> ?7& *+,)($#, ℘ 0&'0&%&,(% ! #,& '!0!/&(&0 *!/$". #*
F&$&0%(0!%% &""$'($) *+,)($#,%

F℘ := {℘c : x 7→ c℘(
√
c x), c ∈ C

×}. ;1<

G!)7 ℘c ∈ F℘ %!($%=&% ! )#00&%'#,-$,6 -$B&0&,($!" &C+!($#,

y′2 = 4
(

y3 − c2h2y − c3h3

)

= 4(y − ce1)(y − ce2)(y − ce3), ;H<

!,- (7& 47#"& *!/$". F℘ %7!0&% ! I)#//#,J j@$,3!0$!,( j(τ)5 )#00&%'#,-$,6 (# !
%$,6"& '#$,( τ $, D>
A#0 ! =9&- k5 4& -&=,&  !" /'*.0$ "(($) $* +,-* $.- sn !% (7& 3!,$%7$,6 !( E&0#
%#"+($#, #* (7& -$B&0&,($!" &C+!($#,

y′2 =
(

1− y2
) (

1− k2y2
)

,

47#%& "&!-$,6 K!)"!+0$, %&0$&% )#&L)$&,( $% M> ?7& )#,%(!,( k $% )!""&-  !" "(($) $*

1.2,(,&>

G3&0. N!)#2$ &""$'($) *+,)($#, sn 0&'0&%&,(% ! #,& '!0!/&(&0 *!/$". #* &""$'($)
*+,)($#,%

Fsn := {H
(√

c
)

sn : c ∈ C
×}. ;O<

G!)7 H (
√
c ) sn ∈ Fsn %!($%=&% ! )#00&%'#,-$,6 -$B&0&,($!" &C+!($#,

y′2 =
(

1− y2/c
) (

1− k2y2/c
)

.

 ! "#$ %&'()* $**$+,)&' $'')-,). /0+.,)(+

P&( α 2& ! '!0!/&(&05 α ∈ C \{−2/3, 2/3}> Q&=,& !, "&&"- $'( "(($) $* +,-* $.-

Rα !% (7& %#"+($#, #* (7& -$B&0&,($!" &C+!($#,

y′2 = 4 y
(

y2 + 3αy + 1
)

, ;R<

4$(7 ! ;-#+2"&< '#"& !( E&0#>

S, &%%&,($!" &""$'($) *+,)($#, Rα -$B&0% *0#/ F&$&0%(0!%% &""$'($) *+,)($#, ℘α 2. !,

!--$($3& )#,%(!,(> G9'"$)$(".5 $* ℘α $% (7& F&$&0%(0!%% &""$'($) *+,)($#,5 %!($%*.$,6

(7& -$B&0&,($!" &C+!($#,

y′2 = 4
(

y3 − (3α2 − 1)y − α(1− 2α2)
)

= 4(y − α) (y − (α− β)) (y − (α− 1/β)) ,
;T<β := (3α+ d)/2, d2 := 9α2 − 4,

(7&,

Rα = ℘α − α.

 !

13



 !"#$%& '()*$

+& ,*-./01)*-2 .3" "44"&./*) "))/,./0 51&0./%& Rα 0%/&0/("4 6/.3 .3" 7"/"-4.-*44

51&0./%& ℘α 63"& α = 08 +&0/("&.*))92 .3" (/40-/#/&*&. %5 "/.3"- .3" 01:/0

*,,"*-/&; %& .3" -/;3. 3*&( 4/(" %5 "<1*./%& =>? %- .3" 01:/0 /& =@?2 63/03 6"

43*)) 0*))  !" #$%&'$($)*) *%%+&$* "# ,$ ! α2 /4 d2 = (β − 1/β)
2
= 9α2 − 42 4% /.

(%"4 &%. A*&/43 4/&0"2 :9 *441#,./%&2 α 6= ±2/38
B*03 7"/"-4.-*44 "))/,./0 51&0./%& ℘2 4*./459/&; * (/C"-"&./*) "<1*./%& =D?2

-",-"4"&.4 * 5*#/)9 %5 7"/"-4.-*44 "))/,./0 51&0./%&4 F℘ =E?8 F/G 4103 * 51&0./%&

℘2 -",-"4"&./&; 4103 * 5*#/)9 F℘2 4% *4 .% *441#" .3" ,*/- (h2, h3) *&( /.4

0%--"4,%&(/&; (/40-/#/&*&. ∆ :"/&; HG"(8 I". τ :" .3" 1&/<1" ,%/&. /& D 63%4"

/#*;" j = j(τ)2 ;/A"& :9 =J?2 #*.03"4 .3" jK/&A*-/*&. %5 .3/4 5*#/)98 7" 43*))

*44%0/*." 4/G "44"&./*) "))/,./0 51&0./%&4 6/.3 τ 2 *&( .314 6/.3 F℘2 *4 )%&; *4 τ /4

&"/.3"- * 01:" -%%. %5 1 &%- * 4<1*-" -%%. %5 −18
+5 c /4 * -%%. %5 .3" 3"G/0

c6 − 3h2

∆
c2 +

1

∆
=L?

.3"& .3" (/C"-"&./*) "<1*./%& = ?2 4*./4H"( :9 ℘c
 !" #$%# &%"#'()*%" ($!'(+ ! 

c, %(-)'"+. #$+  !"/ ! #$+ 0'1+"+2#'%* +-)%#'!2 345 .%#'.6+0 78 ℘α, 9$+"+ α '.

0+#+"/'2+0 78 #$+ ($!'(+ ! c: ;$+ %..)/&#'!2 τ 6= i '/&*'+. #$%# h3 6= 0 %20 #$+

$+<'( 3=5, #$+2 7+'2> .+&%"%7*+, &!..+..+. .'< 0'.#'2(# "!!#., 9$'($ 9+ /'>$# +2*'.#

'2 #$"++ &%'". (c1, −c1), (c2, −c2) %20 (c3, −c3), 9$+"+

c21 =
1

(e1 − e2)(e1 − e3)
, c22 =

1

(e2 − e3)(e2 − e1)
, c23 =

1

(e3 − e1)(e3 − e2)
.

?!" +%($ "!!# &%'" (cn, −cn), n = 1, 2, 3, 9+ !7#%'2 % (!""+.&!20'2>  %(#!"'@%#'!2 ! 

#$+ ()7'( !2 #$+ "'>$# $%20 .'0+ ! 3A5, 9'#$ c "+&*%(+0 78 cn %20 −cn, "+.&+(#'B+*8







y3 − c2nh2y − c3nh3 = (y − αn) (y − (αn − βn)) (y − (αn − 1/βn))

y3 − c2nh2y + c3nh3 = (y + αn) (y + (αn − βn)) (y + (αn − 1/βn))

C+"+, #$+ %00'#'!2%* %..)/&#'!2 τ 6= e2πi/3 >)%"%2#++. #$%# #$+ #$"++ B%*)+. α1, α2

%20 α3 %"+ &%'"9'.+ 0'.#'2(#, 9$+"+%. 9+ $%B+ %*"+%08 +2.)"+0, 9'#$ #$+ %..)/&#'!2

τ 6= i, #$%# 2!2+ ! #$+ #$+/ B%2'.$+.: ;$)., .'< 0'.#'2(# D+'+".#"%..  )2(#'!2. ℘αn
,

℘−αn
, n = 1, 2, 3, %"+ !7#%'2+0, %20 9+ /%8, %. &"!/'.+0, %..!('%#+ .'< +..+2#'%*

+**'&#'(  )2(#'!2. Rαn
, R−αn

, n = 1, 2, 3, 9'#$ F℘: E*%'2*8,  !" +%($ n, n = 1, 2, 3,
9+ $%B+

Rαn
= ℘αn

− αn, R−αn
= ℘−αn

+ αn, αn = cnen,

%20  !" +%($ n, n = 1, 2, 3, #$+ 0'.("'/'2%2# %..!('%#+0 9'#$ αn '.

d2n = 9α2
n − 4 = c6n∆.

;$+ #$"++ &%'". (d1, −d1), (d2, −d2) %20 (d3, −d3) (%2 7+ B'+9+0 %. #$+ "!!#. ! 

#$+ $+<'(

4
(

d2 + 1
)3 − 27jd2 = 4

(

d6 + 3d4 + 3 (1− 9j/4) d2 + 1
)

, 3F5

9$'($ '. .+&%"%7*+ %.'0+  "!/ #$+ #9! .&+('%* (%.+. (!""+.&!20'2> #! τ = i %20

τ = e2πi/3: D+ 2!9 (!2.'0+" #$+.+ #9! (%.+.:

 !
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 !"#$% &""$'($) *+,)($#, !,- $(% %.//&(0$&% 1

2* τ = i (3&, h3 = 04 j = 1 !,- (3& 3&5$) 678 *!)(#0% (#

4
(

d2 + 4
) (

d2 − 1/2
)2
.

2* τ = e2πi/3 (3&, h2 = 04 j = 0 !,- (3& 3&5$) 678 *!)(#0% (#

4
(

d2 + 1
)3
.

2,%(&!- #* 90$($,: (3& 3&5$) 678 9& )#+"- 3!;& 90$((&, ! 3&5$) 93$)3 0##(% !0& (3&

(30&& '!$0% (α1, −α1)4 (α2, −α2) !,- (α3, −α3)< =3$% $% (3& 3&5$)

4
(

3α2 − 1
)3 − j

(

9α2 − 4
)

. 6>?8

@,". (30&& -$%($,)( 0##(% !,- (30&& &%%&,($!" &""$'($) *+,)($#,% )#00&%'#,- (# τ = i<
=3&%& !0&

{

Rα : α = 0, ±
√
2/2

}

.

@,". (9# -$%($,)( 0##(% !,- (9# &%%&,($!" &""$'($) *+,)($#,% )#00&%'#,- (# τ =
e2πi/3< =3&%& !0&

{

Rα : α = ±
√
3/3

}

.

=3& 3&5$) '#".,#/$!"% 6A84 678 !,- 6>?84 93&, ;$&9&- !% )+B$) '#".,#/$!"% #* c24
d2 !,- α2

4 0&%'&)($;&".4 )#00&%'#,- (# #,& !,- (3& %!/& '#$,( $, D< 2, #(3&0 9#0-%4
(3&%&% (30&& )+B$)% '#%%&%% (3& %!/& jC$,;!0$!,(< =3& "!((&0 $% #B(!$,&- *0#/ (3&

jC$,;!0$!,( #* (3& #0$:$,!" )+B$) 6D8 ;$! (3& (0!,%*#0/!($#,

j 7→ j

j − 1

93$)3 )#,%($(+(&% ! "$,&!0 *0!)($#,!" (0!,%*#0/!($#, #* #0-&0 (9#4 9$(3 E&0# B&$,:

$(% #,". F5&- '#$,(< G#(& (3!( (3& -$%)0$/$,!,( #* (3& )+B$) 6A8 *#0 c2 -#&% ,#(
;!,$%3 93&, τ = e2πi/34 !"(3#+:3 $( -#&% *#0 &$(3&0 #,& #* (3& )+B$) '#".,#/$!"%
678 *#0 d2 #0 6>?8 *#0 α2

<

H& /!. I0&%(#0&J (3& *+,-!/&,(!" -#/!$, B. !--$,: (9# *+,)($#,%4 )#00&%'#,-$,:

(# (3& (9# &5)"+-&- ;!"+&% ±2/3 *#0 α< H3&, α = ±2/3 &K+!($#, 6L8 -&:&,&0!(&%
(#

y′2 = 4 y (y ± 1)
2
,

!,- 9&4 (3+%4 0&:!0- (3& *+,)($#,% ctg2 !,- cth2 !% (3& *+,)($#,% )#00&%'#,-$,:
(# α = 2/3 !,- α = −2/34 0&%'&)($;&".4 93&0&

ctg2(x) = −
(

e2ix + 1

e2ix − 1

)2

, cth2(x) =

(

e2x + 1

e2x − 1

)2

,
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The symbolic problems associated with Runge-Kutta

method

Edik Ayryan, Mikhail Malykh, Leonid Sevastianov and Yu Ying

Abstract. The talk is devoted to application of the computer algebra sys-
tem Sage to search of coefficients of Butcher matrix and the organization of
calculations by implicit finite difference schemes.

The Runge-Kutta method is the most popular numerical method for solving
of ordinary differential equations (ODE), however the development of this method
indicate some symbolic problems.

Let’s review some results on Runge-Kutta scheme [1]. For an autonomous
system

~̇x = ~F (~x) (1)

Runge-Kutta scheme with s stages can be written as

~ki = ~F



~x+ dt

s
∑

j=1

aij~kj



 , i = 1, 2, . . . , s (2)

and

~̂x = ~x+ dt

s
∑

i=1

bi~ki. (3)

We will write the coefficients aij and bi in Butcher matrix, for ex. for s = 2

c1 a11 a12
c2 a21 a22

b1 b2

Hereinafter

ci =

s
∑

j=1

aij .

These coefficients select so that the difference scheme approximate the ode (1)
with some order p. For s = p = 4 appropriate numerical values for the coefficients
was found by Kutta in the XIX century. The usage of Runge-Kutta scheme for
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2 Edik Ayryan, Mikhail Malykh, Leonid Sevastianov and Yu Ying

the solving of given ODEs means the numerical calculations in the floating-point
arithmetic.

However the problem about the finding the coefficients of Butcher matrix
is pure algebraic, so now we can try to solve it with the help of computer alge-
bra systems like Sage or Maple. This is the first symbolic problems associated
with Runge-Kutta method. In our paper we want to present our algorithms for
symbolical calculation of the Butcher matrix and its realization in Sage.

It should be noted that conditions of approximation and other conditions
doesn’t define the coefficients of Butcher matrix unambiguous. From geometrical
point of view the list of coefficients of Butcher matrix is a point in affine space
(Butcher space) and appropriate points form a variety in this space. As in Sage
there are some tools for a research of a set of solutions of systems of the algebraic
equations, we can try to describe the varieties in Butcher spaces.

The Runge-Kutta scheme is explicit iff

aij = 0 j ≥ i,

in this case the numerical calculation don’t demand the solving of nonlinear alge-
braic equations. This is most investigated case, for small s the Butcher varieties
ware described by Butcher oneself, now we know approximate values of aij for
schemes with s = 9 [2].

The implicit Runge-Kutta scheme is interesting because they can save some
symbolic properties of exact solution. By Cooper theorem symplectic Runge-Kutta
scheme save exactly all quadratic integrals of motion [3]. The symplecticity give
algebraic conditions for Butcher matrix, we can try to investigate the varieties in
Butcher space by the help of Sage.

In our numerical experiments these varieties were rational with singularity
at point with aij = 0. Thus there are infinite set of Butcher matrices with rational
coefficients.

Organization of calculations by the help of implicit Runge-Kutta scheme
demands the solving of algebraic equations on each step. Investigation of the alge-
braic system is the second symbolic problem associated with Runge-Kutta scheme
which we can try to solve by Sage.
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Theorem Proving for Minimal Logic using Machine

Learning Techniques

A. Baghdasaryan

Abstract. Automated theorem provers based on different systems of minimal
logic experience some difficulties because of many problems. One of them is
a stoup selection rule, when a formula from the context should be selected
to be considered as a stoup. Neural networks are added to these systems of
minimal logic and they are used to determine which formula from the context
will become a stoup. This partially solves the problem of rule selection and
gives reduction of time in theorem proving.

Introduction

There are different kind of systems in which rule selection problem leads to proof
search inefficiency issues. Because of that problem automated theorem provers
based on that systems experience some difficulties. Two systems for propositional
fragment of minimal logic (SwMin and ScMin) were introduced in [1]. In these
systems the problem of rule selection remains unsolved. There is a stoup selection
rule in SwMin, when a formula from the context should be selected to be consid-
ered as a stoup. Though this is insufficient as it requires many branches to prove,
which may be unnecessary. We extend those systems to the minimal fragments of
first order predicate logic SwMinPred and ScMinPred and prove their equiv-
alence to Hentzen type systems considered in [2]. We developed prover SwProv

based on SwMinPred system. To avoid rule selection problems the neural net-
works are deployed in SwProv prover (SwNNProv), which helps us to make a
"right" decision. At each step of the proof, if there are multiple choices of the in-
ference rule to be applied at the current step, neural network is used to determine
which formula from the context will become a stoup.
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1. Sequent To Vector Transformation

Firstly all formulas in sequents are represented in Skolem standard form. To be
able to use neural networks in the proof search it is necessary to train network
model against provable sequents. To proceed with that we introduce numerical
representation for the sequents assigning a specific number to each symbol. Based
on that representation similar formulas will get identical vectors. After that au-
toencoder [3] is trained to get fixed length encoding for each sequent. As a result
we get numerical representation for sequents.

2. Neural Networks in Proof Search

2.1. Data collection

Standard library for first-order predicate logic problems are used as a training
dataset. For each element in training set SwProv prover is run and which generates
training examples. At each point of proof tree, where a stoup formula has to be
selected , all sequents in that branch of tree are considered and sequence of vectors
is generated by "Sequent to Vector" transformation. To differentiate successful
outcomes while training neural network one needs to take numerical representation
for each stoup candidate formula and corresponding ground truth label (whether
this is the right selection).

2.2. Neural Network Architecture

Used neural network model consists of gated reclified unit(GRU) [4] as recurrent
layer and 2-dense layers with skip connections [6] and residual blocks [5].

The output of recurrent layer (feature vector extractor module) is concate-
nated with numerical representation of stoup candidate and then is mapped to
2-length one-hot encoded vector via dense layer with softmax activation function.
As a final step cross entropy is used as a loss function:

Hp(q) = −

1

N

N∑

i=1

yi ∗ log(p(yi)) + (1− yi) ∗ log(1− p(yi)) (1)

, where y is the label and p(y) is the predicted probability of the candidate formula
being right for all N examples.

Conclusion

In result of constructing new proof systems for minimal logic of predicates and
deploying concept of neural network in the prover experiments revealed proof
search space reduction and the level of accuracy up to 75% training 150 epochs.
Compared to the prover without neural network time spent for the proof is reduced
for almost twice.
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Some properties of doubly symmetric

periodic solutions to Hamiltonian system

Alexander Batkhin

Abstract. We consider the structure of doubly symmetric periodic solutions to
a Hamiltonian system with two degrees of freedom, which canonical equations
of motion are invariant under the action of a forth order discrete group of
linear automorphisms of the extended phase space. Structure and bifurcations
of doubly symmetric periodic solutions are investigated. It is shown that in
the case of period doubling bifurcation there always exists a pair of singly
symmetric solutions with double period. Some examples of families of doubly
symmetric periodic solutions of the Hill problem and of the restricted three-
body problem (in the case of equal masses) are considered.

Introduction

Consider a time-independent non-integrable Hamiltonian system with two degrees
of freedom, which canonical equations of motion posses the only first integral
H(z) = h, where z = (x,y) ∈ M ≡ R4 and H(z) is a smooth Hamiltonian
function of a system. Let the equations of motion

ż = J gradH(z), here J – symplectic unit, (1)

are invariant under the discrete group G ∼= Z2⊗Z2 of linear automorphisms of the
extended phase space R×M. Two generators g1, g2 of the group G are involutive
operators, i.e. g2i = id, the third non-trivial transformation g3 = g1 ◦ g2 = g2 ◦ g1.
Then each solution z(t, z0) to equation (1) with initial condition z(0) = z0 belongs
to one of the following group depending on the type of symmetry.

• Non-symmetric solutions, which change under any automorphism gi,i =
1, 2, 3.

• Singly symmetric solutions, which are invariant under only one automorphism
gi,i = 1, 2, 3.

• Doubly symmetric solutions, which are invariant under any automorphism
gi, i = 1, 2, 3.
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Let z(t, z0) be a periodic solution with period T . In the case of time-inde-
pendent system solutions z(t, z0) belongs to a family of one-parametric periodic
solutions. The parameter of such family is a value of the first integral H(z) of
system (1). The family of periodic solutions can be either closed or it has a natural
termination. Such characteristics of a periodic solution as its dimension, period T ,
corresponding value h of the first integral, stability S change smoothly along the
family, whereas the type of the symmetry is the global invariant of the family. A
family can intersect another one sharing a common solution, but any family can
be continued further in an unique way.

Let consider that the phase coordinates z are chosen in a such manner that
the involutive transformation gi has the form gi : (t, z)→ (σt,Giz), where σ = ±1,
Gi is a constant matrix. Let Σi ≡ {z|gi(z) = z} is an invariant set of the transfor-
mation gi. Then there exist gi-invariant periodic solutions, which are completely
defined by a part of their phase trajectories contained between points z0 and
z(T/2) lying on the Σi.

We study in linear approximation the dynamics near doubly symmetric pe-
riodic solution z(t, z0) and provide its bifurcation analysis as well.

1. Properties of doubly symmetric solution

Dynamics of the system (1) in the vicinity of a solution z(t) is described in linear
approximation by matrix Z(t, z), which is the solution to the Cauchy problem of
the Poincare variational equation

Ż = JHessH(z)Z, Z0 = E4,

where HessH(z) is the Hessian of function H computed along the solution z(t, z0).
Matrix Z(t) is symplectic: ZTJZ = J and its characteristic polynomial P (λ) is
reciprocal. Monodromy matrix M of periodic solution z(t, z0) is Z(T, Z0) with a
property Z(t+T ) = Z(t)M . Eigenvalues ρk of matrix M are called multiplicators.
Monodromy matrix M has the following properties:

• multiplicators ρk are mutually complex conjugate and mutually inverse;
• matrix M has eigenvector v1 ≡ J gradH(z0), corresponding to multiplicator
ρ1,2 = 1 with multiplicity 2;

• characteristic polynomial P (λ) of matrix M is factorized

P (λ) = (λ− 1)2
(
λ2 − 2Sλ+ 1

)
,

where S is stability index of the periodic solution z(t, z0).

If solution z(t, z0) is singly gi-symmetric with initial condition z0 ∈ Σi, then
in a half of period z(T/2, z0) ∈ Σi, and monodromy matrices computed from the
points z0 and z(T/2) are correspondingly

Mi = G̃iZ
T(T/2)G̃iZ(T/2), M̃i = Z(T/2)G̃iZ

T(T/2)G̃i,

where G̃i = GiJ , i = 1, 2.

 !

26



Doubly symmetric periodic orbits 3

If solution z(t, z0) is doubly symmetric with initial condition z0 ∈ Σi, then
in a quarter of the period z(T/4, z0) ∈ Σ3−i and monodromy matrices computed
from the points z0 and z(T/4) are

Mi =
[
G̃iZ

T(T/4)G̃3−iZ(T/4)
]2

, M̃i =
[
Z(T/4)G̃iZ

T(T/4)G̃3−i

]2
.

Matrices Mi and M̃i are similar but the similarity transformation is too awkward.
The stability index of such solution can be computed by formula

S = 2 (1 + 2Z32Z14 + 2Z41Z23 − 4Z11Z33 + 2Z31Z13 − 2Z42Z24)
2
− 1,

where Zij are components of matrix Z(T/4, Z0). So S gets its minimal value
equals to 1. Special structure of monodromy matrix of symmetric solution yields
to presence of inner symmetry of M :

m11 = m33,m22 = m44,m12 = −m43,m14 = −m23,m21 = −m34,m32 = −m41.

2. Bifurcations of periodic solutions

In [1] a linear transformation with symplectic and orthogonal matrix A was pro-
posed which is completely defined by normalized vector H of the phase velocity
v1(z0): H = v1(z0)/|v1(z0)|.

The bifurcation analysis of families of singly symmetric periodic solutions
was provided earlier (see [2, 1]. Here we give such analysis for doubly symmetric
solutions.

In the case S = 1 there are two possibilities. Either matrix M has only
one elementary divisor (λ − 1)4, or it has two elementary divisors (λ − 1)2 and
(λ− 1)2. The first one corresponds to a fold (saddle-node) bifurcation of periodic
solution at which the family riches the extrema of H. The second one corresponds
to a pitch-fork bifurcation, where a pair of singly symmetric periodic solutions
appears.

In the case S = −1 period doubling bifurcation takes place. For singly sym-
metric solution the matrix M has 2 elementary divisors (λ − 1)2 and (λ + 1)2.
The eigenvector corresponding to the first elementary divisor gives the direction
of continuation of the initial family of periodic solutions. The second eigenvector
gives the direction of continuation of a new family of periodic solutions with period
T ′ = 2T . This family has the extremum on value H(Z) and preserves the type of
symmetry of the initial family.

Let consider the case of doubly symmetric periodic solution.

Statement 1. The monodromy matrix M of doubly periodic solution in the case
S = −1 always has 3 elementary divisors (λ− 1)2, λ+ 1 and λ+ 1. Eigenvector,
corresponding to the first elementary divisor gives the continuation of initial family.
Eigenvectors, corresponding to the divisors λ + 1, give the continuation of the
family of double periodic solutions but singly symmetric each. These double periodic
solutions have different types of symmetry. The families of double periodic solutions
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rich the extremum of H(z) at the bifurcation point. There are two scenarios of
period doubling bifurcation in the case of doubly periodic solutions.

• Each of two new families has the same type of extremum at the bifurcation
point (minimum or maximum). In this case both new families of singly sym-
metric solutions with period T ′ = 2T exist near the initial family of doubly
symmetric solutions.

• Two new families has different types of extremum and thus at each value
of the family parameter h there exist the initial family of doubly symmetric
solutions and only one new family of singly symmetric solutions with certain
type of symmetry.

Both these scenarios were investigated for periodic solutions of the Hill prob-
lem [3] and for periodic solutions of the restricted three body problem in the case of
equal masses. Some new families of periodic solutions were found and were studied
as well.

The previous situation is a special case of period multiplying bifurcation.

Statement 2. Let doubly symmetric periodic solution with period T has the stability
index S = cos 2πp/q, where p ∈ Z, q ∈ N.

• If both p and q are odd, then there exists in vicinity of initial solution one
family of doubly symmetric periodic solutions with period T ′ = qT ;

• If at least one of the numbers is even, then there exist four families mutually
pairwise symmetric singly symmetric periodic solutions with period T ′ = qT .

In all cases except the case p/q = 1/3, new families reach the extremum on H(z)
at the branching point.
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On computer algebra aided numerical solution of

ODE by finite difference method

Yury A. Blinkov and Vladimir P. Gerdt

Except very special cases, nonlinear ordinary differential equations (ODE)
admit numerical integration only. Historically first and one of the most-used nu-
merical methods is finite difference method (FDM) [1] based on a finite difference
approximation (FDA). As this takes place, the quality of numerical solution to
PDE is determined by the quality of its FDA and by the method of numerical
solution used to solve the difference equations comprising FDA.

One of the most challenging problems in to construct FDA which mimics basic
algebraic properties of the ODE. Such mimetic FDA are more likely to produce
highly accurate and stable numerical results (cf. [2]). In particular, a mimetic FDA
is to be totally conservative (see [3], Def.1) what means the inheritance of algebraic
integrals of the ODE at the discrete level.

Example. We consider the following autonomous ODE system [3]










ṗ =qr,

q̇ =− pr, k = const ,

ṙ =− k2pq

(1)

which has two quadratic integrals

p2 + q2 = const and k2p2 + r2 = const. (2)

We use the denotations x := {p, q, r} and F(x) := {qr,−pr,−k2pq} and consider
the implicit midpoint finite difference discretization of system (1)

dx

dt
= F(x) =⇒

xn+1 − xn

∆t
=

F(x
n+1

) + F(x
n
)

2
(3)

It is known [4] that the scheme (3) preserves integrals (2). Instead of application
of the Gröbner bases technique for solution of algebraic system (3) for transition
to the next layer, as done in [3], we suggest computationally much more efficient
the simple iteration method.

The work is supported in part by the Russian Foundation for Basic Research (grant No. 18-51-
18005).
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The construction of a simple iteration is based on the following quadratic
formulas for monomials occurring in F(x)

u2 = u2 − u′2 + u′2 = (u− u′)(u+ u′) +

+ u′2 ≈ (u− u′)2u′ + u′2 = 2uu′ − u′2

uv = (u+ v)2 − (u− v)2)/4 ≈ ((2(u+ v)(u′ + v′)− (u′ + v′)2)−

− (2(u− v)(u′ − v′)− (u′ − v′)2))/4 = uv′ + u′v − u′v′

u3 = u3 − u′3 + u′3 = (u− u′)(u2 + uu′ + u′2) +

+ u′3 ≈ (u− u′)3u′2 + u′2 = 3uu′2 − 2u′3

(4)

and the qubic one

u2v = uuv ≈ u′u′v + uu′v′ + u′uv′ −

− (3− 1)u′2v′ = u′2v + 2uu′v′ − 2u′2v′
(5)

The rule (5) can be easily implemented in a user’s programming language of any
modern computer algebra system and allows obtain the code for numerical com-
putations. Thus, for the system (1) and its implicit scheme (3) the simple ireration
method yields



































pn+1 − pn
∆t

−
qn+1r

′

n+1 + q′
n+1rn+1 − q′

n+1r
′

n+1 + qnrn

2
= 0,

qn+1 − qn
∆t

−
−pn+1r

′

n+1 − p′
n+1rn+1 + p′

n+1r
′

n+1 − pnrn

2
= 0,

rn+1 − rn
∆t

−
−k2pn+1q

′

n+1 − k2p′
n+1qn+1 + k2p′

n+1q
′

n+1 − k2pnqn

2
= 0

(6)

In the matrix form obtained by using the computer algebra system SymPy (https:
//www.sympy.org) is given by









1/∆t −r′
n+1/2 −q′

n+1/2

r′
n+1/2 1/∆t p′

n+1/2

k2q′
n+1/2 k2p′

n+1/2 1/∆t













pn+1

qn+1

rn+1



 =

=







pn/∆t− q′
n+1r

′

n+1/2 + qnrn/2

qn/∆t+ p′
n+1r

′

n+1/2− pnrn/2

rn/∆t+ k2p′
n+1q

′

n+1/2− k2pnqn/2







(7)

The numerical results obtained with SciPy (https://www.scipy.org/) and
illustrated by Fig. 1 show that there is no accumulation of numerical error, as
distinguished from the output of standard ODE solvers lsoda, vode, dopri5,
dop853 of SciPy.
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Figure 1. Dynamics of numerical error for p = 0, q = r = 1 and
k = 1/2
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Developing a Wolfram Demonstrations Project

for bifurcation diagrams of nonlinear ODE

Daria Chemkaeva and Alexandr Flegontov

Abstract. The study considers creating a project using computing system
Wolfram Mathematica 11.3 for some classes of nonlinear boundary value prob-
lems (BVP) including a second-order autonomous ordinary differential equa-
tion with homogeneous boundary conditions. Here is studied a general case
applying to polynomial-like nonlinearities. Developing a Wolfram Demonstra-
tions Project (WDP) for this problem will accelerate experiments and decrease
computational time because of no need of sequential execution of algorithm.

Introduction

We study the interconnection of bifurcation parameter and positive roots of the
nonlinear two-point boundary value problem:

y′′xx + λf(y(x)) = 0, x ∈ (−1; 1), (1)

y(−1) = y(1) = 0. (2)

Assume f = f(y) so second order ODE is autonomous, where parameter λ > 0.
In this case, the bifurcation arises when the number of solutions of the differential
equation changes as the parameter λ changes. Assume also that f = f(y) is a
polynomial of odd degree. The problem (1)–(2) describes many physical processes,
for example, belongs to the problems of combustion of gases, population dynamics
and reaction-diffusion models.
Section 1 is technical and contains useful supplement of BVP and bifurcation
curve. Section 2 describes the capabilities of system Wolfram Mathematica 11.3
in creating demonstration projects. Section 3 is the main part of the study where
the programming algorithm is described.
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1. Nonlinearity as a polynomial of odd degree

In previous study [1] we found that bifurcation curve can be written in the form:

λ(a) =
1

2

[

a
∫

0

dt
√

F (a)− F (t)

]2

, (3)

where F (y) =

y
∫

0

f(t) dt and F (a) ≥ F (t).

The turning points of (3) are bifurcation points. The plot of this function is called
bifurcation diagram [2], implying an image of change in the possible dynamic
modes of the system with a change in the value of bifurcation parameter λ > 0.
We also assumed that function f(y) is a polynomial of odd degree, and conse-
quently can change the sign:

f(y) = (y − a1)(y − a2)(y − a3)...(y − a2n−2)(a2n−1 − y), (4)

where 0 < a1 < a2 < ... < a2n−2 < a2n−1 – isolated zeros of function f(y), i. e.
f(ai) = 0, so the problem (1)–(2) has trivial solutions:

y = ai, i = 1, 2, . . . , 2n− 1. (5)

Function (4) has odd number of zeros and is negative on (a1, a2), then it is
positive on (a2, a3). Therefore, the function has n pairs of humps, where f(y) > 0
on (a2n−2), a2n−1) and f(y) < 0 on (a2n−3, a2n−2).
BVP (1)-(2) with f(y) in form (4) has λi (i = 0...n) bifurcation parameters such
that for λ < λ0 there is one solution to the problem, for λ = λ0 – exactly two
solutions, for λ0 < λ < λ1 – three solutions and so on. Such parameters will only
be found in the intervals, where f(y) > 0. The maximum number of positive solu-
tions always depends on the degree of the polynomial and equals n [3].
Generalization of this problem leaded us to development of special control in Wol-
fram Mathematica language to have an interactive tool for studying the intercon-
nection between the number of roots of f(y), number of positive solutions and
bifurcation parameters.

2. Wolfram Demonstrations Project

The Wolfram Demonstrations Project (WDP) is an open-source collection of com-
pact interactive programs called Demonstrations, which are meant to visually and
interactively represent ideas from a range of fields. It is hosted by Wolfram Re-
search, whose stated goal is to bring computational exploration to the widest
possible audience.
All demonstrations run freely on any standard Windows, Mac or Linux computer
and there is no need to have Mathematica pre-installed. To interact with any
Demonstration user can work with free Wolfram CDF Player right in web browser.
If the Mathematica is installed, any source code can be downloaded, operated and
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Developing a WDP for bifurcation diagrams of nonlinear ODE 3

modified [4]. The Wolfram Demonstrations Project community has a huge vari-
ety of interactive visualizations including mathematics, physics, computer science,
business and even creative arts topics.
WDP consists of a title, Manipulate code (including initialization) which repre-
sents an interactive part of a demonstration, caption and thumbnail which describe
a project.

3. Developing a Manipulate code

The programming module was developed using a single command Manipulate
which output is an interactive object containing one or more controls that can be
used to vary the value of parameter list. The output of Manipulate is very much
like a small widget: it is not just a static result, it is a running program which can
be interacted with.
The interactive part of Manipulate command is a set of control elements (sliders)
for:

1. Odd number of roots n (n = 5 by default);
2. Roots of polynomial (4) ai. Number of active sliders for roots depends on n.

Changing the value of n leads to activation / deactivation of bottom sliders
(Fig. 1).

(a) n = 5 (b) n = 3

Figure 1. Slider controls for input parameters

The evaluation part of Manipulate control consists of following steps (Fig.
2-3):
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1. Initialize function (3) of numeric parameter a;
2. Input number of roots of polynomial (4) and exact values of roots which are

positive numbers with the step 0.1;
3. Sort roots in ascending order and find a root with maximal value (it helps to

organize plot axis and grid lines);
4. Create a polynomial function (4);

5. Create an integral function F (y) =

y
∫

0

f(t) dt;

6. Find the turning points of (3) using NMinimize;
7. Get the array of turning points a and array of λ(a) using Table;
8. Plot bifurcation curve (3) in coordinate system (a, λ) with an array of λ(a)

as lines using Plot command;
9. In Epilog parameter of Plot register roots of polynomial ai (black points),

turning points a (red points) and bifurcation parameters λ (ticks on λ-axis).

Figure 2. Manipulation Control (sample 1)

Conclusion

With the help of interactive Wolfram Demonstrations Project is obvious that prob-
lem (1)–(2), where f(y) – polynomial of odd degree in form (4) has exactly λi

(i = 0...n) bifurcation parameters and the maximum number of positive solutions
always depends on the degree of the polynomial and equals λn. With the help of
Wolfram interactive control we have the tool for further analysis of behavior and
interconnection between the number of roots of f(y), number of positive solutions
of BVP and bifurcation parameters.
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Figure 3. Manipulation Control (sample 2)
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A Numerical Roadmap Algorithm for Smooth Bounded

Real Algebraic Surface

Changbo Chen, Wenyuan Wu, Yong Feng

Abstract. For a smooth bounded real algebraic surface in three-dimensional
space, a roadmap of it is a one-dimensional semi-algebraic subset of the surface
whose intersection with each connected component of the surface is nonempty
and semi-algebraically connected. In this paper, we introduce the notion of a
numerical roadmap of a surface, which is a set of polygonal chains such that
there is a bijective map between the chains and the connected components of a
given roadmap of the surface. Moreover, the chains are ǫ-close to the connected
components. We present an algorithm to compute such a numerical roadmap
through constructing a topological graph. The topological graph also enables
us to compute a more intrinsic connectivity graph of the roadmap, which
is important for applications such as finding a connected path between two
points on the surface, as well as grouping witness points of the surface into
different connected components.

Introduction

Roadmap was introduced by Canny [6] in 1987 for solving robot motion planning
problems. Since then, the initial roadmap algorithm has been improved by himself
and many others [17, 14, 11, 20]. For a polynomial f ∈ R[X1, . . . , Xn] of degree d,
Basu et al. [3] recently proposed a symbolic roadmap algorithm with a complexity

of dO(n
√

n) based on the earlier work of Safey el Din and Schost [10].

The problem of deciding whether two points belong to the same connected
component of a semi-algebraic set is a fundamental problem in real algebraic ge-
ometry. Such problems can be solved by computing cylindrical algebraic decom-
positions (CAD) [9, 21], Today, the implementations of CAD are widely avail-
able thanks to different softwares QEPCAD, Mathematica, REDLOG, SyNRAC,
RegularChains. The complexity for computing CAD is double exponential in the
number of variables. In contrast, the roadmap based algorithms have a single expo-
nential complexity and thus provides a theoretically more powerful tool for solving
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the connectivity problems in semi-algebraic geometry, such as determining if two
points in a semi-algebraic set are connected, or counting the connected compo-
nents of a semi-algebraic set. However, to the best of our knowledge, there have
been no exact implementations of the roadmap algorithms.

Today, many problems in computational real algebraic geometry can be ad-
dressed in a different way by means of powerful tools from numerical algebraic
geometry [22, 13], such as computing witness points for connected components of
real varieties [12, 24, 23]. Despite some attempts [15, 16] for numerically computing
roadmaps, the notion of numerical roadmap has not been rigorously defined until
now. And there are still no complete numerical implementations of the roadmap
algorithms.

It is natural to develop a numerical roadmap algorithm since the roadmap
as a one-dimensional semi-algebraic set can be approximated by polygonal chains
based on numerical continuation techniques. The difficulty for developing such an
algorithm would be to guarantee there is a one-to-one correspondence between
the connected components of the roadmap and the connected components of its
polygonal chains approximation. Indeed, to achieve this, from a numerical point
of view, one has to overcome some obstacles, such as avoiding curve jumping [5,
4, 19, 25, 24, 7] and handling singularities [1, 18, 8].

In this work, for a given smooth bounded real algebraic surface, we provide a
numerical version of the classical roadmap algorithm introduced by Canny [6, 2].
We introduce the concept of a numerical roadmap and propose an algorithm to
generate it through constructing some graphs joining the silhouette of the surface
and slice curves passing through the critical points of a projection map on the
silhouette. The slice curves may have singularities, which is handled based on a
technique for tracing singular planar curves [7].

1. Main results

Throughout this paper, let f ∈ R[X1, X2, X3] and ZR(f) (or simply Z if no confu-
sion arises) be its zero set in R

3. We assume:

(A1) ZR(f) is nonempty
1 and bounded.

(A2) f attains full rank at any point of ZR(f).

Thus, ZR(f) is a smooth bounded surface in R
3. In addition, without lost of gen-

erality, we enforce the assumption (A3): the critical set of π12 is a manifold, holds.

Definition 1. A one-dimensional semi-algebraic subset RM of Z is called a roadmap
of Z if the following two properties are satisfied:

(R1) The intersection of Z with each semi-algebraically connected component of
RM is nonempty and semi-algebraically connected.

(R2) For every c ∈ R, every semi-algebraically connected component of Zc has
nonempty intersection with RM .

1If ZR(f) is empty, its roadmap will be empty. We make this assumption for simplicity.
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Definition 2. The critical set Σ(π12|Z) is called the silhouette of Z. For any c ∈ R,
if Zc 6= ∅ and dim(Zc) ≤ 1, it is called a slice curve of Z.

Let SI be the silhouette of Z. By Sard’s Theorem, there are only finitely
many critical values of X1 : SI → R. Let c1 < · · · < cr be all the X1-critical values
of SI, where c1 and cr are respectively the minimal and maximal value of X1 on
Z. Let SL0 := ∪r−1

i=2Zci and RM0 := SI ∪ SL0.
We call each hyperplane X1 = ci, i = 2, . . . , r− 1 a distinguished hyperplane

and each point in ∪r−1
i=2Zci ∩ SI a distinguished point.

Theorem 1 ( [6, 2]). The set RM0 is a roadmap of Z.

Definition 3. Given a roadmap RM of ZR(f) and a given precision ǫ ∈ R. A set
S of polygonal chains is called a numerical roadmap of ZR(f) (ǫ-close to RM) if
there is a bijection map m between S and the connected components of RM such
that the Hausdorff distance dH(P,m(P )) ≤ ǫ holds for each P ∈ S.

Note that if we make a small ǫ perturbation to a surface Z, the number of
connected components of Z may change if the Hausdorff distance between two
components is less than ǫ. Thus, in the rest of this paper, we would assume that
the Hausdorff distance between any two connected components of a surface is
much larger than ǫ. Moreover, we assume that the distance between any X1-
critical points of the silhouette is much larger than ǫ. We name the two numerical
assumptions as (A4).

The main idea is to use the distinguished points as well as the critical points
on the hyperplane X1 = c1 and X1 = cr, which are the X1-global extremum points
on the surface, as seed points to generate some neighbor points. These neighbor
points will be used as initial points for curve tracing. The distinguished points,
critical points on the hyperplane X1 = c1 and X1 = cr and neighbor points will be
the vertices of the graph and they are connected by edges representing the curve
segments between them. We call this graph a topological graph of the roadmap
RM0. We can refine this graph to obtain an approximate graph of RM0 and build
the connectivity graph of RM0.

Theorem 2. Under Assumptions (A1), . . . , (A4), one can control errors of staring
points and prediction-correction in curve tracing to compute an approximate graph
of RM0, whose zero set is a numerical roadmap ǫ-close to the roadmap RM0 of Z.

2. Examples

Example 1. Consider the torus surface defined by

f :=
(

x2 + y2 + z2 + 3
)2
− 16x2 − 16 y2.

Example 2. The Chub’s surface defined by f := x4+ y4+ z4−x2− y2− z2+0.5 is
a singular surface. We replaces the constant coefficient of f by 0.4 (resp. 0.6) and
the perturbed polynomials as Chub1 (resp. Chub2).
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A numerical roadmap of the torus. The computed topological graph of the torus.

Zero set of the topological graph of the torus. The connectivity graph of the

torus.
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Problems around the Newton-Puiseux algorithm

and its generalization to nonzero characteristic

Alexander L. Chistov

Abstract. We discuss problems and recent results related to the Newton-
Puiseux algorithm and its generalization for nonzero characteristic obtained
by the author earlier. In particular we suggest explicit expansions of algebraic
functions in formal power series in nonzero characteristic and thereby obtain
an interesting generalization of the Taylor theorem to nonzero characteristic
for these functions.

In paper [3] we developed a new method and proved the fundamental result
in theory of computation with parameters. After that we demonstrate the strength
of this method in [4], [5], [6] (the third concluding part of [4], [5] is to appear) and
solved there long standing difficult problems.

It is interesting now to apply the methods of [3], [4] to the problem of con-
structing Newton-Puiseux expansions of the roots of polynomials with parametric
coefficients. Of course here one should work with commutative separable algebras
over the ground field in place of its finite field extensions. It is only one of the
difficulties. To obtain good bounds for the complexity one can apply the results of
[8]. We hope to consider this problem in detail in one of our next papers.

In [7] we generalized the Newton-Puiseux algorithm to the case of a nonzero
characteristic ground field k. There we obtained a canonical algorithm for factoring
polynomials over the maximal weakly ramified extension of the field k((X)). Note
that so far there has been a general opinion that such an algorithm is impossible
or if it exists it must be very complicated. So our result from [7] can be considered
as a true discovery. Still there is a problem to estimate the sizes of coefficient from
finite extensions of the field k involved in this natural construction similarly to
[8] (there the field k has zero characteristic). But now it seems there is no direct
analog of the results from [8] sufficient to get the required bounds for sizes of
coefficients. We need to return to a more classical approach and estimates the
denominators of these coefficients. More precisely, we would like to formulate the
following hypothesis.
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Let k = Fpm(t1, . . . , tl) where t1, . . . , tl are algebraically independent over the
finite field Fpm of pm elements, p = char(k), m > 1 is an integer. Denote by ks
the separable closure of the field k. Let f ∈ k[X,Y ] be a separable polynomial
with respect to Y (i.e., the degree degY f = n > 1 and the discriminant of f
with respect to Y is nonzero) with the leading coefficient lcY f = fn. Assume that
f ∈ Fpm [t1, . . . , tl, X, Y ] and the degrees degX,Y f 6 d, degt1,...,tl f 6 d1 for some
d, d1 > 2. Let g ∈ ks((X))[Y ] be an irreducible (in the last ring) factor of the poly-
nomial f . Then by this hypothesis there are a polynomial 0 6= λ ∈ Fpm [t1, . . . , tl]

of degree degt1,...tl λ = d1d
O(1) and a polynomial g1 = g1(t1, . . . , tl, X, Y ) ∈

Fpm [t1, . . . , tl][[X]][Y ] such that

g = g1(t1, . . . , tl, X/λ, Y ).

One can even specify this hypothesis. Namely, let y1, . . . yn ∈ k((X)) be all

the the pairwise distinct roots of the polynomial f (here k((X)) is an algebraic

closure of the field k((X))). Put F = f
n(n−1)
n

∏

16i6=j6n(Z − yi + yj) where Z is a

new variable. So the polynomial F ∈ Fpm [t1, . . . , tl, X, Z]. Let F =
∑

i,j Fi,jX
iZj

where all the coefficients Fi,j ∈ Fpm [t1, . . . , tl]. Let V be the set of all vertices of
the Newton broken line of the polynomial F considered as an element of k[[X]][Z].
Put λ1 =

∏

(i,j)∈V Fi,j . Then one can suppose additionally in the formulated

hypothesis that λ divides λN1 for some integer N = dO(1).

This hypothesis (if it is true) is a key to obtain good bounds for sizes of
coefficients from ks in the construction from [7]. To prove this hypothesis we need
to analyze carefully the algorithm from [7] (at present we don’t see any other way).

Notice also that one can generalize the expansions introduced in [7] to obtain
the canonical algorithm for factoring polynomials in the ring ks((X))[Y ] in nonzero
characteristic (k is arbitrary in what follows). Here in some sense one can combine
the expansions from [1], [2] and [7]. Of course the algorithm for factoring polyno-
mials in the ring ks((X))[Y ] can be deduced from the algorithm of [7] immediately
without introducing these new expansions but it will not be canonical.

Even more, one can describe further generalization of these expansions and
obtain a canonical algorithm for factoring polynomials in the ring k((X))[Y ] in
nonzero characteristic. But here one should work with commutative separable
algebras over the ground field in place of its finite field extensions, cf. above. This
last generalization will be useful for explicit algorithms in theory of algebraic curves
in nonzero characteristic and allows to obtain the results similar the ones from [9],
[10] (in [9] a more general situation is considered and some inaccuracies from [10]
are corrected). For example, using these results one can compute the genus of a
curve. Notice also that in the case l = 0, i.e., if the ground field is finite all these
results follow directly from [11] (in the English translation of the last paper two
pages 1913, 1914 are given in the wrong order; besides this we have found in the
original paper and its translation a small non-essential inaccuracy in the statement
of lemma 5).
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One more interesting problem related to this subject is to get an efficient
algorithm for factoring polynomials over the rings of multi-variable formal power
series in any characteristic. Say, to factor a polynomial ψ ∈ k[[X1, X2]][Y ] in this
ring.

At the end of this extended abstract we would like to describe an explicit
analog of the Taylor series for algebraic function in nonzero characteristic. Let k
be an arbitrary field of characteristic p > 0. Put K = k((X)). Let f ∈ k[[X]][Y ] be
a separable polynomial with respect to Y with the degree degY f = n > 1. Consider
the separable algebra A = K[Y ]/(f). Put y = Y mod f ∈ A. Let Z,W be new
variables. For every ϕ ∈ k[[X]] the element ϕ(X+Z) ∈ k[[X,Z]] ⊂ K[[Z]] is defined
in the natural way. So f(X + Z,W ) ∈ K[[Z]][W ]. Put B = K[[Z]][W ]/(f(X +
Z,W )) and w = W mod f(X + Z,W ) ∈ B. So not formally we have w = y(X +
Z) = y|X:=X+Z . Now we would like to find an embedding of K[[Z]]-algebras
K[[Z]][w] → K[y][[Z]] such that w 7→

∑

i>0 wiZ
i, where all wi ∈ K[y] = A and

w0 = y, i.e. to find an explicit representation w =
∑

i>0 wiZ
i ∈ K[y][[Z]]. Such

a representation exists by the inverse function theorem for formal power series
over K since we have f ′Y (X, y) is invertible in A due to the separability of the
polynomial f with respect to Y . The inverse function theorem is valid in nonzero
characteristic and it is deduced (similarly to the case of zero characteristic) from
the implicit function theorem for formal power series over K[y] in two variables
Z, T with a nonzero invertible Jacobian, namely considering the mapping (Z, T ) 7→
(Z, f(X +Z, T + y)). So by definition put Diy = wi for every i > 0. Now for every
z ∈ K[y] one can define the elements Diz ∈ K[z] ⊂ K[y] in the similar way. Hence
Di are k-linear operators on K[y]. We have Di(z1z2) =

∑

06m6iDm(z1)Di−m(z2)

and Di(Dj(z)) =
(

i+j
i

)

Di+j(z) for all integers i, j > 0 and z1, z2, z ∈ K[y]. Notice
also that if the initial polynomial f ∈ k[X,Y ] then all Diy ∈ k(X)[y] (it is also
the consequence of the inverse function theorem).

Of course, in the case of zero characteristic we have Diy = 1
i!

diy
dXi by the

Taylor theorem. In nonzero characteristic if y ∈ ks((X)) and y =
∑

j>j0
aiX

j , all

aj ∈ ks (in this case degY f = 1), then one can prove that Diy =
∑

j>j0
aj

(

j
i

)

Xj−i.

Let us return to the case of an arbitrary polynomial f with degY f > 1.
At present we would like to get general formulas for Di(z) for z ∈ A in nonzero
characteristic. Strangely enough we could not find them in literature. Let s > 0 be
an integer. We have K[y] = K[yp

s

] since f is separable with respect to Y . One can
represent fp

s

= fs(X
ps

, Y ps

) where fs ∈ k[[X]][Y ] is a separable polynomial with
respect to Y . Denote by δs the differentiation of the ring k((Xps

))[Y ps

] over k such
that δs(X

ps

) = 1. Such a differentiation exists and unique since the polynomial
fs is separable with respect to Y . Speaking not quite formally it coincides with
d/dXps

on the ring k[[Xps

]]. Let z ∈ k((X))[y]. We represent z =
∑

06i<ps ziX
i

where all zi ∈ k((Xps

))[yp
s

]. By definition put δs(z) =
∑

06i<ps δs(zi)X
i ∈ A.

Here we would like to note that this definition implies that for all z1, z2 ∈ A we

have δs(z1z
ps+1

2 ) = δs(z1)z
ps+1

2 .
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Now we are able to give the required formula for Di(z) for z ∈ A. Namely
let us represent i = i0 + i1p+ . . .+ irp

r where all ij , 0 6 j 6 r, are integers such
that 0 6 ij < p and ir 6= 0. Then we have

Di(z) =
1

i0!i1! . . . ir!
δi00 δ

i1
1 . . . δirr (z), (1)

where δ
ij
j is the ij-th power of the operator δj (of course δ0j = id is the identity

operator) for every j.
One can prove here the following fact. Let f = f1f2 where f1, f2 ∈ ks[[X]][Y ],

degY f1 = n1 > 1. Put A1 = ks((X))[Y ]/(f1) and y1 = Y mod f1 ∈ A1. For
all z1 ∈ A1 and integers i, s > 0 the elements δs(z1), Di(z1) ∈ A1 are defined
similarly to δs(z), Di(z) ∈ A (see above; with ks, f1 in place of k, f). We have an
epimorphism of ks((X))–algebras ψ : ks ⊗k A→ A1, y 7→ y1. Now we claim that
ψ(δs(z)) = δs(ψ(z)), ψ(Di(z)) = Di(ψ(z)) for every z ∈ A and for all s, i > 0.

The formula (1) has a theoretical importance. In practice to compute and
estimate Diy it is better to proceed as follows. Assume additionally that f ∈
k[X,Y ]. One finds the least integer s such that ps > i, for all 0 6 j < n one
represents yp

sj =
∑

06m<n bj,my
m where all bj,m ∈ k(X) and solving a linear

system over the field k(X) finds the relation y =
∑

06j<n ajy
psj where all aj ∈

k(X). After that one represents aj = cj/c
ps

where all cj , c ∈ k[X] and have the

least possible degrees. Now y =
∑

06j<n cjY
psj/cp

s

and Diy =
∑

06j<nDi(cj) ·

Y psj/cp
s

. All Di(cj) are easily computed since we know Di(X
m), see above.

At present we have an immediate application to the considered above prob-
lems. Namely, assume that the polynomial f ∈ k[X,Y ] has a root Y = y1 ∈ ks[[X]].
Put f1 = Y −y1. So f1 divides f . Let us define w1 similarly to w (with ks, f1 in place
of k, f). Then one can easily see that w1|X=0 = y1|X:=Z . Hence (w1|X=0)|Z:=X =
y1. Put Diy1(0) = Diy1|X=0 for every i. Hence y1 =

∑

i>0Diy1(0)X
i. One can

compute Diy as described above and after that find the minimal polynomial
Φi ∈ k[X,Z] of the element Diy over k(X) (we assume that X does not di-
vide Φi). Also one can obtain good upper bounds for the sizes of coefficients from
k of this polynomial Φi. Since ψ(Diy) = Diy1 the element Diy1 is a root of the
polynomial Φi. Hence Diy1(0) is a root of the polynomial Φi(0, Y ). So one can get
the required efficient upper bound for the size of Diy1(0).

Finally we would like to note that now in the case of zero characteristic
applying the inverse function theorem (similarly to how it was above in nonzero
characteristic) we can obtain the results of [8] by another method. This is also of
great interest.
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 ! "#$%&'()&*+, &-%.% /*&0*$ &0, 1'-2,/#'. #1 34526*-7 *$ 8*%)',&,

9-&0,2-&*)% -$7 :0,#',&*)-4 ;$1#'2-&*)%

I%/1%* /1" =#+8"6'#, '= D7489%+) %* J%35#"/" K+/1"8+/%53 +*) ;1"'#"/%5+7 L*='#@

8+/%53 6" $"*"#+774 23" 3%> /49"3 '= 5'*3/#25/%-" /+3,3: M+51 '= /1"8 %3 3299'#/")

<4 %/3 '6* 8+*%927+/'#:

I" 1+-" 7'$%5+7 351"8"3B ;2#%*$ 8+51%*"3B A*%/" 3/+/" 8+51%*"3B #"$27+# ">@

9#"33%'*3 +*) $#+91 8+*%927+/'#3 +*) +73' /1" E;+#3,% I'#7)F 8+*%927+/'# 61%51

3299'#/3 9#")%5+/+ 5+752723 /+3,3:

H'# ">+897"B $#+91 /+3, 8+4 <" ='#827+/") +3 EH%*) /1" 8%*%8+7 $#+91

3+/%3=4%*$ /1" 5"#/+%* 5'*)%/%'*3F: 0'##"5/*"33 '= /1" 5'*3/#25/") $#+91 %3 -"#%A")

+2/'8+/%5+774: ;1" 3/2)"*/ 5+* $+%* +))%/%'*+7 9'%*/3 ='# 9#'-%*$ /1" 8%*%8+7%/4

%* /1" /">/ ='#8:

<! =%*$> )#$%&'()&*+, &-%.% 1#' $#$?*$+-%*+, 2#$*&#'*$>

I1%7" /"+51%*$ 3/2)"*/3 %* /1" N*%-"#3%/4 4'2 '=/"* +3, 4'2#3"7= + ?2"3/%'* E1'6

5+* % =+%#74 +55"33 /1" 3/2)"*/3 ,*'67")$"3 +*) 2*)"3/+*)%*$F: M>+8 %3 /1" *"5"3@

3+#4 <2/ *'/ /1" <"3/ 6+4 G23/ <"5+23" %* /1" 3/#"33 3%/2+/%'* 3'8" 3/2)"*/3 31'6

8'#" /1+* /1"4 5+*B +*) 3'8" '/1"# -"#4 8251 7"33: I" 8+4 3+4 /1+/ 3'8"/%8"3

6" 51"5, *'/ /1" 7"-"7 '= ,*'67")$"B <2/ /1" +<%7%/4 /' 9+33 "* ">+8:

;1%3 %3 /1" #"+3'* 614 6" 31'27) )"-"7'9 *'*@%*-+3%-" /''73 '= +33"338"*/ /1"

3/2)"*/3 +5/%-%/4: O'*@%*-+3%-" 8"+*3 /1+/ 61%7" %*/#')25%*$ /1%3 /''73 6" )'*C/

='#5" /1" 3/2)"*/3 /' 9#"9+#" /' 9+33 /1" 5"#/+%* /"3/3 %*3/"+) '= 7"+#*%*$ /1" 5'2#3"

+3 + 61'7":

;1%3 $'+7 5+* <" #"+51") %= 6" )' *'/ %*572)" '2# /''73 %* /1" A*+7 +33"338"*/:

!' /1" '*74 8'/%-+/%'* ='# /1" 3/2)"*/ /' 3'7-" /1'3" +))%/%'*+7 /+3,3 6'27) <"

/1" +<%7%/4 /' 51"5, '*"3"7= +*) /' %89#'-" '*"3 ,*'67")$":
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 !"#$%&'$()* $+#,# (" -(#$+"'* ./012(+-# 3

45* 6!%, 6+# #&22!%$*- 70 $5* 8&##(+" 9!&"-+$(!" :!% ;+#(' 8*#*+%'5

<=%!>*'$ ?! @ABC@3BC@@3CDE

 !"!#!$%!&

 !" #$%&$'$&&$($)*( +,- .*/*0 1, +,2  !"#$%"&#' #( )&*"%'+, +#'",*"* -%*,) #' .,*,%.+/

0.#-1,$* &' $%"/,$%"&+* %') &'(#.$%"&+*2 3*456&7' 8**9/ :( ;<6=$&:*(- 0*9, >- ?@A

@!- BC!?, D:( E6//:$(F,

 B" .$57'& G,2 3&')*"#.$*4 5/&1).,'6 5#$0!",.*6 %') 7#8,.(!1 9),%*2 H$/:= H**)/- 1(=,-

.6I9:/J7'/ K L7M N*')- !OPC,

 Q"  :&$!*/:&' ;2 26 7#<)'&%:#= >2?26 5/!:/'#=  2 >24 5#'*".!+"&=, 7.#-1,$* &' "/,

>".!+"!., #( "/, @1A$0&%) &' B&*+.,", 3%"/,$%"&+* %') C/,#.,"&+%1 9'(#.$%"&+*

R9%45:$</ :( 1(S*'4$&:=/- T*9, !!- 55, QA!P- BC!U,

G7'V7: .*W<(:$)*0

X75&, *S +9V*':&J4:= #$&J74$&:=/

G$:(& .7&7'/I6'V ;97=&'*&J7=(:=$9 Y(:07'/:&%

G$:(& .7&7'/I6'V- E6//:$

7Z4$:92  !"#$%!&'()*+,-.!)

+(&*( 3J6)J(*0

X75&, *S +9V*':&J4:= #$&J74$&:=/

G$:(& .7&7'/I6'V ;97=&'*&J7=(:=$9 Y(:07'/:&%

G$:(& .7&7'/I6'V- E6//:$

7Z4$:92 /0 10)230*$(0'()*+,-.!)

 !
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 !"#$%&%'$%( )&'*#++%,-& &-.$!/

 !"! #$%&'($)* '*+  ! ! ,'*-$.*(/

 !"#$%&#'  ! "#$%& '()*&+(! (, &-" .*)"/ "0*$&+(!' 1(2"/!+!1 &-" 3(4 (, $

%(56/"''+7)" 3*+8 +! /")$&+2+'&+% -98/(89!$5+%' +' ,(*!8 $!8 '&*8+"8: ;& +' $

/")$&+2+'&+% $!$)(1*" (, &-" <2'9$!!+=(2 2(/&"# >'6"%+$) 2(/&"#? +!2"'&+1$&"8

"$/)+"/ ,(/ %)$''+%$) 1$' 89!$5+%': @()*&+(!' $/" 6$/&+$))9 +!2$/+$!& (, A","%& B

$!8 C$!= D 4+&- /"'6"%& &( &-" /(&$&+(! 1/(*6:  &-"(/"5 (! &-" /"6/"'"!&$E

&+(! (, &-" ,$%&(/E'9'&"5 +! &-" ,(/5 (, $ *!+(! (, $ !(!E+!2$/+$!& '*7'9'&"5

,(/ &-" ,*!%&+(! 8"&"/5+!+!1 &-" 8"2+$&+(! (, &-" 2")(%+&9 2"%&(/ ,/(5 &-"

5"/+8+$!F $!8 +!2$/+$!& '*7'9'&"5 ,(/ 8"&"/5+!$&+(! (, &-"/5(89!$5+% 6$E

/$5"&"/'F &-" G(/"!&H ,$%&(/ $!8 &-" /$8+$) 2")(%+&9 %(56(!"!& +' 6/(2"8:

I(56$&+7+)+&9 %(!8+&+(!' ,(/ &-" (2"/8"&"/5+!"8 !(!E+!2$/+$!& '*7'9'&"5 $/"

(7&$+!"8:

 !"#$%&'"($!

 !"#$%&' &( )*+#$%,%-$%. /01)&10'#2%.- 3&,*)'%'3 $/* 4&5 &( # .&26)*--%7+* 4"%1

83#- 10'#2%.-9 /#,* $/* (&)2 :;<

(Γρ)t +∇ · (Γρ~u) = 0,

(Γ2ρw~u)t +∇ · (Γ2ρw~u× ~u) +∇p = 0,

(Γ2ρw − p)t +∇ · (Γ2ρw~u) = 0.

8;9

=' 8;9 ,*.$&) ~u > 3#- ,*+&.%$0 %' +#7&)#$&)0 .&&)1%'#$* -0-$*2? p? ρ > 6)*--")*

#'1 1*'-%$0? w = 1 + γ
γ−1

p/ρ > *'$/#+60? Γ = (1 − |~u|2)−1/2
> @&)*'$A (#.$&)

#)* ("'.$%&' &( %'1*6*'1*'$ ,#)%#7+*- > $/* $%2* t #'1 $/* -6#$%#+ .&&)1%'#$*-
~x = (x1, x2, x3)B C .&&)1%'#$* -0-$*2 %- ./&-*' -"./ $/#$ $/* -6**1 &( +%3/$ c = 1

#'1 (&) $/* ,*+&.%$0 2&1"+"- |~u| = (
∑

3

i=1
ui

2
)1/2 %'*!"#+%$0 |~u| < 1 %- -#$%-D*1B

 !""# $% E/*  "+*) *!"#$%&'- &( .&26)*--%7+* 4"%1 (&) )*+#$%,%-$%. /01)&10F

'#2%.- .#' 7* 5)%$$*' %' $/* (&)2

bG~u+ pt ~u+∇p = 0,

Ga+ a div ~u = 0,

aGd = pt.

8H9

 !
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 !"#" $%&'()%*+ (+, !"!" -(+.%/+)0

1+ 2 3 a = Γρ4 b = Γ2ρw4 d = b/a = Γw4 D = ∂t + ~u · ∇ 5 606(7 ,/8*9(6*9/"

:/ *+680,&./ ;'%/8*.(7 .008,*+(6/; (r, θ, φ)4 (U, V,W ) (+, +/< .008,*+(6/;

=08 6(+>/+6 .0?'0+/+6 ~uτ = (V,W ) 0= 6%/ 9/70.*6@ 9/.608A

V = H cosω, W = H sinω, 2B3

;&.% 6%(6 H =
√
V 2 +W 2, ω = arctanW/V " C'/.*(7 9086/D *; ( ;07&6*0+ 0=

/E&(6*0+; 2 3 *+ <%*.% ( ;'/.*(7 ,/'/+,/+./ 0= 6%/ =&+.6*0+; 0+ 6%/ *+,/'/+,/+6

9(8*(F7/; *; 8/(7*G/,4 +(?/7@A

U = U(r, t), Γ = Γ(r, t), H = H(r, t),

p = p(r, t), ρ = ρ(r, t), w = w(r, t),

ω = ω(t, r, θ, ϕ).

2H3

I80? 6%/ >/+/8(7 6%/08@ 0= >80&' (+(7@;*; 0= ,*J/8/+6*(7 /E&(6*0+; KBL4 (=6/8 ;&FM

;6*6&6*0+ 0= 6%/ 8/'8/;/+6(6*0+ 2H3 *+ 2 34 </ 0F6(*+ .0?'0;*6*0+ 0= ( =(.608M;@;6/?

*+ 6%/ =08? 0= ( &+*0+ 0= (+ 09/8,/6/8?*+/, ;@;6/? 0= ,*J/8/+6*(7 /E&(6*0+; =08

=&+.6*0+ ω (+, ( ;@;6/? 0= /E&(6*0+; =08 *+9(8*(+6 =&+.6*0+; U,Γ, H, p, ρ, w"

 !"#$%& '()*"+ ",-%*$(./ 0() )"&%*$'$/*$# 1%/ 23.%4$#/

 !""# $% C'/.*(7 9086/D /E&(6*0+; =08 8/7(6*9*;6*. >(; ,@+(?*.; (8/ 8/'8/;/+6/,

(; ( &+*0+ 0= *+9(8*(+6 ;&F;@;6/?

ad(N0U −
1

r
H2) + ptU + pr = 0,

N0H +
U

r
H + ptH = 0,

aN0d = pt,

2O3

<%/8/ N0 = ∂t+U∂r 5 *+9(8*(+6 '(86 0= 6%/ 606(7 ,/8*9(6*9/4 (+, 09/8,/6/8?*+/,

;&F;@;6/? =08 =&+.6*0+ ωA

k sin θN0ω + sin θ cosωωθ + sinωωϕ + cos θ sinω = 0,

sin θ sinωωθ − cosωωϕ = h sin θ + cos θ cosω,
2P3

<%/8/

k = r/H, h = k(a−1
N0a+ r−2(r2U)r). 2Q3

16 *; 8/?(8)(F7/ 6%(6 2P3 (+, 2Q3 .0*+.*,/ /D(.67@ <*6% 6%/ .088/;'0+,*+> /E&(6*0+;

=08 .7(;;*.(7 >(; ,@+(?*.; K 4 HL" R&6 =&+.6*0+ h *; ,*J/8/+64 *6 *; 8/7(6/, 60 06%/8

'%@;*.(7 E&(+6*6*/;"

 !""# &% 2S9;@(++*)09 .0?'(6*F*7*6@ .0+,*6*0+3 $0?'(6*F*7*6@ .0+,*6*0+ 0=

09/8,/6/8?*+/, ;@;6/? 2P3 %(; 6%/ =08?

kN0h = h2 + 1. 2T3

UE&(6*0+; 2T3 .0?'7/?/+6 *+9(8*(+6 ;&F;@;6/? 2O3" V%&;4 (77 ?(6%/?(6*.(7 8/;&76;

'809/, =08 6%/ ;'/.*(7 9086/D *+ .7(;;*.(7 >(; ,@+(?*.; K 4 HL (8/ .(88*/, 09/8 60

;'/.*(7 9086/D *+ 8/7(6*9*;6*. >(; ,@+(?*.;"

 !
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 !"#$%&%'$%( )&'*#++%,-& &-.$!/ 0

 !"!#$%"&' ()*+#", -$&!*. /$& &*,"!#-#(!#+ 0"( 1'%"2#+(

 !"#$%&' ( #)()$!"('* #+&,$(- .!')&/0 $1&1 #!-2)$!" 34$,4 $# +(')$(--* $".('$(")

3$)4 '&#+&,) )! )4& 5'!2+ 〈∂t, SO(3)〉1 6" '&+'&#&")()$!" 789 ("% $" &:2()$!"# !;
<&==( >0 $) $# "&,&##('* )! '&=!.& )4& %&+&"%&",& !" )$=&0 )4&" ?0 = U d

dr 1

 !"#$%&' =!"()!=$, 5(# 3$)4 γ = 5/31
 !""# $% @!' #)()$!"('* #+&,$(- .!')&/ ;!' '&-()$.$#)$, 5(# %*"(=$,# $".('$(")

#2A#*#)&= $# '&%2,&% )! !'%$"('* $=+-$,$) %$B&'&")$(- &:2()$!"

F (R, h, p;m0, s0) ≡ q3/2 −R2p
(

3m0 + s0
p2

1 + h2

)

q+3m2

0
R4p2q1/2 −m3

0
R6p3 = 0,

7C9

34&'& p = dh/dRD s0 > 00 0 < m0 < 1 E ,!"#)(")# ,4('(,)&'$F$"5 +4*#$,# !; )4&

+'!A-&=0 R > 1 E "!'=(-$F&% %$#)(",&0 q = q(R, h, p) 4(# )4& ;!'=

q(R, h, p) = R2(R2 − 1)p2 − (1 + h2)2. 7GH9

I42#0 )4& %&)&'=$"()$!" !; )4& #+&,$(- .!')&/ ;!' '&-()$.$#)$, 5(# %*"(=$,# '&%2,&#

)! #!-.$"5 &:2()$!" 7C9 ("% !.&'%&)&'=$"&% #*#)&= 7J91 I4$# #*#)&= $# $")&5'()&%

$" K"$)& ;!'= $" L>M0 $)# #!-2)$!" ω $# 5$.&" A* (" $=+-$,$) ;2",)$!"1 N&!=&)'$,

$")&'+'&)()$!" ("% %!=($" $".&#)$5()$!" ('& 5$.&" $" LOM1

P:2()$!" 7C9 A&-!"5# )! ( ,-(## !; &:2()$!"# )4() ('& 2"'&#!-.&% 3$)4 '&#+&,)

)! %&'$.()$.&#1 Q!3 #2,4 &:2()$!"# ('& 2#2(--* ,(--&% $=+-$,$) %$B&'&")$(- &:2()$!"#1

I4& +'&#&") #)()& !; )4& )4&!'* $# +'&#&")&% $" LJM1 I4& #+&,$K,$)* !; &:2()$!"# !;

)4$# )*+& $# )4& &/$#)&",& !; =("$;!-% !; A'(",4$"5 #!-2)$!"#0 )4& +'&#&",& !; )'(R

S&,)!'$&# A2"%-& #)(')$"5 ;'!= #$"52-(' +!$")# !; %$B&'&") %&5'&&# !; %&5&"&'(,* LJM1

3%-*(!#0"!#$% $/ (#%04,"& )$#%!( $/ *54"!#$% 6 7

6=+-$,$) &:2()$!" 7C9 ,(" A& '&#!-.&% 3$)4 '&#+&,) )! %&'$.()$.& p () (-- +!$")# !;
R

3(R, h, p)0 &/,&+) ;!' )4& +!$")# !; =("$;!-%

F (R, h, p) = 0, Fp(R, h, p) = 0. 7GG9

 2'.& 7GG9 $# ,(--&% ( ,'$=$"(") !; &:2()$!" 7C90 $) $# =("$;!-% !; A'(",4$"5 !;

$")&5'(- ,2'.&#1 6) ,!"#$#)# !; #$"52-(' +!$")# !; &:2()$!" 7C90 ,(--&% '&52-(' #$"52-('

+!$")#1 @!-%&% #$"52-(' +!$")# ,(" A& ;!2"% ;'!= )4& #*#)&= !; &:2()$!"#

F (R, h, p) = 0, Fp(R, h, p) = 0, FR(R, h, p) + pFh(R, h, p) = 0. 7G>9

T'!S&,)$!" !; )4& ,'$=$"(") ,2'.& !")! +-("& R
2(h,R) $# ,(--&% ( %$#,'$=$"(")

,2'.&1

I4& &##&",& !; )4& 5&!=&)'$, (++'!(,4 )! #)2%* !; $=+-$,$) %$B&'&")$(- &:2(R

)$!"#0 +'!+!#&% A* T!$",('U0 $# )! '($#& )4& &:2()$!" )! ( .&,)!' K&-%

Rτ = Fp, hτ = pFp, pτ = −(FR + pFh), 7GV9

34&'& τ E "&3 +('(=&)&' (-!"5 $")&5'(- ,2'.&1 W$)4 )4$# $")&'+'&)()$!"0 )4&

$")&5'(- ,2'.&# !; &:2()$!" 7C9 ('& -!,()&% !" %$B&'&") #4&&)# !; #2';(,& F = 01
I4&#& $")&5'(- ,2'.&# ,(" A& +'!S&,)&% !")! )4& +-("& R

2(h,R) 3$)4 !.&'-(++$"51

 !
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 !"#" $%&'()%*+ (+, !"!" -(+.%/+)0

1%/ *+2/34*5(4*0+ 06 4%/ 3*+5&7(8 '0*+43 06 /9&(4*0+3 :;< *3 .0++/.4/, =*4%

7(85/ .0>'&4(4*0+(7 ,*?.&74*/3" 1%/ 307&4*0+ 06 4%/ 3@34/> 06 /9&(4*0+3 :AB<C ,/D

4/8>*+/, E@ 4%/ 8/3&74(+43 06 4%/ .088/3'0+,*+5 '07@+0>*(73C .(+ E/ 0E4(*+/, E@

>/(+3 06 ( 3@34/> 06 3@>E07*. (+, +&>/8*.(7 .0>'&4(4*0+3" F2/+ =*4% 4%/ &3/ 06

3&.% .0>'&4*+5 3@34/>3C 4%/ .(7.&7(4*0+ .(+ E/ 9&*4/ 70+5"

 !"#$%&'( )#&*+%,!#-

G/ =*77 ,/(7 =*4% F 2
E/.(&3/ *4 *3 >08/ .0+2/+*/+4 680> 4%/ .0>'&4(4*0+(7 '0*+4

06 2*/= :/2/8@=%/8/ E/70= E@ F =/ >/(+ F 2
<"

 !"#$!%!&'&( #)$*+

1%/ ,*3.8*>*+(+4 .&82/ *3 5*2/+ E@ 4%/ 3@34/> 06 /9&(4*0+3 :AA< 10 3072/ 4%*3 (+,

04%/8 3*>*7(8 3@34/>3C 4%/ 60770=*+5 4/.%+*9&/ *3 &3/," H*+./ 4%/ /9&(4*0+3 06 4%/

3@34/> :AA< (8/ '07@+0>*(73 *+ pC =/ .(+ /7*>*+(4/ p E@ .0+348&.4*+5 4%/ 8/3&74(+4

06 4=0 4%/3/ '07@+0>*(73" I/+04/ E@ Φ1 = F C Φ2 = Fp" 1%/+

R12(R, h) = res(Φ1,Φ2). :A <

J&84%/8C *+ 4%/ (R, h)D'7(+/C =/ .(+ +&>/8*.(77@ 3072/ 4%/ (75/E8(*. /9&(4*0+

R12(R, h) = 0 608 h" 1%&3C 608 5*2/+ m0C s0 (+, RC =/ .(+ .(7.&7(4/ 4%/ ,*3D

.8*>*+(+4 .&82/"

,-+.$+% / :(E0&4 ,*3.8*>*+(+4 .&82/< 1%/ ,*3.8*>*+(+4 .&82/ .0+3*343 06 0+/

08 4=0 .0>'0+/+43" 1%/ ,*3.8*>*+(+4 .&82/ (7=(@3 %(3 *43 K>(*+L .0>'0+/+4C E&4

608 3>(77 s0 :s0 ≈ 10−2
(+, 7/33< (+ (,,*4*0+(7 :K3/.0+,(8@L< .0>'0+/+4 06 4%/

,*3.8*>*+(+4 .&82/ (''/(83"

0.12+2 "!&3)1'$ 4.!&("

J07,/, 3*+5&7(8 '0*+43 (8/ 60&+, 680> 4%/ 3@34/> 06 /9&(4*0+3 :AB<" I/+04/ E@

Φ1 = F C Φ2 = FpC Φ3 = FR + pFh" M+ 08,/8 40 3072/ 4%*3 3@34/>C =/ .0+348&.4 4%/

60770=*+5 8/3&74(+43

R12(R, h) = res(Φ1,Φ2), R13(R, h) = res(Φ1,Φ3). :AN<

M+4/83/.4*0+ 06 .&82/3 R12 = 0 (+, R13 = 0 5*2/3 &3 ( 3/4 06 607,/, 3*+5&7(8

'0*+43" 10 O+, R12(R, h)C *4 *3 +/./33(8@ 40 .(7.&7(4/ ,/4/8>*+(+4 06 08,/8 A;

:AAP Q R;C;ASCTUU 4/8>3C =*4%0&4 V/803<" !64/8 3*>'7*O.(4*0+C 4%/ ,/58// 06 4%/

'07@+0>*(7 0E4(*+/, *3 SU (+, AUT 608 R (+, hC 8/3'/.4*2/7@" 10 O+, R13(R, h) =/
.(7.&7(4/ ,/4/8>*+(+4 06 08,/8 BU :ANP Q ACRUWCSW CRSTCUUU 4/8>3C =*4%0&4 V/803<"

1%/ ,/58// 06 R13(R, h) *3 S 608 R (+, AWU 608 h"

!3 ( 8/3&74 06 4%/ +&>/8*.(7 /X'/8*>/+4C 4%/ 60770=*+5 34(4/>/+4 =(3 0ED

4(*+/,"

,-+.$+% 5 :/X*34/+./ (+, &+*9&/+/33 06 607,/, 3*+5&7(8 '0*+43< J08 (+@ 2(7&/3

06 '(8(>/4/83 s0 (+, m0 4%/8/ *3 ( &+*9&/ 607,/, 3*+5&7(8 '0*+4"

 !
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 !"#$%&%'$%( )&'*#++%,-& &-.$!/ 0

 !"#$%&'!"

1 '$#$%-+#.* '-"2$%-+ -3 .!"#$%&%'$%( )&'*#++%,-& &-.$!/ %' '$24%!4 %+ 4!$#%"5 6$ %'

7.-&!4 $8#$ %$' %+&#.%#+$ '29'*'$!: .!42(!' $- #+ %:7"%(%$ 4%;!.!+$%#" !<2#$%-+5
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Tropical Orthogonal Linear Prevarieties

Dima Grigoriev (jointly with Nikolai Vorobjov)

We study the operation A⊥ of tropical orthogonalization, applied to a subset
A of a vector space (R ∪ {∞})n, and iterations of this operation. Main results
include a criterion and an algorithm, deciding whether a tropical linear prevariety
is a tropical linear variety, formulated in terms of a duality between A⊥ and A⊥⊥.
We give an example of a countable family of tropical hyperplanes such that their
intersection is not a tropical prevariety. We design an auxiliary algorithm, with
singly exponential complexity, which for a given algebraic set V ⊂ (C((t1/∞)))n

and a point u ∈ Qn decides whether or not u belongs to the tropicalization of V ,
and, if it does, produces a lifting of u in V . An algorithm for the same problem
due to A. Jensen, H. Markwig, T. Markwig has a doubly exponential complexity
bound in the number of variables

Dima Grigoriev (jointly with Nikolai Vorobjov)
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Landau: language for dynamical systems with au-

tomatic differentiation

Ivan Dolgakov and Dmitry Pavlov

Abstract. Most numerical solvers used to determine parameters of dynami-
cal systems rely on first-order derivatives of the state of the system w. r. t.
the parameters. The number of parameters can be fairly large. One of the
approaches of obtaining those derivatives is the integration of the derivatives
simultaneously with the dynamical equations, which is best done with the
automatic differentiation technique.
Even though there are known some automatic differentiation tools, there is no
framework providing the solution fast and useful enough for dynamic system
modeling purposes. Landau is the Turing incomplete statically typed domain-
specific language aimed to fill this gap. The Turing incompleteness provides
an ability of sophisticated source code analysis and as a result a highly op-
timized compiled code. Among other things the language syntax supports
functions, compile-time ranged for loops, if/else branching constructions, real
variables, and arrays, ability to manually discard calculation where the auto-
matic derivatives values are expected to be negligibly small. In spite of rea-
sonable restrictions, the language is rich enough to express and differentiate
any cumbersome paper-equation with practically no effort.

Ivan Dolgakov
Laboratory of Ephemeris Astronomy
Institute of Applied Astronomy of the Russian Academy of Sciences
St. Petersburg, Russia
e-mail: ia.dolgakov@iaaras.ru

Dmitry Pavlov
Laboratory of Ephemeris Astronomy
Institute of Applied Astronomy of the Russian Academy of Sciences
St. Petersburg, Russia
e-mail: dpavlov@iaaras.ru
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RSK bumping trees and a fast RSK algorithm

Vasilii Duzhin, Artem Kuzmin and Nikolay Vassiliev

The Robinson-Schensted-Knuth (RSK) correspondence is a bijection between
a set of permutations of integers and a set of pairs of Young tableaux of the same
shape: insertion tableaux P and recording tableaux Q. The procedure of trans-
forming the input permutation into tableaux is also known as the RSK algorithm
or the RSK transformation. The RSK algorithm has many important applications
in combinatorics and representation theory.

Each number from the input permutation is being put into a certain place of
tableau P , consequently displacing other numbers when it is necessary. A bumping

route [1] is a sequence of positions in insertion tableau where bumping occures
during the RSK transformation. At the same time, tableau Q "records" the posi-
tion where the form of P has changed by putting the index of the current number
at the same position. A more detailed description of the RSK algorithm can be
found in [2].

The RSK algorithm can be easily generalized to the infinite case: the in-
put infinite sequence of numbers can be transformed into a pair of infinite Young
tableaux. Some results of numerical experiments using RSK transformation of ex-
tremely large input sequences are shown in [3]. For such experiments, the efficiency
of the algorithm becomes especially crucial.

The goal of this work is to implement a special variant of RSK which works
significantly faster than the original algorithm. The computational costs of the
RSK are mainly caused by searching a position where the next number should
be bumped in tableau P . In order to solve this problem, we consider tableau P

together with a special combinatorial object called a bumping forest which is a
union of all possible bumping routes of an insertion tableau. The Figure 1 (a)
shows an example of a Young tableau equipped with a bumping forest.

The bumping forest itself is shown in Fig. 1 (b). It can be easily seen that
it consists of connected components, which we call bumping trees. Each bumping
tree is a union of bumping routes converging to a same position where the form
of tableaux P ,Q can be changed.

This work was supported by grant RFBR 17-01-00433.
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1 2 5 6 18 22

3 4 7 8 19 23

9 10 13 27

11 12 14 30

15 21 24

16 25 29

17

20

26

28

(a) (b)

Figure 1. A Young tableau and its bumping forest

At each step of the algorithm we need to maintain the correct structure
of a bumping forest. This maintenance expenses costs us some computational
resources. On the other hand, we do not need to calculate bumping routes for
the input numbers. The numerical experiments show that the proposed algorithm
works faster than the standard RSK algorithm and the performance gain is higher
for larger permutations. Table 1 shows the calculation time of both standard and
proposed versions of RSK for different uniformly-distributed random permutations
of integers. Each value is an average elapsed time of processing 300 permutations
of the same size.

Table 1. The comparison between the speed of standard and
fast RSK algorithms

Permutation size Elapsed time by stan-
dard RSK (in sec)

Elapsed time by fast
RSK (in sec)

100000 5 1
250000 22 2
500000 72 5
1000000 274 15

As we can see from the table, the proposed algorithm works ≈ 18 times faster
than the standard one for the permutations of size 106.

Note that the fast inverse RSK transformation can be implemented using the
bumping forest as well. In that case the bumping routes will be reversed.
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Sketch on quaternionic Lorentz transformations

Mikhail Kharinov

Abstract. Lorentz transformations are decomposed into a linear combina-
tion of two orthogonal transformations. In this way a two-term expression of
Lorentz transformations by means of quaternions is proposed. An analytical
solution to the problem of finding eigenvectors is given. The conditions for
the existence of eigenvectors are specified. A quartet of eigenvectors that oc-
curs when rotational axis is orthogonal to velocity direction is obtained. The
accompanying relativistic velocity addition is discussed.

Introduction

W.R. Hamilton had discovered quaternions in the 19 century in order best to de-
scribe real four-dimensional spacetime R

4, supplied with a cross product [ν, n] of
spatial vectors ν and n. The main advantage of quaternions is that they allow work-
ing with linear transformations of 4-dimensional Euclidian space without explicitly
introducing a standard orthonormal basis and matrix representation of a linear op-
erator. The use of quaternion multiplication provides concise calculations. So, the
rotation V of a 3-dimensional space is elegantly described through multiplication
of quaternions as V {u} = bub̄, where: b = i0 cos

ϕ
2 + ν sin ϕ

2 ; b̄ = i0 cos
ϕ
2 − ν sin ϕ

2 ;
i0 is the multiplicative unity; ν is the unit vector of unit length along rotational
axis, such that

√

(ν, ν) = 1 and ϕ is the rotational angle [1].
In the quaternion space, the Lorentz transformations are expressed only

slightly more complicated than the rotation V .

1. Lorentz transformations in terms of quaternions

The Lorentz transformations L are defined as a linear transformation of the space
of quaternions u, v that preserves the real inner product (u, v̄) of one conjugated

vector v̄ = 2(v, i0) − v by another vector u: (L{u},L{v}) = (u, v̄). The Lorentz
transformations L is decomposed into the two simple transformations V and L as
in [2], so that L{u} = ±V L{u} or L{ū} = ±V L{ū}. For brevity, only one option
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L{u} = V L{u} is treated, where L is the Lorentz boost. It is screw-symmetrical :
(L{u}, v) = (L{v}, u) for any u, v.

L{u} is expressed in quaternions as:

L{u} = āua− nū sinh θ≡auā− ūn sinh θ, (1)

where a = i0 cosh
θ
2 + n sinh θ

2 and θ is the rapidity, such that the velocity vector
v divided by scalar speed of light c is expressed as v/c = n tanh θ.

It is noteworthy that in [3, 4] the Lorentz boost is described by the trun-
cated formula (1). But this is achieved only due to extra dimensionality, which
complicates interpretation.

The dual expression (1) for L and simple quaternion multiplication rules [1, 5]
provide easy operation with the Lorentz transformations L = V L in a coordinate-
free way. It is a good exercise to obtain eigenvectors ck for the transformation
L = V L: L{ck} = ξkck, where ξk are real eigenvalues and eigenvector sequence
number k starts from 0 and does not exceed 3.

2. Eigenvectors in the general case

It is trivial that the eigenvectors of the transformation L = V L, corresponding to
eigenvalues other than 1, are pseudo-orthogonal to themselves and to the invariant

eigenvectors that correspond to ξ = 1, e.g. for ξ0 6= 1, ξ1 6= 1, ξ3 = ξ4 = 1 the
formulae (c0, c̄0) = (c1, c̄1) = (c0, c̄2) = (c0, c̄3) = (c1, c̄2) = (c1, c̄3) = 0 are valid.
A concomitant fact is that the eigenvalues are pairwise mutually inverse due to
the invariance of the equation for ξ with respect to the replacement of ξ by ξ−1.

For easy finding of real eigenvalues, it is convenient to present the general
equation for ξ as follows:

(ξ − ξ0)(ξ − ξ−1
0 )[ξ2 + ξ(2x− α− β) + 1] = 0, (2)

where x, which must be outside the interval (0, 1), is found from the equation:

x2 − x
α+ β

2
+

α− β

2
− 1 = 0, (3)

ξ0 is found from the equation

ξ0 + ξ−1
0

2
= x (4)

and α = (cosh θ + 1)(1 + cosϕ) ≥ 0, β = (ν, n)2(cosh θ − 1)(1 − cosϕ) ≥ 0.
Concerning the latters it should be noted that in the expressions for α and β, the
values of θ and ϕ are assumed to be non-trivial and variative, i.e. both are not
fixed for given rotational axis ν and velocity direction n.

With positive α and β the equation (3) for x has at least one required solution
x > 1. In this case, a pair of mutually inverse eigenvalues other than 1 is available.
For each eigenvalue ξ 6= 1 the corresponding eigenvector is represented as i0 − d,
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where (d, i0) = 0, (d, d) = 1. In turn, the components of the vector d are calculated
by the formulae:

(d, ν) = (ν, n)
cosh θ − 1

sinh θ

ξ + 1

ξ − 1
, (d, n) =

ξ − cosh θ

sinh θ
,

(d, [ν, n]) = [(d, n)− (ν, n)(d, ν)]
ξ sinϕ

ξ cosϕ− 1
. (5)

3. The case of velocity, orthogonal to the rotational axis

All four eigenvectors are available in the special case of (ν, n) = β = 0. In this
case, the equation for x becomes trivial:

(x− 1)
(

x+ 1−
α

2

)

= 0. (6)

In the case of x = α
2 −1 the equation for finding ξ0 and ξ1 = ξ−1

0 is expressed
by the formula:

ξ2 − ξ(α− 2) + 1 = 0. (7)

As follows from the last formula (7), in order to successfully find the target values
of ξ0 and ξ1 = ξ−1

0 , the next condition must be satisfied:
∣

∣

∣
sin

ϕ

2

∣

∣

∣
≤

∣

∣

∣
tanh

θ

2

∣

∣

∣
⇔

∣

∣

∣
cos

ϕ

2

∣

∣

∣
cosh

θ

2
≥ 1⇔

∣

∣

∣
tan

ϕ

2

∣

∣

∣
≤

∣

∣

∣
sinh

θ

2

∣

∣

∣
, (8)

where pair vertical lines denotes absolute value. In the case of x = 1, we get the
trivial equation for ξ: (ξ − 1)2 = 0 and obtain a pair ξ3 = ξ4 = 1 of unit values of
ξ corresponding to a pair of invariant eigenvectors.

Explicit expressions for eigenvectors and eigenvalues are listed in the table 1,
wherein ξ0 is the solution of (7) under the condition (8).

Notation Eigenvector Eigenvalue

c0 i0 −
(

n+ [ν, n] ξ0 sinϕ
ξ0 cosϕ−1

)

ξ0−cosh θ
sinh θ ξ0

c1 i0 −
(

n+ [ν, n] sinϕ
cosϕ−ξ0

)

1−ξ0 cosh θ
ξ0 sinh θ ξ−1

0

c2 i0 +
(

n− [ν, n] cot ϕ2
)

tanh θ
2 1

c3 ν 1

Table 1. Eigenvector quartet in the case of (ν, n) = 0

Any vector u is trivially decomposed into a linear combination of the listed
eigenvectors:

u =
c0(u, c̄1) + c1(u, c̄0)

(c0, c̄1)
+ c2

(u, c̄2)

(c2, c̄2)
+ c3

(u, c̄3)

(c3, c̄3)
. (9)

Note that the expansion (9) is available only if the condition (8) is fulfilled.
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Conclusion

Case (ν, n) = 0 is the most important because it is this case that arises in rela-
tivistic addition of velocities, interpreted in terms of Lobachevsky theory [6, 7, 8].
However, according to the authoritative opinion of John Frederick Barrett, “The
hyperbolic theory is not at all new and was described by V. Varicak shortly after
Einstein’s initial work. But it has been ignored now for over 100 years by the main-
stream theory.” Perhaps, the task of obtaining of the eigenvectors for the Lorentz
transformations represented in quaternions, and also in octonions, will be useful
for further development in this direction.

In the following papers it will be shown that the decomposition (9) of any vec-
tor into eigenvectors is not available for relativistic addition of velocities. Perhaps,
professional physicists will give a plausible interpretation for this. In any case,
the quaternion technique of working with spatial transformations seems useful for
solving modern engineering problems.
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Invariant Projectors in Wreath Product

Representations

Vladimir V. Kornyak

Abstract. An algorithm for computing the complete set of irreducible invari-
ant projectors in the space of the permutation representation of a wreath
product is described. This set provides the irreducible decomposition of the
representation. The corresponding C program constructs decompositions of
representations of high dimensions and high ranks.

1. Introduction

A description of a physical system commonly involves a space X, on which a group
of spatial symmetries G (or G(X)) acts, and a set of local states V with a group
of local symmetries F (or F (V )). X, V and F can be treated, respectively, as
the base, the typical fiber and the structure group of a fiber bundle. A state of the
whole system is a function from X to V , i.e., a section of the bundle. A natural
symmetry group that acts on the set of sections V X and preserves the structure
of the bundle is the wreath product [1, 2] of F and G

W̃ = F ≀G ∼= FX
⋊G . (1)

The action of W̃ on V X is defined by

v(x) (f(x) , g) = v
(
xg−1

)
f
(
xg−1

)
,

where v ∈ V X , f ∈ FX , g ∈ G; the right-action convention is used for all group
actions. Importance of wreath products:

1. The universal embedding theorem (Kaloujnine-Krasner) states that any ex-
tension of group A by group B is isomorphic to a subgroup of A ≀B, i.e., the
wreath product is a universal object containing all extensions.

2. Classification of maximal subgroups of the symmetric group (the O’Nan-Scott

theorem) essentially involves wreath products [3].
3. The wreath product Sm ≀ Sn is the automorphism group of the hypercubic

graph or Hamming scheme H(n,m) in coding theory [4].
4. Unitary representations of wreath products arise naturally in the study of

multipartite quantum systems.

The main step in the study of group representations is to decompose them
into irreducible components. Our algorithm [5] decomposes representations of finite
groups via computing a complete set of mutually orthogonal irreducible invariant

projectors. A similar construction in ring theory is called a complete set of primitive
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orthogonal idempotents. An arbitrary ring with such a set can be represented as
a direct sum of indecomposable rings. This is called a Peirce decomposition [6,
7]. In our case, irreducible invariant projectors are primitive idempotents of the
centralizer ring of a group representation. The dimension of this ring is called
the rank of the representation. The program in [5] proved to be very effective
in problems with low ranks. In particular, it coped with many high dimensional
representations of simple groups and their “small” extensions (which typically have
low ranks), presented in the Atlas [8]. However, wreath products, which contain
all possible extensions, are far from simple groups and their representations have
high ranks. The approach proposed here allows us to decompose wreath product
representations with very high dimensions and ranks.

2. Centralizer Ring of Wreath Product Representation

We assume that X ∼= {1, . . . , N} and V ∼= {1, . . . ,M}, and hence G(X) ≤ SN and

F (V ) ≤ SM . The permutation representation P̃ of W̃ is defined by (0, 1)-matrices
of the size MN ×MN that have the form

P̃ (w̃)u,v = δuw̃,v, where w̃ ∈ W̃ ; u, v ∈ V X ; δ is the Kronecker delta.

As a representation space, we assume an MN -dimensional Hilbert space H̃ over
some abelian extension of Q being a splitting field for the local group F . We denote

the rank of the representation P̃ by R̃, and we denote the basis of the centralizer

ring by Ã1, . . . , ÃR̃
. The basis elements are solutions of the system of equations

P̃
(
w̃−1

)
ÃP̃ (w̃) = Ã, w̃ ∈ W̃ . (2)

A more detailed analysis of (2), taking into account the structure of the wreath
product (1), allows to obtain explicit expressions for the basis elements of the

centralizer ring of P̃

Ãr =
∑

q∈rG

Aq1 ⊗ · · · ⊗AqN . (3)

Here

1. R and A1, . . . , AR are, respectively, the rank and the basis of the centralizer
ring for the M -dimensional permutation representation of the local group F .

2. r ∈ R
X
denotes a mapping from X into R = {1, . . . , R} .

3. rG is the G-orbit of the mapping r ∈ R
X
with respect to the action defined

by rg = [r1g, . . . , rNg] for g ∈ G. The notation r = [r1, . . . , rN ] is assumed.

It is easy to verify that the basis elements (3) form a complete system, i.e.,

R̃∑

i=1

Ãr(i) = JMN ,

where JMN is the MN ×MN all-ones matrix, r(i) denotes some numbering of the

orbits of G on R
X
.
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Invariant Projectors in Wreath Product Representations 3

3. Complete Set of Irreducible Orthogonal Invariant Projectors

The complete set of irreducible orthogonal invariant projectors is a subset of the
centralizer ring, specified by the conditions of idempotency and mutual orthogonal-
ity. Using the properties of the tensor (Kronecker) product [9], their consequences
and some additional technical considerations we come to the following.

Let B1, . . . , BK be the complete set of irreducible orthogonal projectors in

the permutation representation of the local group F . Let K = {1, . . . ,K} and K
X

be the set of all mappings from X into K. The action of g ∈ G on the mapping

k ∈ K
X
is defined as kg = [k1g, . . . , kNg]. Then we have

Proposition. The irreducible orthogonal invariant projector in the permutation rep-

resentation of the wreath product takes the form

B̃k =
∑

ℓ∈kG

Bℓ1 ⊗ · · · ⊗BℓN , (4)

where kG denotes the G-orbit of the mapping k on the set K
X

.

The easily verifiable completeness condition

K̃∑

i=1

B̃k(i) = 1MN holds. Here K̃ is the

number of irreducible components of the wreath product representation, 1MN is
the identity matrix in the representation space, k(i) denotes some numbering of

the orbits of G on K
X
.

To compute the basis elements (3) of the centralizer ring and projectors (4),
we wrote a program in C. The input data for the program are the generators of the
spatial and local groups, and the complete set of irreducible invariant projectors
of the local group (obtained, for example, by the program described in [5]).

4. Calculation Example

We give here the calculation for the representation of the wreath product of the
rotational symmetry groups of the octahedron and icosahedron. The dimension

and rank are MN = 2176 782 336 and R̃ = 122 776 .

1

5

11

7

6

10

4

12

9

2

8

3

Figure 1. Icosahedron.

1

2

3
4

5

6

Figure 2. Octahedron.
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Space Group. The spaceX is the icosahedron whose vertices form the set of points:
X ∼= {1, . . . , 12}, see Fig. 1. As a group of spatial symmetries we take the group
A5, which describes the rotational (or chiral) symmetries of the icosahedron. For
the vertex numbering as in Fig. 1, the space symmetry group can be generated by
two permutations:

G(X) =
〈
(1, 7)(2, 8)(3, 12)(4, 11)(5, 10)(6, 9), (2, 3, 4, 5, 6)(8, 9, 10, 11, 12)

〉
∼= A5.

Local Group. The local states, V ∼= {1, . . . , 6}, are the vertices of the octahedron.
The group of rotational symmetries of the octahedron is S4. For the vertex num-
bering of Fig. 2, the local symmetry group has the following presentation by two
generators

F (V ) =
〈
(1, 3, 5) (2, 4, 6) , (1, 2, 4, 5)

〉
∼= S4.

The six-dimensional permutation representation 6 of F (V ) has rank 3, and the
basis of the centralizer ring is

A1 = 16, A2 =

(
03 13

13 03

)
, A3 =

(
Y Y

Y Y

)
, where Y =



0 1 1
1 0 1
1 1 0


 . (5)

The irreducible decomposition of the representation is 6 = 1⊕2⊕3. The complete
set of primitive orthogonal idempotents can be written in the basis (5) as follows

B1 =
1

6
(A1 +A2 +A3) , B2 =

1

3

(
A1 +A2 −

1

2
A3

)
, B3 =

1

2
(A1 −A2) . (6)

Program Output. The calculation was performed on PC with 3.30GHz CPU and
16GB RAM. The superscripts in the list of ‘Irreducible dimensions’ represent
the numbers of equal dimensions. The expressions for primitive idempotents are
tensor product polynomials in the matrices (6). ‘Checksum’ is the sum of all di-
mensions, which should coincide with the dimension of the representation.

Wreath product S4(octahedron) ≀ A5(icosahedron)
Representation dimension: 2176782336

Rank: 122776

Wreath product decomposition is multiplicity free

Number of irreducible components: 122 776
Number of different dimensions: 134
Irreducible dimensions:

1, 46, 63, 86, 93, 1215, 1632, 187, 20, 2470, 3241, 3686, 45, 48191, 5426, 6484, 72298, 804,
817, 96412, 108223, 128114, 144913, 16254, 1808, 192704, 216926, 2434, 256104, 2881804,
3207, 324504, 384772, 4054, 4322517, 48699, 51276, 5762508, 6481909, 72017, 7299,
768705, 8644303, 972818, 102451, 11522562, 12803, 12964455, 1458141, 1536479, 162016,
17285322, 19442712, 204820, 21874, 23041935, 25926708, 288014, 2916961, 3072223,
34564575, 36457, 38885495, 40964, 4374136, 46081004, 5120, 51846924, 58322754,
614459, 648018, 65619, 69122719, 77766966, 81923, 8748822, 9216329, 103684760,
1152010, 116644695, 1228819, 1312298, 138241011, 1458013, 155525781, 174961999,
1843283, 196833, 207362085, 233284826, 2592016, 26244511, 27648260, 311042964,
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328053, 349922775, 368645, 3936655, 41472534, 46080, 466563012, 524881023,
5529615, 5832019, 590495, 62208877, 699842173, 78732242, 8294448, 933121038,
1036804, 1049761079, 11809827, 124416102, 1312208, 139968905, 157464355,
186624130, 209952568, 2332807, 23619684, 279936148, 295245, 314928254, 3542946,
419904116, 47239279, 5248803, 531441, 62985662, 70858815, 94478426, 1180980,
1417176

9

Checksum = 2176782336 Maximum number of equal dimensions = 6966

Wreath irreducible projectors:

B̃1 =B⊗12
1

B̃2 =B⊗3
1 ⊗B2 ⊗B⊗6

1 ⊗B2 ⊗B1

B̃3 =B⊗9
1 ⊗B2 ⊗B⊗2

1 +B⊗4
1 ⊗B2 ⊗B⊗7

1
...

B̃61387 =B2 ⊗B3 ⊗B1 ⊗B⊗2
2 ⊗B⊗3

1 ⊗B⊗2
3 ⊗B2 ⊗B3

+B3 ⊗B2 ⊗B1 ⊗B2 ⊗B1 ⊗B3 ⊗B1 ⊗B2 ⊗B3 ⊗B1 ⊗B3 ⊗B2

+B⊗2
1 ⊗B3 ⊗B2 ⊗B⊗2

3 ⊗B2 ⊗B3 ⊗B1 ⊗B⊗2
2 ⊗B1

+B1 ⊗B⊗2
2 ⊗B3 ⊗B1 ⊗B⊗2

3 ⊗B2 ⊗B3 ⊗B1 ⊗B2 ⊗B1

B̃61388 =B⊗2
2 ⊗B3 ⊗B⊗2

1 ⊗B3 ⊗B1 ⊗B2 ⊗B3 ⊗B⊗2
2 ⊗B3

+B1 ⊗B2 ⊗B3 ⊗B⊗2
2 ⊗B3 ⊗B⊗2

2 ⊗B3 ⊗B⊗2
1 ⊗B3

B̃61389 =B⊗2
1 ⊗B⊗3

2 ⊗B1 ⊗B2 ⊗B3 ⊗B2 ⊗B1 ⊗B⊗2
3

+B2 ⊗B1 ⊗B2 ⊗B3 ⊗B2 ⊗B1 ⊗B3 ⊗B2 ⊗B⊗2
1 ⊗B2 ⊗B3

+B1 ⊗B3 ⊗B2 ⊗B⊗3
1 ⊗B3 ⊗B⊗3

2 ⊗B3 ⊗B2

+B3 ⊗B2 ⊗B3 ⊗B2 ⊗B⊗2
1 ⊗B2 ⊗B⊗2

1 ⊗B2 ⊗B3 ⊗B2

+B2 ⊗B⊗3
3 ⊗B1 ⊗B2 ⊗B⊗3

1 ⊗B⊗3
2

+B3 ⊗B⊗2
2 ⊗B3 ⊗B⊗2

2 ⊗B1 ⊗B3 ⊗B⊗3
1 ⊗B2

...

B̃122774 =B⊗2
3 ⊗B2 ⊗B⊗9

3 +B⊗3
3 ⊗B2 ⊗B⊗8

3 +B⊗10
3 ⊗B2 ⊗B3 +B⊗11

3 ⊗B2

B̃122775 =B⊗2
3 ⊗B2 ⊗B3 ⊗B2 ⊗B⊗7

3 +B⊗2
3 ⊗B2 ⊗B⊗2

3 ⊗B2 ⊗B⊗6
3

+B⊗3
3 ⊗B2 ⊗B⊗4

3 ⊗B2 ⊗B⊗3
3 +B⊗5

3 ⊗B2 ⊗B⊗4
3 ⊗B2 ⊗B3

+B⊗8
3 ⊗B2 ⊗B⊗2

3 ⊗B2 +B⊗9
3 ⊗B2 ⊗B3 ⊗B2

B̃122776 =B⊗3
3 ⊗B⊗2

2 ⊗B⊗7
3 +B2 ⊗B⊗4

3 ⊗B2 ⊗B⊗6
3

+B3 ⊗B2 ⊗B⊗3
3 ⊗B2 ⊗B⊗6

3 +B⊗6
3 ⊗B2 ⊗B3 ⊗B2 ⊗B⊗3

3

+B⊗7
3 ⊗B⊗2

2 ⊗B⊗3
3 +B⊗9

3 ⊗B⊗2
2 ⊗B3

Time: 0.58 sec

Maximum number of tensor monomials: 531441
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For comparison, we give a part of the output for a somewhat larger problem.

Wreath product A5(icosahedron) ≀ A5(icosahedron)
Representation dimension: 8916100448256

Rank: 3875157

Wreath product decomposition is multiplicity free

Number of irreducible components: 3 875 157
Number of different dimensions: 261

Time: 7.35 sec

Maximum number of tensor monomials: 16777216

5. Conclusion

One of the main goals of the work was to develop a tool for the study of models of
multipartite quantum systems. The projection operators obtained by the program
are matrices of huge dimension. Obviously, the explicit calculation of such matrices
is impossible. However, the expression of projectors for wreath products in the form
of tensor polynomials makes it possible to reduce the computation of quantum
correlations to a sequence of computations with small matrices of local projectors.
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Cluster monomials and Schur positivity

Gleb Koshevoy∗and Denis Mironov†

1 Schur functions and Schur positivity

Schur polynomials sλ(x1, . . . , xN) form a vector space basis (over Z) of the ring of sym-
metric polynomials in the variables x1, . . . xN , while λ runs over the set of partitions or
Young diagrams.

A symmetric function is Schur positive if its expansion on the basis of the Schur
functions involves only non-negative coefficients only.

Since a product of symmetric polynomials is symmetric, one can expand it in terms
of Schur polynomials. In particular, for product of Schur functions, we get

sµ(x1, . . . xN)sν(x1, . . . xN) =
∑

λ

cλµ,νsλ(x1, . . . xN).

Here cλµ,ν are the Littlewood-Richardson coefficients. These coefficients are nonnegative,
since we have a combinatorial description of these coefficients : cλµ,ν is equal to the
number of semistandard Young tableaux of skew shape λ \ µ and of weight ν.

For a quadruple of partitions µ, ν, µ′, ν ′, we have

sµsν − sµ′sν′ =
∑

λ

(cλµ,ν − cλµ′,ν′)sλ(x1, . . . xN).

Then the LHS is said to be Schur positive if for any λ,

cλµ,ν − cλµ′,ν′ ≥ 0.

Questions on Schur positivity of several types of expressions sµsν−sµ′sν′ has been posed
and studied in series of works, see [2, 5, 3, 4].

Lam, Postnikov, and Pyaljavskii [4] proved Schur positivity of

sµ∨νsµ∧ν − sµsν ,

and confirmed several open problems posed in [2, 5, 3, 4].
Recall that a flag minor is a minor of a matrix which is equal to a determinant of a

square submatrix which is constituted of elements of the intersection of a set of columns
and the first consecutive rows. To a flag minor ∆I , where I = {i1, i2, . . . , ik} denotes the
column set, is associated a Schur function sλ with λ = (ik−k+1, ik−1−(k−1)+1, . . . i

∗IITP RAS
†The authors are supported in part by grant RSF 16-11-10075, and by Laboratory of Mirror Sy

metry NRU HSE, RF Government grant, ag. N 14.641.31.0001.
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Definition 1.1 A polynomial in flag minors is Schur positive if substituting in it the

Schur functions instead of the flag minors yields a Schur positive symmetric function.

For example, for a subsets I = {i1, i2, . . . , ik} and J = {j1, . . . , jk} and
{max(i1, j1), . . . ,max(ik, jk)}, I ∧ J = {min(i1, j1), . . . ,min(ik, jk)}, we have Schur posi-
tivity of the polynomial

∆I∨J∆I∧J −∆I∆J .

Namely, this follows from Schur positivity of (3).

2 Cluster algebra of C[SLw0,e
N ]

Let B be the subgroup of upper triangular matrices of SLN and B− be that of lower
triangular, w0 be the longest element of the Weyl group, the group of permuta
[N ]. The coordinate ring the big double Bruhat cell SLw0,e

N := B ∩ B−w0B−, C
has a cluster algebra structure [1].

The cluster variables of such a cluster algebra are specific polynomials in flag minors.
We call cluster polynomials such polynomials.

We state the following conjectures bases on numerous computer experiments.

Conjecture 2.1 Any cluster polynomial is Schur positive.

Conjecture 2.2 Any such a polynomial as a linear combination of Schur function has

the full support. Namely, for a cluster polynomial, all integer points of the convex hull of

vectors corresponding to partitions which support the Schur functions of the corresponding

linear combination correspond to summands with positive coefficients.

3 Some examples

We choose an initial cluster seed being the seed corresponding to the reduced decomposi-
tion s1s2s1 · · · sN−1 · · · s1 of w0 (see [1]). Any sequence of cluster mutations at 4-valency
vertices results in a flag minor. Because of that, we get Schur positivity in such a case.

A mutation at a 6-valency vertex of the initial seed gives a cluster polynomial of the
form

∆i−1,[i+1,i+j+1]∆[i,i+j−1] −∆i−1,[i+1,i+j−1]∆[i,i+j+1].

Substituting Schur functions instead of the flag minors yields the following polynomial
in Schur functions

s(ij+1,i−1)sij − sij+2s(ij−1,i−1),

where ab denotes sequence (a, a, . . . , a) with b entries.
For example, for i = 3, j = 2, we get Schur positivity of (4) as well as validity of

Conjecture 2.2,

 !

82



Schur positivity of (4) can be obtained using a result of ([6]), for which follows that

∆I∆J −∆I′∆J ′

is Schur positive if, for any interval K ⊂ N, there holds

max(|I ∩K|, |J ∩K|) ≤ max(|I ′ ∩K|, |J ′ ∩K|).

Observation. All cluster variables of the form (5) computed in our experime
fulfill (6), and thus are Schur positive.

4 Extreme Schur functions of cluster polynomials

For partitions ν and µ, the Schur functions of the product sνsµ labeled by the sum
and the concatenation µ ∪ ν are lexmax and lexmin terms, respectively.

4.1 Two tropical semirings on partitions or Young diagrams

Lets us defined two dual tropical semirings on the set of partitions: for one we consider
the pair of operations as summation and lexmax, and for another as concationation and
lexmin.

Namely the first tropical semiring is specified by

(λ1, . . . , λk)⊙1 (µ1, . . . , µk) = (λ1, . . . , λk) + (µ1, . . . , µk) = (λ1 + µ1, . . . , λk +

and
(λ1, . . . , λk)⊕1 (µ1, . . . , µk) = max{(λ1, . . . , λk), (µ1, . . . , µk)},

where max is the lexicographical maximum of two vectors of Rk.
The second semiring is specified by

(λ1, . . . , λk)⊙2 (µ1, . . . , µk) = (λ1, . . . , λk) ∪ (µ1, . . . , µk) = (λ1, . . . , λk, µ1, . . . , µ

where (x1, . . . , xn)
↑ = (xσ(1) ≥ . . . ≥ xσ(n)) is a non-increasing ordering of xi’s.

(λ1, . . . , λk)⊕2 (µ1, . . . , µk) = min{(λ1, . . . , λk), (µ1, . . . , µk)},

where min is the lexicographical minimum of two vectors of Rk.
These semirings are dual with respect to transposition. Namely, for a partition

λ = (λ1, . . . , λk), let λ
′ denote the transposed (dual) partition, λ′i := #I, where

such that λj ≥ i, for j ∈ I. Then

λ⊙2 ν = (λ′ ⊙1 ν
′)′, λ⊕2 ν = (λ′ ⊕1 ν

′)′.
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4.2

Theorem 4.1 Let Qin be the initial seed of the cluster algebra C[SLw0,e
N ].Let

cluster polynomial in flag minors. Then the expansion of the Schur specialization of

on the basis of Schur functions has terms labeled by lexmin and lexmax partitions with

coefficients 1. Moreover these lexmin and lexmax partitions can be obtained by following

the same sequence of mutations from Qin as for a cluster variables corresponding to

but with respect to the two tropical semirings on the partitions.

For example,
(

s(5,3,2,2,2) + s(6,3,2,2,1) + s(7,3,2,2)
)

s(4,4,3)s(3,3) + s(3)s(3,3,3,3)s(2,2,2)s(5,5)
s(4,3,3,2,2,2)+s(4,4,2,2,2,2)+s(4,4,3,2,2,1)+s(5,3,3,2,2,1)+s(5,4,2,2,2,1)+s(5,4,3,2,1,1)

+s(5,4,3,2,2)+s(5,5,2,2,1,1)+s(5,5,3,2,1)+s(6,3,3,2,2)+s(6,4,2,2,2)
+s(6,4,3,2,1)+s(6,5,2,2,1)+s(6,5,3,2)+s(6,6,2,2)

= s(5,4,3,3) + s(6,4,3,2) + s(7,4,3,1) + s(8,4,3)

the lexmin of concatenations of the numerator is (5, 4, 4, 3, 3, 3, 3, 2, 2, 2), and subtracting
lexmin of denominator (4, 3, 3, 2, 2, 2) yields (5, 4, 3, 3) of RHS; lexmax sums, the nomi-
nator yields (14, 10, 5, 2), the denominator (6, 6, 2, 2), and we get (8, 4, 3) of RHS. Note
that the support here is the segment [(5, 4, 3, 3), (8, 4, 3)].
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,9(&"$0C Q (-*$1< 09/! *!-* A = QR7
M%$ ."L,1*","00> 3" 31'' /%,01."$ -, -'+%$1*!( -##'1". *% - 0?9-$" (-*$1<

A %;"$ - L"'. %) $"-' ,9(&"$07

N%,01."$ *!" /-0" %) - 2× 2 (-*$1<7  !" ."01$". ."/%(#%01*1%, A = QR !-0

*!" )%$(O

(

α β
γ δ

)

=

(

c −s
s c

)(

a b
0 d

)

,

3!"$" *!" ,9(&"$0 s -,. c 0-*10)A *!" "?9-*1%, s2 + c2 = 17

 !
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 !"##$%& '$($)*+,#,- $#% !./0"# !"1,#%,1

234"/ 5.(4&6(7&#0 3/,5 4+" ("34 ,3 8,4+ )&%") ,3 4+" "9.$4&,# 87 4+" &#1"/)"

5$4/&: Q−1 = QT
; <" 0"4= QTA = R>

?3 γ = 0 4+"# <" *$# )"4 c = 1, s = 0> ?3 γ 6= 0; 4+"# ∆ = α2 + γ2 > 0.
@+"# <" 0"4 cα+ sγ = a, cγ − sα = 0 $#% c = aα/∆, s = aγ/∆.

@+"/"3,/"; 1 = s2 + c2 = a2/∆; +"#*" |a| =
√
∆> c = α/

√
∆, s = γ/

√
∆.

A" %"#,4" ).*+ $ 5$4/&: Q 87 gα,γ >

 ! "#$%#&'()* QR +#,-./-0('(-&

B"4 4+" 5$4/&: A 8" 0&1"#; &4) "("5"#4) (i, j) $#% (i+1, j) 8" α $#% γ; $#% $(( 4+"

"("5"#4) 4, 4+" ("34 ,3 4+"5 8" C"/,= ∀(s < j) : (ai,s = 0) & (ai+1,s = 0)>

B"4 Gi,j = diag(Ii−1, gα,γ , In−i−1)> @+"# 4+" 5$4/&: Gi,jA %&D"/) 3/,5 A
,#(7 &# 4<, /,<) i $#% i+1; 8.4 $(( 4+" "("5"#4) 4, 4+" ("34 ,3 4+" *,(.5# j /"5$&#

C"/,; $#% &# 4+" *,(.5# j &# i+ 1 (&#" <&(( 8" E>

@+&) 6/,6"/47 ,3 4+" !&1"#) 5$4/&: $((,<) .) 4, 3,/5.($4" ).*+ $# $(0,/&4+5

 !"#$%&'(

FGH> I&/)4 <" /")"4 4+" "("5"#4) .#%"/ 4+" %&$0,#$( &# 4+" ("34 *,(.5#=

A1 = G1,1G2,1...Gn−2,1Gn−1,1A

F H> @+"# <" /")"4 4+" "("5"#4) 4+$4 $/" .#%"/ 4+" %&$0,#$( &# 4+" )"*,#% *,(.5#=

A2 = G2,2G3,2...Gn−2,2Gn−1,2A1

F-H> J"#,4" G(k) = Gk,kGk−1,k...Gn−2,kGn−1,k; k = 1, 2, .., n− 1> @+"#; 4, *$(*.K

($4" 4+" "("5"#4) ,3 4+" k 4+ *,(.5#; <" #""% 4, ,84$&# 4+" 6/,%.*4 ,3 5$4/&*")

Ak = G(k)Ak−1.

F#KGH> 24 4+" "#% ,3 4+" *$(*.($4&,#; 4+" "("5"#4 &# 4+" n−1 *,(.5# <&(( 8" /")"4"%=

An−1 = G(n−1)An−2 = Gn−1,n−1An−2.

L,. *$# M#% 4+" #.58"/ ,3 ,6"/$4&,#)> ?4 &) #"*"))$/7 4, *$(*.($4" 4+" (n2−
n)/2 4./# 5$4/&*") $#% 3,/ "$*+ ,3 4+"5 N ,6"/$4&,#) 5.)4 8" 6"/3,/5"%> <+"#

*$(*.($4&#0 A1; 4+" #.58"/ ,3 5.(4&6(&*$4&,#) ,3 4+" !&1"#) 5$4/&*") &#4, *,(.5#)

,3 4<, "("5"#4) FO 5.(4&6(&*$4&,#) $#%  $%%&4&,#)H &) (n− 1)2> A+"# *$(*.($4&#0

A2; 4+" #.58"/ ,3 ).*+ 5.(4&6(&*$4&,#) &) (n− 2)2; $#% ), ,#> 2) $ /").(4; <" 0"4

6(n2 − n)/2 + 6
∑

i=1..n−1

i2 = 3n2 − 3n+ 6(n− 1)(2n− 1)n/6 ≈ 2n3

P"/" <" *,.#4 4+" #.58"/ ,3 $(( $/&4+5"4&* ,6"/$4&,#) $#% 4+" ,6"/$4&,#) ,3 ":K

4/$*4&#0 4+" )9.$/" /,,4>

 !
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 !"#$ %&"'()!*'& +&%,+)+('* -.#+/0+1"%"+( 2

 ! QRG "#$%&'%()*)%+

3.% ' /'%&"4M +5 1"6. 2n×2n 7. -"8"-.- "(%+ 5+!& .9!'* 7*+#$1: M =

(

A B
C D

)

;

<,.&. '&. %,&.. 1%.01 "( %,"1 '*)+&"%,/;

 !"#$%&'(

=>?; <,. @&1% 1%'). "1 %,. QRG -.#+/0+1"%"+( +5 %,. 7*+#$ C:

C = Q1C1, M1 = diag(I,Q1)M =

(

A B
C1 D1

)

.

=A?; <,. 1.#+(- 1%'). "1 %,. #'(#.**'%"+( +5 ' 0'&'**.*+)&'/ #+/0+1.- +5 %B+ %&"'(C

)!*'& 7*+#$1: %,. *+B.& %&"'()!*'& 0'&% AL
+5 %,. 7*+#$ A '(- %,. !00.& %&"'()!*'&

0'&% CU
1 +5 %,. 7*+#$ C1; D.(+%. %,. !00.& %&"'()!*'& /'%&"4 A1 '(- '((","*'%"()

/'%&"4 Q2:

(

A
C1

)

=

(

A1

0

)

, M2 = Q2M1 =

(

A1 B1

0 D2

)

.

=2?; <,. %,"&- 1%'). "1 %,. QRG -.#+/0+1"%"+( +5 %,. D2 7*+#$: D2 = Q3D3;

R = diag(I,Q3)M2 =

(

A1 B1

0 D3

)

.

E1 ' &.1!*%F B. ).%:

M = QTR, Q = diag(I,Q3)Q2 diag(I,Q1).

G"(#. %,. @&1% '(- %,"&- 1%').1 '&. &.#!&1"8. #'**1 +5 %,. QRG C0&+#.-!&.1F

"% &./'"(1 %+ -.1#&"7. %,. 0'&'**.*+)&'/ #'(#.**'%"+( 0&+#.-!&.; 3.%H1 #'** "% '  I

-.#+/0+1"%"+(;

,! -./"#$%&'%()*)%+

3.% %,. /'%&"4 M =

(

A
BU

)

,'8. -"/.(1"+(1 2n × n '(-F '% %,. 1'/. %"/.F

%,. *+B.& !("% BU
+5 1"6. n× nF n C#+!(%'7*.F ,'1 '( !00.& %&"'()!*'& 1,'0. C '**

.*./.(%1 !(-.& "%1 /'"( -"')+('* '&. 6.&+; J. '&. *++$"() 5+& %,. 5'#%+&"6'%"+( +5

%,. /'%&"4 M = QP = Q

(

AU

0

)

F B"%, %,. +&%,+)+('* /'%&"4 Q;

K% "1 &.9!"&.- %+ '((!* '** .*./.(%1 7.%B..( %,. !00.& '(- *+B.& -"')+('*1

+5 %,. M /'%&"4F "(#*!-"() %,. *+B.& -"')+('*; K% "1 .'1L %+ 1.. %,'% %,"1 #'( 7.

-+(. B"%, M"8.(1 /'%&"#.1; J. B"** #+(1"1%.(%*L 0.&5+&/ #+*!/( "(8'*"-'%"+( 7L

%&'8.&1"() #+*!/( .*./.(%1 5&+/ 7+%%+/ %+ %+0 '(- %&'8.&1"() #+*!/(1 5&+/ *.5%

%+ &"),%;

N!% B. '&. "(%.&.1%.- "( %,. 7*+#$ 0&+#.-!&.; G"(#. n "1 .8.(F B. #'( 7&.'$
%,. 0'&'**.*+)&'/ 5+&/.- 7L %,. -"')+('*1 "(%+ O 0'&%1 !1"() "%1 %B+ /"--*. *"(.1;

J. ).% O .9!'* 0'&'**.*+)&'/1; <+ #'(#.* .'#, +5 %,./F B. B"** 1"/0*L #'** %,.

 !
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 !"##$%& '$($)*+,#,- $#% !./0"# !"1,#%,1

2$/$(("(,0/$3 *$#*"(($4&,# 2/,*"%./"  4&3")5 6" 7&(( 2"/8,/3 4+" *$(*.($4&,#) &#

4+&) ,/%"/9 4+" :,44,3 ("84 ;Pld<= 4+"# 7" )&3.(4$#",.)(> *$#*"( 4+" 4,2 ("84 ;Plu<

$#% 4+" :,44,3 /&0+4 ;Prd<= $#% ($)4 7" 7&(( *$#*"( 4+" 4,2 /&0+4 ; Pen<5 ?+"

*,//")2,#%&#0 ,/4+,0,#$( !&1"#) 3$4/&*") ,8 )&@" n×n $/" %"#,4"% Qld5 Qlu5 Qrd

$#% Qru5 A"4

Q̄ld = diag(In/2, Qld, In/2), Q̄ru = diag(In/2, Qru, In/2),

B) $ /").(4= 7" 0"49

Q = Q̄ru diag(Qlu, Qrd)Q̄ld

?+" #.3:"/ ,8 3.(4&2(&*$4&,#) ,8 3$4/&C :(,*-) ,8 )&@" n/2 × n/2 &) D 5

E"#*" 4+" 4,4$( #.3:"/ ,8 ,2"/$4&,#)9 Cp(2n) = 4Cp(n) + 24M(n/2).5 F.22,)"
4+$4 8,/ 3.(4&2(&*$4&,# ,8 47, 3$4/&*") ,8 )&@" n × n >,. #""% γnβ

,2"/$4&,#)

$#% n = 2k= 4+"# 7" 0"49 Cp(2k+1) = 4Cp(2k) + 24M(2k−1) = 4kCp(21) +

24γ
∑k−1

i=0 4k−i−12iβ = 24γ(n2/4) 2
k(β−2)

−1
2(β−2)

−1
+ 6n2 = 6γ nβ

−n2

2β−4
+ 6n2

Cp(n) =
6γnβ

2β(2β − 4)
+

3n2

2
(1− γ

2β − 4
)

 ! "#$ %&'()$*+,- &. QRG /$%&'(&0+,+&1

 !" #$ !$"%&'"! "(! )#&*!+ ,- ,.!+'"%,)$ C(n) %) "(%$ */,012+!0#+$%3! 4!0,&2

.,$%"%,) '/5,+%"(&6 '$$#&%)5 "('" "(! 0,&./!7%"8 ,- "(! &'"+%7 &#/"%./%0'"%,) %$

M(n) = γnβ
6 "(! 0,&./!7%"8 ,- 0')0!/%)5 "(! .'+'//!/,5+'& %$ Cp(n) = αnβ

6 9(!+!

α, β, γ '+! 0,)$"')"$6 α = 6γ
2β(2β−4)

')4 n = 2k:

C(n) = 2C(n/2) + Cp(n) + 6M(n/2) = 2C(2k−1) + Cp(2k) + 6M(2k−1) =

C(20)2k+

k
∑

i=0

2k−iCp(2i)+6

k
∑

i=0

2k−iM(2i−1) = α

k
∑

i=0

2k−i2iβ+6γ

k
∑

i=0

2k−i2(i−1)β =

(α2k + 6γ2k−β)

k
∑

i=0

2i(β−1) = (α+ 6γ2−β)
2βnβ − 2n

2β − 2
=

γ6(2β − 3)(nβ − 2n
2β

)

(2β − 4)(2β − 2)

2&1%)30+&1

;(#$6 .+!$!)"!4 '/5,+%"(& ('$ "(! 0,&./!7%"8 ,- &'"+%7 &#/"%./%0'"%,)< =- 9! '../8

"(! $"')4'+4 &'"+%7 &#/"%./%0'"%,) >2n3
,.!+'"%,)$ -,+ "(! &'"+%7 n× n?6 "(!) 9!

)!!4 ,)/8 ≈ 2.5n3
,.!+'"%,)$<

 !
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 !"#$ %&"'()!*'& +&%,+)+('* -.#+/0+1"%"+( 2

 !"!#!$%!&

 !" #$%&'( #)*) +,- ./* 0$/*( 12/3%)4 5, 6!7789( :/;3<= 1$>?&;/;<$*4 6@3A )A,9( B$2*4

+$?C<*4( DEFG 7HIJKJIK!IJLM!MJ7

 N"  !K" G<O2$%/4 B, +<P2/>, QOO&3/OR /*A E;/'<%<;R $S G&>)3<O/% Q%P$3<;2>4, E)O$*A

)A<;<$*( E$O<);R S$3 D*A&4;3</% /*A Q??%<)A :/;2)>/;<O4( T2<%/A)%?2</( TQ( UEQ(

NKKN,

 @" T3)44( V+- W)&C$%4CR( EQ- .);;)3%<*P( VW- 5%/**)3R( FT 6NKKH9( XE)O;<$* N,!K, YZ

[)O$>?$4<;<$*X( G&>)3<O/% Z)O<?)4\ W2) Q3; $S EO<)*;<]O 1$>?&;<*P 6@3A )A,9( G)^

_$3C\ 1/>'3<AP) U*<`)34<;R T3)44( DEFG 7HIJKJLN!JIIK8IJI

 M" E;$)3( B$4)S- F&%<34O2( Z$%/*A 6NKKN9( D*;3$A&O;<$* ;$ G&>)3<O/% Q*/%R4<4 6@3A )A,9(

E?3<*P)3( DEFG KJ@IHJ7LMLNJa,

 L" [/*<)% b3)44*)3( Q*/ E&4*c/3/, 5/4; YZ A)O$>?$4<;<$* $S +d[0Z >/;3<O)4 6E&'J

><;;)A $* NH E)? NK!I9 /3a<`\!IK7,!KLIL`!

#)**/A< :/%/4O2$*$C

G/;<$*/% U*<`)34<;R $S bR<`J:$2R%/ QO/A)>R( b<)`( UC3/<*)

Z&44</*JQ3>)*</* U*<`)34<;R( _)3)`/*( Q3>)*</

)J>/<%\  !"!#$%&'&()* !+",$& 

#&3P)* #)`$*A$`

Z&44</*JQ3>)*</* U*<`)34<;R( _)3)`/*( Q3>)*</

)J>/<%\ *,*-.&'/&.)* !+",$& 

 !
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 !"#$!% !& '(#$)* +!',-#(#)!". !" /).#$)0-#1/ '1'2

!$3

 !""#$% &#'#()*+"+, #"$ -''# .%$,+

 !"#$%&#'  !"#$%&!" &' (!)!%($* #+ &*! ,!-" '. /%(%--!- $'0/1&!( %-2!3(%4

#+ /%(&#$1-%( &*! /%(%--!-#5%&#'+ '. 0%&(#6 (!$1()#7! %-2'(#&*0) '+ % $-1)&!(

8#&* "#)&(#31&!" 0!0'(9: ; +!8 "9+%0#$ $'+&('- )$*!0! .'( 0%&(#6 (!$1()#7!

%-2'(#&*0) #) /('/')!": <! $'+)#"!(!" #+ "!&%#- +!8 )'.&8%(! '3=!$&) &*%&

!+)1(! &*! !>!$&#7! '/!(%&#'+ '. &*! "9+%0#$ $'+&('- )$*!0!:

 !"#$%&'"($!

 !" #$%& '(($)'*! &) *$"'&+,- ('$'..". ($)-$'/% 0'% ' *",&$'.+1"2 23,'/+* 445

*),&$). %*!"/"6 +, 0!+*! )," )7 &!" *.8%&"$ ,)2"% '*&"2 '% &!" 2+%('&*!"$ 7)$ &!"

",&+$" *)/(8&'&+),'. ($)*"%%9

:";&6 &!" <<5 %*!"/" )7 &!" 2"*",&$'.+1"2 *),&$). 0'% 2"=".)("29 >, &!+%

%*!"/"6 "'*! ($)*"%% ,)2" *$"'&"2 +&% )0, 2+%('&*! ($)*"%%9 ?)0"="$6 +, &!+%

%*!"/"6 &!"$" 0'% ,) *),&$). )="$ &!" 2"(&! )7 $"*$8+&/",& ',2 &!" '@+.+&3 &)

%0+&*! &) ' ,"0 &'%A 8,&+. &!" *8$$",& &'%A 0'% *)/(."&"29

 !" ,"0 *),&$). %*!"/" +% *'.."2 <B5CDB C%*!"/"%9 >& 2+E"$% +, &!'& +&

%"F8",&+'..3 ";(',2% 78,*&+),% +, 2"(&!6 $"&'+,+,- '.. %&'&"% '& ',3 ,"%&+,- ."=".

8,&+. '.. *'.*8.'&+),% +, &!" *8$$",& *)/(8&'&+),'. %8@&$"" '$" *)/(."&"29  !+%

'..)0% ',3 ($)*"%%)$ &) 7$"".3 %0+&*! 7$)/ )," %8@&'%A &) ',)&!"$6 0+&!)8& 0'+&+,-

7)$ &!" *)/(."&+), )7 &!" *8$$",& %8@&'%A '**)8,&9

)* +,'&#-(., /01$#("23 1#/42

 ! ! "#$%&'()* %$+,-# %.'+-&'-/$+-01 $12 +,-$13.'$, %$+,-# -14(,)-01

G)$ ";'/(."6 0" ($"%",& &0) %+/(." @.)*AC$"*8$%+=" '.-)$+&!/%9 H'*! )7 &!"/ *),C

&'+,% ' %/'.. ,8/@"$ )7 &3("% )7 $"*8$%+=" @.)*A%9

 !
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 !"##$%& '$($)*+,#,- $#% .(($ /&%-,

0+" 12)3 $(4,2&3+5 &) 3+" *$(*6($3&,# ,7 3+" &#8"2)" 5$32&9 7,2 $ 32&$#46($2

#,#:%"4"#"2$3" 5$32&9; .73"2 %&8&%&#4 3+" 5$32&*") &#3, <(,*-)= >" 4"3 3+" "?6$:

3&,#)

A =

(

a 0

c d

)

, A−1
=

(

x 0

z k

)

x = a−1, k = d−1, cx+ dz = 0, z = −kcx.

0+" )"*,#% $(4,2&3+5 &) 3+" $(4,2&3+5 ,7 2"*62)&8" <(,*- 5$32&9 56(3&@(&*$:

3&,# AB = CA

(

a b

c d

)(

l m

n p

)

=

(

w1 w2

w3 w4

)

 !"#$% &' 0+" 42$@+ ,7 3+" 2"*62)&8" &#8"2)&,# $(4,2&3+5 ,7 3+"

32&$#46($2 5$32&9 B,# 3+" ("73C $#% 3+" 42$@+ ,7 3+" <(,*-:2"*62)&8"

5$32&9 56(3&@(&*$3&,# $(4,2&3+5 B,# 3+" 2&4+3C;

 ! "#$%&'(')#*(+ ,#*'-#+ $.,/(*)0$

D,#)&%"2 3+" *,5@,#"#3) ,7 3+" *,#32,( 5"*+$#&)5 ,7 3+" *,5@63$3&,#$( @2,*"));

 !"! #$%&

E" %&8&%" 3+" *,5@63$3&,#$( 42$@+ &#3, )"@$2$3" *,5@$*3 )6<42$@+) B%2,@)C; F#

G&462" H= 3+" 8"23&*")= >+&*+ $2" *,5<&#"% &#3, ,#" %2,@= $2" ,63(&#"% &# $ )?6$2"

,63(&#";

0+6)= >" %"1#" 3+" %2,@) $) 3+" )5$((")3 *,5@,#"#3) ,7 3+" *,5@63$3&,#$(

42$@+ 3+$3 *$# <" 32$#)7"22"% 3, ,3+"2 @2,*")),2);

 !
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 !"#$!% !& '(#$)* +!',-#(#)!". /

 ! ! "#$%&

01&!$1 #21 3$!, ). +(%+-%(#134 51 "113 #! 1*,("3 #21 +!$$1.,!"3)"6 .-76$(,28 92).

.-76$(,2 ). +(%%13 (')"18 92). (')"1 (%.! +!".).#. !& 3$!,.8

:!$ 1*(',%14 #21 (')"1 A · B +!".).#. !& ; 3$!,. A · B4 ; 3$!,. A · B + C4

!"1 )",-# ("3 !"1 !-#,-# &-"+#)!"8

 !'! ($%&

<%% (')"1. #2(# ($1 &!$'13 )" !"1 ,$!+1..!$ ($1 .#!$13 )" #21 61"1$(% %).#4 52)+2

). +(%%13 =)"18

 !)! *+,-./

<# #21 >!?@(% ($1 (%% #21 3$!,A#(.?. #2(# ($1 (5()#)"6 #21)$ 3)$1+#)!" #! #21 +(%+-A

%(#)!".8 921.1 #(.?. ($1 %!+(#13 (# 3)B1$1"# %1C1%.8 921.1 %1C1%. +!$$1.,!"3 #! #21

31,#2 !& $1+-$.)!" &!$ 3$!,.8

 !0! "&1+21+#&

D(+2 ,$!+1..!$ #2(# .1"# ( 3$!, #(.? ). +(%%13 ( ,($1"#8 921 %).# !& (%% ,($1"#

,$!+1..!$. ). +(%%13 (" <1$!3$!'18

 !3! 4&1#$%./

921 #1$')"(% ). -.13 #! +!''-")+(#1 5)#2 #21 +2)%3 ,$!+1..!$. #2(# 51$1 .1"#

3$!,A#(.?.8 <%% +2)%3 ,$!+1..!$. ($1 .#!$13 )" #21 #1$')"(%8

 ! "#$%&#' ()*+, &-+ ./-01$2-,

'!5! 46& #.$% 7&/28 +9 :6& 21+; +<=&>:

E =<F G",4 "(4 "3HI (33$1.. !& #2). 3$!,8

E 9J,1 E 3$!, #J,1 G-")K-1 "-'71$ )" #21 %).# !& (%% 3$!, #J,1.H8

E L"F(#( !-#F(#( E #21.1 ($1 C1+#!$. &!$ )",-# ("3 !-#,-#8

E <')"1 E #21 (')"1 !& #2). 3$!,8

E M1+N-' E $1+-$.)!" "-'71$ !& #21 3$!,8

E <$+. E (')"1 6$(,2 #!,!%!6J8

'! ! 46& #.$% 7&/28 +9 :6& .#$%& +<=&>:

E =<F G",4 "(4 "3H E (33$1.. #! $1#-$" #21 $1.-%# !& #21 +(%+-%(#)!" !& #2). 3$!,8

E 9J,14 )"F(#(4 !-#F(#( E #21 .('1 (. #21 3$!,8

E F$!, E (" ($$(J !& (%% 3$!,. !& ( 6)C1" (')"18

3! 4#5&-$6&1$2- 2. 02%7/1&1$2-&* 18#)&+,

O1 -.1 #5! #2$1(3.P ( +!',-#(#)!"(% #2$1(3 ("3 ( 3).,(#+21$ #2$1(38 921.1

#2$1(3. 5)%% $-" !" 1(+2 +%-.#1$ ,$!+1..!$8

 !
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 !"##$%& '$($)*+,#,- $#% .(($ /&%-,

 !"! #$%&'()*$+

0+" 1$(*0+2"$% 3$&4) 5,2 4+" $22&6$( ,5 4+" 72)4 %2,8 4$)- $4 4+" 6,-9$( $#% )4$24)

4+" *,22")8,#%&#: *$(*;($4&,#)<

 !"!"! #$%&'()*$+ ,-.*&/01

= >&#" = (&)4 ,5 $?&#") ,# 4+&) 82,*")),2<

= @,-9$( = $# $22$A ,5 (&)4) ,5 $6$&($B(" %2,8 4$)-)<

= ."2,%2,?" = (&)4 ,5 8$2"#4 82,*")),2)<

= 0"2?&#$( = $# $22$A ,5 *+&(% 82,*")),2 (&)4)<

= 1;22"#4C2,8 = *;22"#4 %2,8D 3+&*+ &) *$(*;($4"%<

 !"!2! #$%&'()*$+ 345&/6,501

= E2&4"F");(4)0,.?&# = 4+" 2");(4) ,5 $ %2,8 *$(*;($4&,# $2" 32&44"# 4, &4)

$?&#" &# 4+" &#8;4 %$4$ 6"*4,2) ,5 ,4+"2 %2,8)<

= G#8;4C$4$0,.?&# = *2"$4" $# $?&#" 52,? $ %2,8D &5 $ #"3 4$)- $22&6")D 3"

?$-" $# &#8;4 5;#*4&,#<

= E2&4"F");(4).54"2G#8H;#* = 32&4" 4+" 2");(4 ,5 4+" &#8;4 5;#*4&,# 4, $(( 4+"

$?&#" %2,8)<

= 2;#1$(*0+2"$%IJ = G5 $ %2,8K2");(4 +$) *,?"D 3" 2":&)4"2 &4 &# $#,4+"2 %2,8 BA

4,8,(,:A I32&4"F");(4)0,.?&#J< G5 $%%&4&,#$( *,?8,#"#4) $22&6"%D 3" ?$-" 4+"

&#8;4 5;#*4&,# $#% 32&4" 4, 4+" $?&#" &4) 2");(4< I&#8;4C$4$0,.?&# L 32&4"F"K

);(4).54"2G#8H;#*J G5 $ #"3 %2,8 $22&6") 3&4+ $ 4$)-D 3" (,,- $4 4+" )&9" ,5 4+"

&#8;4 %$4$< G5 4+" 4$)- &) $ ("$5D &4 ?$-" $ )"M;"#4&$( *$(*;($4&,# $#% &4 32&4" 4+"

2");(4 4, ,4+"2 %2,8) I32&4"F");(4)0,.?&#J< N4+"23&)"D "O8$#% 4+" $?&#" I&#8;4K

C$4$0,.?&#J< G5 @,-9$( &) "?84AD 4+"# 4+" &)P,4Q?84A@,-9$( R$: &) )"4 $#% 4+"

*,;#4&#: 4+2"$% :,") 4, 3$&4 $#,4+"2 %2,8<

 !2! 7608$/&(659 '()*$+

0+" 3,2- ,5 4+" %&)8$4*+&#: 4+2"$% *$# B" %&6&%"% &#4, ST 82,*"))")U

= E$&4&#: 5,2 *,?8("4&,# )&:#$(<

= F"*"84&,# 4$)-<

= F"*"&6" 52"" 82,*")),2)<

= F"*"&6" $#% 2"*,2% 4+" )4$4;) ,5 4+" *+&(% 82,*")),2<

= F"*"&6" 4+" 2");(4 ,5 4+" *$(*;($4"% %2,8 $#% 2"*,2% 4+")" 2");(4) &# 4+" *,22"K

)8,#%&#: $?&#"<

= F"*"&6" #,#K?$&# *,?8,#"#4) $#% 2"*,2% &4 &# 4+" 2&:+4 8($*"<

= /"#%&#: $6$&($B(" 4$)-) 4, 52"" 82,*")),2) I&5 4+"2" $2" 4$)-) $#% 82,*")),2)J<

= /"#%&#: 52"" 82,*")),2) 4, $ *+&(% I&5 4+"2" $2" #, %2,8 4$)-) $6$&($B("D B;4 4+"2"

$2" 52"" $#% *+&(% 82,*")),2)J<

= /"#%&#: 4+" "#4&2" (&)4 ,5 52"" 82,*")),2) 4, 4+" 8$2"#4 82,*")),2 I&5 4+" @,-9$(

&) "?84A $#% 4+" 0"2?&#$( %,") #,4 *,#4$&# *+&(% 82,*")),2) 3&4+ 8,)&4&6" ("6"()J<

= /"#%&#: %2,8 2");(4) 4, 8$2"#4 82,*")),2)<

= /"#%&#: $%%&4&,#$( *,?8,#"#4) 4, *+&(% 82,*")),2)<
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 !"#$!% !& '(#$)* +!',-#(#)!". /

 !"#$%&'!"

01 2(31 ( 41.+$),#)!" !& #51 -")31$.(% 46"(')+ ,($(%%1%)"2 .+51'1 &!$ $1+-$.)31

(%2!$)#5'. !" #51 4).#$)7-#14 '1'!$6 +%-.#1$8 41.+$)714 #51 '()" !791+#.8 #51)$

:1%4. ("4 &-"+#)!".8 ("4 (%.! 1*,%()"14 #51 !,1$(#)!" !& #51 #;!<#5$1(4 .6.#1'

#5(# $-". !" 1(+5 +%-.#1$ +!$1= 01 5(31 41.+$)714 .)* "1; !791+#. #5(# ,$!3)41

.-+5 ( +!"#$!% '1+5(").' ("4 2)31 #51 "('1 !& #5). .+51'1> 4$!,8 (')"18 ,)"18

3!?@(%8 (1$!4$!'18 #1$')"(%= A5). .+51'1 +(" 71 (,,%)14 #! ("6 '(#$)* $1+-$.)31

(%2!$)#5'.8 7!#5 ;)#5 41".1 ("4 .,($.1 '(#$)+1.= A51 .+51'1 ;(. )',%1'1"#14 )"

#51 B(3( ,$!2$('')"2 %("2-(21 -.)"2 #51 C,1"DEF ("4 D(#5E($#"1$ GHI ,(+?<

(21.8 ("4 )#. ;!$? ;(. #1.#14 !" #51 (7!31 '(#$)* '-%#),%)+(#)!" ("4 )"31$.)!"

(%2!$)#5'.= 01 ,%(" #! +!"4-+# ( 41#()%14 1*,1$)'1"#(% .#-46 !& #51 1J1+#)31"1..

!& #5). .+51'1 !" !#51$ $1+-$.)31 '(#$)* (%2!$)#5'.=

()*)+)"#)&

 !" #$$%&''%()*(+,!,-%()(../.0*12%3$/)0(.4/5)(-1)4'()$6*./7-%89

 +" :5)(21; <-= :8(21;6*# :-= >?3@#6A :-= B17@1;7@? :-= C14(A1; D-= <#/;*#3@ E-=

<#/;*#3@ F3-= D1812/)1; :- G%/AH<& :A G3$.6A/ 19 I?A(26* J()(../.6K($61A :%0

%)1(*#- !"# $%%&'  !(!))*) "+,-./012 #*341+)+20*5= L>M<  !"!= <%)6A4/)= /68/A0

5/)4= N,N0N!+= +,,O-

 N" B(.(7#1A1@ P-Q-= D(.//; F-I- H#/ *1A$)1. 19 %()(../. *(.*3.($61A7 6A )/*3)0

76;/ 7?251.6*0A32/)6*(. (.41)6$#27- J)1*//86A47 19 *1A9/)/A*/ 19 J(D$R+,,S T<$-0

J/$/)753)4U- M#/.?(56A7@& J35.67#6A4 #137/ V3W)P3= +,,S- J- !ON0!XO-

 Y" B(.(7#1A1@ P-Q- M1A$)1. 19 %()(../. *12%3$6A4 %)1*/77- H(251; WA6;/)76$? C/%1)$7-

>($3)(. (A8 H/*#A6*(. <*6/A*/7- D- !Y= %()$- != +,,Z- J- +XZ0+[Y-

 O" Q.*#/A@1 E-:- GA $#/ /\/*$6;/ 2/$#18 19 %()(../.6K($61A 19 5.1*@ )/*3)76;/ (.41)6$#27-

H(251; WA6;/)76$? C/%1)$7- >($3)(. (A8 H/*#A6*(. <*6/A*/7- D- +,= %()$- O= !![N0!!SX=

+,!O-

 X" B(.(7*#1A1@ P-Q-= B($#J()$A/) M12%3$/) :.4/5)(=  (+2(!,,012 !16 "+,-./*(

7+8/9!(*= # = >1- += !!+]!!S= +,![-

P/AA(86 B(.(7*#1A1@

>($61A(. WA6;/)76$? 19 ^?6;0B1#?.( :*(8/2?

^6/;= W@)(6A/

/02(6.&  !"!#$%&'&()* !+",$& 

:..( <68@1

>($61A(. WA6;/)76$? 19 ^?6;0B1#?.( :*(8/2?

^6/;= W@)(6A/

/02(6.& !""&$%(!,#+-(&)* !+",$& 

 !
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 !"# $%&'()*+&! ,"-!- '&!. !/!0*+&! .+%1-

 !"#$%& '$(!& &)* +$,  ,(&

 !"#$%&#'  ! "#$%&$$ '(! )*+,-!.$ *!-/'!" 0#'( '(! !1'!2$#+2 +3 4/2!' '(!+*5

'+ !6!%'#7!-5 8#7!2 *#28$9

 ! "#$%"&#' () *++, -. /012%"34 5,*67 () *+,8 %93#" % 0:1:;#"%3(:) 2(31

<(=-#"37 >%)#3 5**6 ()3":'?0#'7 ?)'#" 31# )%$# :9 0:$;=#3#@()A:=?3(A# -%!#! -:31

31# ):3(:) :9 B"C-)#" -%!#! %)' % 0:$;?3%3(:)%= %=D:"(31$ 21(01 #!!#)3(%==. %)E

3(0(;%3#' F?01-#"D#"G! 5*7 ,6  =D:"(31$

1
H%;;%"#)3=. () 31# !3":)D#!3 9:"$?=%3(:)

D(A#) -. I:==#"G! J(93()D K1#:"#$ 5*L6MN

K1# "#0#)3 #O3#)!(:) :9 F?01-#"D#" K1#:". %)'  =D:"(31$ :) #%01 RE$:'?=#
A 5*P7 QRNP86 5*S7 P67 21#"# -:31 R %)' A %"# %!!?$#' 3: -# #T#03(A#=. D(A#)

31":?D1 31#(" U%01%"(%! "#;"#!#)3%3(:) 5*V6 !?DD#!3#' ?! 3: ()A#!3(D%3# 1:2 9%"

>%)#3G! %;;":%01 0%) -# #O3#)'#' 3: $:"# #O:3(0 !#33()D!N W=#%"=. 31# 0:$-(E

)%3:"(%= %!;#03! :9 >%)#3 0:$;=#3(:) )#0#!!%"(=. "#X?("# %3 =#%!3 31%37 ?!()D 31#

3#"$():=:D. :9 5*P7 QRNP867 31# %!!:0(%3#' D"%'#' "()D G :9 A (! %) Y"#E=(&# #O3#)E
!(:) 5*Z7 V6[ %) ()3#"#!3()D 0=%!! :9 !?01 "()D!7 $?01 2('#" 31%) !:=A%-=# ;:=.):$(%=

"()D! 5*,6 :) 21(01 /#(=#" 5,,6 %;;=(#' >%)#3 %;;":%017 1%! -##) "#0#)3=. ;":;:!#'

5*\6] A = R〈X1, . . . , Xn, Y1, . . . , Ym〉/I, I = I(G) 2(31

G = {XjXi − aijXiXj − dij : 1 ≤ i < j ≤ n}

∪ {YlXj − bjlυjlXjYl − ejl : 1 ≤ j ≤ n, 1 ≤ l ≤ m}

∪ {YkYl − clkYlYk − flk : 1 ≤ l < k ≤ m}

% B"C-)#" -%!(! :9 I 2(31 "#!;#03 3: 31# =#O(0:D"%;1(0%= :"'#"()D < :) Γ :=
{Xd1

1 · · ·X
dn
n Y e1

1 · · ·Y
em
m |(d1, . . . , dn, e1, . . . , em) ∈ Nn+m} ()'?0#' -. X1 < . . . <

Xn < Y1 < . . . < Ym 21#"#

• aij , bjl, clk %"# ()A#"3(-=# #=#$#)3! () R7

• υjl ∈ {X
d1

1 · · ·X
dj

j | (d1, . . . , dj) ∈ Nj}
• dij , ejl, flk ∈ A 2(31 T(dij) < XiXj , T(ejl) < XjYl, T(flk) < YkYl.

1
 ! "# $%&#'( )*&+,%-.%- /-0"%-0#' 123 ,*" !-#,4,56 0'&5*(0'. "+% #"+%- &-0"%-04 !-#!#7%( ,6

8%,4*%- 4'( 9:55%- 1;3<

  

99



 !"#$%&' (%)"' '*+ ,%- !-)'

,$% '..-#"'/%+ 0)'+%+ )"*0 G ". -1/'"*%+ 12 .%//"*0 dij = ejl = flk = 03 4%

"55%+"'/%&2 )%5')6 /$'/7 8*&%.. 9% )%./)"#/ /- /$% #'.% "* 9$"#$ %'#$ υjl = 1A7

*-%/$%)"'*"/2 ". *-/ .8:#"%*/ /- 0)'*/ /%5"*'/"-* '*+ ;*"/%*%..3

 !"#$%& '( <"5=&2 #-*."+%) ,'5')">. ? @A )"*0 Q〈X,Y 〉/I(Y X −X2Y ) 9$%)% /$%

=)"*#"='& "+%'& I = (X) $'. /$% "*;*"/% "*B-&8/"B% 1'.". {X2iY i, i ∈ N} %'#$

%&%5%*/ $'B"*0 X '. 58&/"=&"#'/"B% B')"'1&%3

C*+%) /$". )%./)"#/"-*7 9% -1/'"* "* '*2 #'.% ' #&'.. -D )"*0. &')0%) /$'*

.-&B'1&% =-&2*-5"'& )"*0.

2
%B%* "D R ". '..85%+ /- 1% ' ;%&+E /$%)% ')% "* D'#/

• D-) %'#$ /%)5 τ ∈ Γ '* '8/-5-)=$".5 ατ : R → R '*+

• D-) %'#$ /9- /%)5. τ1, τ2 ∈ Γ '* %&%5%*/ ̟(τ2, τ1) ∈ R .- /$'/ /$% 58&/"F

=&"#'/"B% ∗ ')"/$5%/"# -D G ". +%;*%+ 12 +"./)"18/"*0 /$% 5-*-5"'& =)-+8#/

a1τ1 ∗ a2τ2 = aiατ1(a2)̟(τ1, τ2)τ1 ◦ τ2

9$%)% ◦ +%*-/% /$% #&'.."#'& 58&/"=&"#'/"-* "* Γ3

G&)%'+2 8*+%) /$". )%./)"#/"-* '*+ %B%* '..85"*0 R /- 1% ' ;%&+7 /$% #&'.."#'&

)*&+,&# -( ?H7 ,$3I3JKA ?JK7 ,$3 3JKA  ! "# $#%&'()$%* +$%$,$&# $, '*!)-./$01)./*2

,)/$3)*+4 3&#)$#(&(, )1*# '*!)-./$01)./*,)/$3)*+4 '&3"' $#%&'()$%$)5 &! "#5 ,*) U $62

7'$*, $), '*!)-./$01)./*,)/$3)*+4 $#%&'()$%$)58

". *-/ -1B"-8. ?LAM "/ #'* 1% =)-B%+ 12 5%'*. -D N'#-1"F&"6% D-)58&'. 9$"#$ #'*

1% +%+8#%+ -* %O%#/"B% )"*0. B"' '..-#"'/"B"/23 ,$% 5'"* =)-1&%5 ')".%. 9$%* /$%

#-%:#"%*/ )"*0 D7 -* 9$"#$ R = D〈v〉/I ". ' 5-+8&%7 ". *-/ ' ;%&+ 18/ P8./ '

QRS

3
E '. "/ 9'. )%5')6%+ 12 <%"&%) ?  A -*% *%%+. '/ &%'./ /- D-&&-9 /$% ./'*+')+

'==)-'#$ "* T8#$1%)0%) ,$%-)2 '*+ .=%'6 -D 9*": '*+ ,)/&#0 1'.%.3

 !"#$%& .( ? KA R* /$% "+%'& I := I(g1, g2) ⊂ Z[X,Y ], g1 := 3X, g2 := 2Y 7 "/ $-&+.

I ∋ g3 := XY = g1Y − g2X 9$"&% 3X ∤ XY '*+ 2Y ∤ XY.

G. ' #-*.%U8%*#% /$% #$')'#/%)"V'/"-* -D ' .%/ U /- 1% $#%&'()$%*.3&67'*)* 9$)1

/*,7*3) )& "# $#%&'()$%* +$%$,$&# L 9$"#$ "* /$% ;%&+ #'.% ?H7 S%D3I3JA ?JK7 S%D3 3IA

."5=&2 )%U8")%. /$'/ ∪u∈U uL(u, U) = ∪u∈U uΓ ⊂ Γ 58./ 1% )%#-*."+%)%+ ."*#%

9% .$-8&+ )%U8")% ' D-)58&'/"-* ∪u∈U uL(u, U) = ∪u∈U uM(A) ⊂ M(A) :=
{ct : t ∈ Γ, c ∈ R \ {0}} 18/7 "* 0%*%)'& N := ∪u∈U uM(A) ( I(U) ∩ M(A) =
SpanR{N} ∩M(A).
W-) /$% 5-5%*/ 9% $'B% =-./=-*%+ /$% "*B%./"0'/"-* -D /$% ,)/&#0 #'.% '*+ 9%

?LA $'B% '+'=/%+ /$% /%)5"*-&-02 D)-5 /$% )*/6, Γ 9"/$ #-%:#"%*/. -B%) ' ;%&+

/- /$% 6&#&6$"', M(A)7 /$% #-%:#"%*/. 1%"*0 -B%) '* %O%#/"B%&2 0"B%* )"*0 R
'*+ '==&"%+ ;*$,7!*##$#0 6(')$7'$3")$&# ? I7 XA "* -)+%) /- +%+8#% /9-."+%+ Y'*+

.811"&'/%)'&Z 1'.%. D)-5 )%./)"#/%+ -*%.7 18/ 5'"*&2 9% $'B% #-*."+%)%+ -*&2 /$%

%'."%./ 9*": #'.%3 R* /$". .%//"*07 -D #-8).%7 9% &--.% -*% ./%*0/$ -D "*B-&8/"B%*%..7

*'5%&2 /$'/ '*2 5-*-5"'& w ∈ M(A) $'. '/ 5-./ -*% L−"*B-&8/"B% +"B".-) "* U 7

2
 !"#" "$%! ατ &' (!" &)"*(&(+ $*) "$%! ̟(τ2, τ1) = 1 ', (!$( a1τ1 ∗ a2τ2 = a1a2τ1 ◦ τ2-

3
(!" ./0 %$'" '&123+ #"45&#"' (, )"$3  &(! 2#,2"# $**&!&3$(,#'-

 !!
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 !"# $%&'()*+&! ,"-!- '&!. !/!0*+&! .+%1- 2

" 3.'3!.*4 56+06 0"% ,! 1."%*!78 &+"  !"#$% ,"-!-8 '%(4 56!% R +*-!(9 +- " :$;<
=6!.!9'.! .!7)0*+'% '9 " >'%'>+"( cτ ∈ M(A) >)-* ,! 3!.9'.>!7 0'%-+7!.+%1 "((
3'*!%*+"( 7+&+-'.- ciτi ∈ U -)06 *6"* τi | τ 8 τ = υi ◦τi "%7 (''#+%1 9'. .!("*+'%- c =
∑

i aiαυi
̟(υi, τi) "%7 .!7)0*+'% ,! 3!.9'.>!7 &+" 0("--+0"( ?)06,!.1!. .!7)0*+'%<

$% *6!  !"#$% 0"-!-8 '% *6! ,"-+- '9 @AB8 CD8 CEF8 5! 1)!-- *6"* *6! *!-*G0'>3(!*+'%

9'. +%&'()*+&+*4 '9 " 0'%*+%)')- +%&'()*+&! 7+&+-+'%8 56+06 +% *6! H!(7 0"-! I=6!'J

.!> AK +- ('0"( +%&'()*+&+*48 -6')(7 ,! .!9'.>)("*!7 "-

 !"#$ %& @CB8 =6<L<MF &'! L (' ) *#$!+$,#, +$-#.,!+-' /+-+ +#$0 1 2#.3$#4+).  '!

F +  !"#$% &5+$-#.,!+-' +6

• 6#" ')*7 f ∈ F )$/ ')*7 $#$54,.!+2.+*)!+-' -)"+)(.' x ∈ NML(lc(f), lc(F ))8
!7' "'.)!'/ J52"#.#$%)!+#$ f · xi8

• 6#" ')*7 f, g ∈ F !7' "'.)!'/ P 52"#.#$%)!+#$ s lcm(T(f),T(g))
T(f) f+t lcm(T(g)g,T(g))

T(f) ,

97'"' c, s )"' !7' :';#,! -).,'  ,*7 !7)! slc(f) + tlc(g) = gcd(lc(f), lc(g)8
• 6#" ')*7 f ∈ F !7' "'.)!'/ A52"#.#$%)!+#$ af 8 a ('+$% !7' )$$+7+.)!#" #6 lc(f)

"'/,*' ).. #6 !7'4 !# ;'"# 4#/,.# F 0

=6!.! +- -*+(( -'>! .!-!".06 .!N)+.!7 +% *6! -*.'%1 0"-! 56!% R +*-!(9 +- :$OP 5!
%!!7 *' +%&!-*+1"*! 56!*6!. ,'*6 *6! 0("--+0"( @E8 CBF "33.'"06 "%7 *6! .!0!%* ;$O

@DF -)11!-*+'% ".! ",(! *' .!0'&!. *6! 7+&+-+'% -*.)0*).! '9 3'(4%'>+"( 7'>"+%-<

'("$)!* +& Q'. *6! +7!"( I := I
(

8X, 4X3, 2X6, 36Y 2, 6Y 3, Y 4
)

⊂ Z[X,Y ]  !"#$%

#" &' ()*+$, -*./$0* / (#( #( Ū := {8X, 4X3, 2X6, 36Y 2, 4XY 2, 6Y 3, 2XY 3, Y 4};
1#)2 *0(304) )20 5 $0)67+"" *0) 8#9#(#+$  ()*+$, "#$#" & #$9+&:)#90 / (#( #(

Ũ :=
{

8X1+iY j , 0 ≤ i ≤ 1, 0 ≤ j ≤ 1
}

∪
{

4X3+iY j , 0 ≤ i ≤ 2, 0 ≤ j ≤ 1
}

∪
{

2X6Y j , 0 ≤ j ≤ 3
}

∪
{

36Y 2, 6Y 3, Y 4
}

∪
{

4X1+iY 2, 0 ≤ i ≤ 4
}

∪
{

2X1+iY 3, 0 ≤ i ≤ 4
}

1#)2

τ M(τ) NM(τ)

Y 4 {X, Y } ∅
{

2X6Y j , 0 ≤ j ≤ 3
}

{X} {Y }

∅ {Y } {X}

Ũ \ {2X6, 2X6Y, 2X6Y 2, 2X6Y 3, Y 4} ∅ {X, Y }

 !"!#!$%!&

 !" #$%&'()*() #+,  !" #$%&'!()*+, -+* #+."/0" /0' 12,!,0$0*0"(0 /0, 30,(4$2,,0"5

'!"%0, "26) 0!"0* "+$$/!*0",!&"2$0" 7&$8"&*!/02$, -&+ .+ /&(010, 2330')$%4 5!6789

 :" #$%&'()*() #+,  !" 2$%&'!()*!,6)0, 9'!(0'!+* :;' /!0 <=,>2'40!( 0!"0, 2$%0>'2!,6)0"

?$0!,6)+",,8,(0*, ;(<+ =>?&+  5!6@A9, B@CDBEB

 B" #$%&'()*() #+, # @'!(0'!&" :&' A0(06(!"% B""060,,2'8 30/+6(!&" !" ()0 @&",('+6(!&"

&: ?'=>"0' >2,0,, F+ G+ HIJK+ L%1 !" 5!6@69, BD:!, LK)13*()

 C" H()1>, =+, @&*>!"2(&'!2$ /06&*C&,!(!&", :&' *&"&*!2$ !/02$,, K)(K)13?

 8" H()1>, =+, =I)>, /+ 1+6)>0'%0'5D0!,C:0""!"% E)0&'8 :&'  F06(!G0 #,,&6!2(!G0 3!"%,,

M+ LNJ'+ HIJK+, 0K(%1>O 100$( PI) 2LL;H :A!8, EB, KK+ !!:Q!C7+

 ! 
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 !"#$%&' (%)"' '*+ ,%- !-)'

 !" #$%&'( )*( )+%'( ,*(  !"#$%&'%&()*"#*&+*, -#%.&/ .0 1!23+4*&+*3% 5&% 673%8,+.8,(

-+.%/'0 +1 2.%$ '/3 4550&$3 406$7%' 8+0.9$ ::;( <==.$ ;:( >$?$97$% :@;A( 2'6$=

:BACDE@:!

 A" #$%&'( )*( )+%'( ,* 9%*: ;84.2!3+4% $*,%, .4%& %<%"3+4% &+8',( =.79&FF$3 F+ <GD

G4#:@;B

 H" I$7'.$% J*( )K00$% L*)*( = 0*,3 >*&+*83 .0  !"#$'%&'%&?, =2'.&+3#@( 2%$5%&/F M;BHNO

 B" I$%3F 8*2*( P0&/Q+R S*4* ;84.2!3+4% $*,%, .0 A.2/8.@+*2 ;B%*2,( )'FT* #+95* G&9.0*

 ! M;BBHO( NCEUN!@

 ;@" I$%3F 8*2*( P0&/Q+R S*4* 1+8+@*2 +84.2!3+4% $*,%,( )'FT* #+95* G&9.0*  ! M;BBHO(

N;BUNC;

 ;;" -'/$F )* ( C!& 2%, ,/,3D@%, B?EF!*3+.8, *!7 BE&+4E%, G*&3+%22%, -* )'FT* 2.%$ $F

4550*( " M;B:@O( !NU;N;

 ;:" V'/3%&DJ+3W( 4*( X$&=51$//&/6( X*( H.8(".@@!3*3+4% I&J$8%&  *,%, +8 =2'%$&*,

.0 C.24*$2% -/G%( -* GW97* #+95* # M;BB@O( ;U:!

 ;E" Y%$ Y*( -#%.&/ .0 8.8(".@@!3*3+4% G.2/8.@+*2, ( 4//* )'FT* " M;BEEO( CH@UN@H

 ;C" )K00$% L*)*( 58 3#% ".8,3&!"3+.8 .0 I&J$8%& $*,%, !,+8' ,/K/'+%,( -* GW97* #+95*

$ M;BHHO( ECNUENB

 ;N" ,* )+%'( C.24+8' A.2/8.@+*2 6F!*3+.8 C/,3%@, C 8+0=*( #'97%&36$ Z/&R$%=&FW 2%$==(

< M:@@EO( << M:@@NO( <<< M:@;NO( <8 M:@;!O

 ;!" ,* )+%'( )*"#*&+*, L%G&%,%83*3+.8 .0 6<%"3+4% =,,."+*3+4% L+8',

 ;A" [* )+%'( M% H!'+, I&.%$8%&+*2+!@ NO )*"#*&+*,P CG%*&,P 1J22%& 2%+?* <GG4#\;N

M:@;NO( ;B;U;BH( 4#)

 ;H" P* ]6.$1'?Q( ^* 2+0'( 6<%"3+4%  !"#$%&'%&()*"#*&+*,(9%+,G0%88+8' 3#%.&/ .0 ,:%Q

G.2/8.@+*2 %73%8,+.8, .0 &%,3&+"3%B $+2*3%&*2 ".#%&%83 &+8',( -* GW97* #+95*

 ;B" ]+%F+/ I*L*( G_0_6$'/ 4*( C3&.8' I&J$8%& $*,%, 0.& G.2/8.@+*2, .4%& * G&+8"+G*2

+B%*2 &+8'( P.00* 4.=F%'0* )'FT* G+?* $ M:@@;O( N@NUN:H

 :@" 2'/ `*( 58 3#% M($*,%, .0 G.2/8.@+*2 +B%*2, .4%& G&+8"+G*2 +B%*2 B.@*+8,( -* GW97*

#+95* % M;BHHO( NNU!B

 :;" G?Ta'%Fb [*( L%B!"3+.8 *8B R.@G2%3+.8 =2'.&+3#@ 0.& A*&3+*2 M+<%&%83+*2 6F!*3+.8,(

2%+?* <GG4#\B: M;BB:O( CBUN! 4#)

 ::" G$&0$% X*)* = R.@$+8*3.&+*2 =GG&.*"# 3. ;84.2!3+.8 *8B δ(L%'!2*&+3/ ;O ;84.2!3+4%

 *,%, +8 A.2/8.@@+*2 =2'%$&*, .0 C.24*$2% -/G% -* 44^## &' M:@@BO( :@AU:NB

 :E" ,'9'%& >*58 * "%&3*+8 R2*,,+S"*3+.8 .0 &+8', *8B ,%@+'&.!G,P.00* 4*)*G* ! M;BCHO(

;NEU;NH

 :C" X$&=51$//&/6( 8* T+8+3% I&J$8%& $*,%, +8 8.8(8.%3#%&+*8 C:%Q A.2/8.@+*2 L+8',

2%+?* <GG4#\B: M;BB:O( E:@UEE:( 4*#*)*

)&?T$0' #$%&'

>$5'%F9$/F +1 #+95.F$% G?&$/?$( Z/&R$%=&FW +1 )&0'/( <F'0W

$D9'&0c  !"#$%&'"$(!&)* &!%'"+ 

,$+ )+%'

>$5'%F9$/F +1 )'FT$9'F&?=( Z/&R$%=&FW +1 I$/+'( <F'0W

$D9'&0c ,#$+ +(&)-!.!'/0!*$'!,
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 !"#$%&'( )*"+,(%& -*.'"%&/0 1,"2(#3%4* ,5 6%7

.%4# )#8!#.&#/

 !""#$% &"'()*+,$-  !""#$% .*/%*+*-  !0""!*$% &++* *+, 1*))%"%'2

3%(4"*!

 !"#$%&#'  ! "#$%& #'! ()*+,!-.#& )/ #'! 01.#! "!2$!1(!" #'3# 4!5! ()16

"#5$(#!% 1$*!5.(3,,& 7& .1#!853#.18 !2$3#.)1" )/ *)#.)1 )/ #'! !2$3, *3""

/5!!6/3,, #'5!!67)%& +5)7,!*9  ! ()1"#5$(# "&*7),.( "!2$!1(!" $".18 (,)"! 7.6

135& 3++5)3('!": .1 4'.(' #'! ()55!"+)1%.18 "&*7), .1 #'! "!2$!1(! ." #'!

1$*7!5 )/ #'! %."#31# 7)%&9 ;.<!5!1# 3++5)3('!" #) !"#.*3#! ()*+,!-.#& 35!

()1".%!5!%= >'311)1 !1#5)+&: ?),*)8)5)@ ()*+,!-.#& 31% A51),% ()*+,!-.#&9

 !"#$%&'"($!

 !"#$%&'%() (* '+! &$(,-!. /)0 "(.! +%"'($1 #/) ,! *(2)0 %) 345 /)0 3657 8!! /-"(

'+! &/&!$ ,1 9+/"! !' /-7 3:5 %) '+%" %""2!7 ;!$!< =! #()#!)'$/'! () '+! /)/-1"%"

(* #(.&-!>%'1 (* ?)%'! "!@2!)#!" /)0 #(.&/$! 0%A!$!)' .!'+(0" '( /)/-1B! #(.C

&-!>%'17 8+/))() !)'$(&1 %" ()! "'/)0/$0 .!'+(0 '( !"'%./'! D$/)0(.)!""D (*

'+! "!@2!)#!7 E! /-"( 2"! ('+!$ /&&$(/#+!"F *($ %)"'/)#!< =! 2"! '+! -!)G'+ (*

'+! /$#+%H! /" /) !"'%./'! (* '+! I(-.(G($(H #(.&-!>%'17 J)('+!$ /&&$(/#+ '(

!"'%./'! #(.&-!>%'1 (* '+! ?)%'! K,%)/$1L "!@2!)#!" =/" "2GG!"'!0 ,1 J$)(-0 3M57

N+%" .!'+(0 %" ,/"!0 () '+! ?$"' 0%A!$!)#!" (* '+! "!@2!)#!"7 E! #(.&/$! '+!

$!"2-'" (,'/%)!0 H%/ '+! 0%A!$!)' .!'+(0"7

N+! !@2/- ./"" *$!!C*/-- '+$!!C,(01 &$(,-!. %" #()H!)%!)' *($ "'201 "%)#!

%' /--(=" !/"1 H%"2/-%B/'%() (* %)%'%/- #()?G2$/'%()O %* =! &-/#! '=( ,(0%!" %) '+!

&(%)'" (−0.5; 0) /)0 (0.5; 0)< '+!) /-- &(""%,-! #()?G2$/'%()" =%-- ,! #(H!$!0 %* =!
&-/#! '+! '+%$0 ,(01 %)"%0! $!G%()  ,(2)0!0 ,1 '=( "'$/%G+' -%)! "!G.!)'" /)0

=%'+ '+! /$# (* '+! 2)%' #%$#-! #!)'!$!0 /' (−0.5, 0) KP%G7 QL 3Q57 N+%" $!G%() %" 2"!0
%) '+! *(--(=%)G H%"2/-%B/'%()"7

E! 2"!0 "1.&-!#'%# #(0! ,1 8!&&( R%SS(-/ KN2($-/ T,"!$H/'($1< U)%H!$"%'1

(* N2$S2L 3V5 *($ )2.!$%#/- "%.2-/'%()"7
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 !"##$%& '#()*+,-%. !"##$%& /+0&+,+. !"1##"+%& ',,+ +,- 2+**&#&(3 4&)5#+"

M3
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 !"#$% &' 6(7&5, 8 59 &,&0&+# :5,-&0&5,*;

 ! "#$%%&% '%()&*+ $%, -&./&0&)&1 2&/*.'34(+

<( :5,*0%1:0 *"=>5#&: *(?1(,:(* 1*&,7 >&,+%" (,:51,0(%*; <( -(0(:0 0@( =&,&=1=

-&*0+,:( >(0A((, 0A5 >5-&(*. +,- 0@( :5%%(*B5,-&,7 *"=>5# &* 0@( ,1=>(% 59 0@(

-&*0+,0 >5-"; C5=( *"*0(=* -&*%1B0 9+*0. *5 *5=( *(?1(,:(* +%( *@5%0; D, 0@&* :+*(

(,- 59 0@( *(?1(,:( :5,*&*0* 59 EF*; /@1*. 51% *"=>5#* +%( 9%5= 0@( +#B@+>(0 GE. H.

 . IJ; C5=( *"*0(=* @+3( + #5,7 #&9( K(;7; =(0+*0+>#( *"*0(=* LMNO. *5 0@(&% :5%%(P

*B5,-&,7 *(?1(,:(* +%( #5,7; /5 @+3( + %(+*5,+>#( :5=B10&,7 0&=(. A( :5,*0%1:0(-

*"=>5#&: *(?1(,:(* 59 #(,70@ HEE; C&,:( A( +%( &,0(%(*0(- &, 0@( +,+#"*&* 59 +:0&3(

0@%((P>5-" &,0(%+:0&5,*. +* 5,( +BB%5+:@ A( :5,*&-(% *1>P*(?1(,:(* 59 (+:@ 59

0@(*( *(?1(,:(*. &,:%(+*&,7 0@( #(,70@ *0(BP>"P*0(B. :+#:1#+0&,7 C@+,,5, (,0%5B"

95% (+:@ 59 0@(*( *1>P*(?1(,:(*. +,- Q,-&,7 =+R&=1= 3+#1( 59 0@(*( (,0%5B&(*;

!+R&=1= 3+#1(* K+,- =5=(,0 59 0&=(S#(,70@ 59 0@( *1>P*(?1(,:(O :5%%(*B5,- 05

0@( *0+7( 59 +:0&3( &,0(%+:0&5, >(0A((, >5-&(*; T&71%(  *@5A* =+R&=1= 3+#1(* 59

C@+,,5, (,0%5B";

C5=( 9(+01%(* %(3(+#(- 5, 0@( @&*057%+= 59 =+R&=1= 3+#1(* 59 0@( (,0%5B"

+,- *((, 5, 0@( *:+00(%B#50 59 =+R&=1= 3+#1(* 59 0@( (,0%5B" P :5%%(*B5,-&,7

#(,70@ 59 *"=>5#&: *(?1(,:( +%( *01-&(- >" U@+*( (0 +#; LIN;

'* +, (*0&=+0&5, 59 0@( V5#=575%53 :5=B#(R&0" A( 1*( 0@( #(,70@ 59 0@(

+%:@&3( 59 0@( *(?1(,:(; 6(*1#0* +%( *@5A, 5, T&7; I;

5! 6&/*.'34(+ &7 8%4(' 9':;'%2'9

'%,5#- L N *177(*0(- 0@( 95##5A&,7 +BB%5+:@ 05 (*0&=+0( 0@( :5=B#(R&0" 59 Q,&0(

>&,+%" *(?1(,:(* K5% :5=B#(R&0" 59 + 91,:0&5, x. %(7+%-&,7 jF* (#(=(,0 59 0@( *(P

?1(,:( xj +* + 91,:0&5, 59 0@( +%71=(,0 jO; U5,*&-(% + *(0 M 59 +## B5**&>#(

*(?1(,:(* 59 #(,70@ n. W(0 1* -(Q,( K95##5A&,7 4(A05,F* &-(+O 0@( &,:%(=(,0 *(P

?1(,:(X A( 0@1* :5,*&-(% 0@( #&,(+% 5B(%+05% AX M → M, y = Ax -(Q,(- >" 0@(

95%=1#+ yj = xj+1 − xj . /5 @+3( n &,:%(=(,0*. A( -(Q,( xn+1 = x1. =+)&,7 51%

*(?1(,:( x :":#&: K0@( 91,:0&5, x. A@5*( 3+#1( +0 j &* xj . &* 0@(, nPB(%&5-&:O;
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 !"#$% &' 34&'"/" 54$/%1 !* (6% %,(7!#)8

96% "4# A !* (6% :,'(% 1%( 3 ',(! '(1%$* '1 ;%107'<%; <) 4 ;'7%0(%; =74#6

>'(6 2n 5%7('0%1 x ∈ M 8 ?, (6'1 =74#6@ %&40($) !,% %;=% 1(47(1 *7!" %406 5%7(%& x

A4,; $%4;1 (! AxB8 ?( '1 0!,5%,'%,( (! ;%,!(% <',47) 1%./%,0%1 <) 0!77%1#!,;',=

<',47) ,/"<%71C 1%./%,0% x = (x1, . . . , xn) 0!77%1#!,;1 (! X = x1 · 2n−1 + x2 ·

2n−2 + · · · + xn · 1. D&4"#$%1 !* (6%1% =74#61 47% ='5%, ', +'=/7%1 E F G8 D406
0!,,%0(%; 0!"#!,%,( !* (6% =74#6 0!,(4',1 4 0)0$%@ 4,; '( 0!,(4',1 !,$) !,% 0)0$%

HIJ8 K1/4$$)@ (6%7% 47% 1%5%74$ 0!,,%0(%; 0!"#!,%,(1 !* (6% ()#% AOm ∗T2kB@ >6%7%

Om '1 4, mF5%7(%& 0)0$%@ *74"%; <) 4 *!7%1( !* m 7!!(%; A<',47)B (7%%1 9 >'(6

2k 5%7('0%1 ;'7%0(%; (! (6% 7!!(1 <%$!,=',= (! (6% 0)0$% Om@ 1%% +'=/7%1 E F G8 L,

%&0%#('!, '1 (6% 041%1 >6%, n '1 4 #!>%7 !* I@ ', (6%1% 041%1 (6%7% '1 !,$) !,%

0!,,%0(%; 0!"#!,%,(@ 4,; 4$$ 1%./%,0%1 0!,5%7=% (! 0 A1%% +'=8 M 4,; +'=8 G $%*(B8
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 !"#$% &' 65#7585%53 957:#(;&0" (*0&7+0(- +* + #(,80< 5= 0<(

+%9<&3( 5= 0<( *"7>5#&9 *(?1(,9(@
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 !"#$% (' A%+:< 5= 0<( 7+: AB M → M =5% n = 3.
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 !"#$% &' 345#6 !* (6% "5# A7 M → M *!4 n = 4.
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 !"#$% (' 345#6 !* (6% "5# A7 M → M *!4 n = 5 8$%*(9 5,:
n = 6 84';6(9<
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 !"#$% &' 6%+78 59 08( :+7 A; M → M 95% n = 8 <#(90= n = 10
<%&>80=?

/8( -(@,&0&5, 59 08( A5:7#(B&0" &* +* 95##5C*; C( *+" 08+0 +, 5DE(A0 x &* :5%(

A5:7#&A+0(- &9 08( #(,>08 59 08( A"A#( 59 08( A5:75,(,0 59 08( >%+78 A5,0+&,&,>

08( 75&,0 x &* #+%>(%? F,*&-( 08( A5:75,(,0* C85*( A"A#(* 8+3( (G1+# #(,>08*. +

3(%0(B &* *+&- 05 D( :5%( A5:7#&A+0(- &9 &0* -&*0+,A( 9%5: 08( A"A#( &* #+%>(% HIJ?

F, 51% A+*(. C( -(+# C&08 *(G1(,A(* 9%5: 08( +#78+D(0 KL. M. I. NO. *5 51%

*(G1(,A(* +%( G1+0(%,+%"? P5:( (B+:7#(* 59 +,+#5>* 59 Q&>1%(* R S T 95% G1+0(%,+%"

*(G1(,A(* +%( *85C, &, Q&>1%(* U S V?
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 !"#$% &'  !"#$ %& '$( )"# A* M → M &%! +,"'(!-"!. /(0

+,(-1(/2 n = 3.
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 !"#$% &' 345#6 !* (6% "5# A7 M → M *!4 ./5(%4,54) 1%8

./%,0%19 n = 4 :$%*(; 5,< n = 5 :4'=6(;>

 !"#$% ()' ?4,!$< 0!"#$%&'() !* (6% 1)"@!$'0 1%./%,0%1 *!4 n =
8 :$%*(; 5,< n = 9 :4'=6(;>
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 !"#$% &&' '%,5#- 6578#(9&0" 5: 0;( *"7<5#&6 *(=1(,6(* :5% n =
10 >#(:0? +,- n = 64 >%&@;0?A

B,:5%01,+0(#". *01-"&,@ #5,@ *(=1(,6(* 810* + ;(+3" -(7+,- 5, 657810(%

;+%-C+%(D 0;( *&E( 5: 0;( +%%+"* &* 4n, *5 C( 65,*&-(%(- 5,#" 6+*(* n = 8 . . . 13, 16, 32
+,- 64. F57( (9+78#(* +%( @&3(, &, G@1%(* HI J HKA B*&,@ n = 2k &* 85**&<#( :5%

#+%@(% 3+#1(* 5: n *&,6( &, 0;&* 6+*( 0;( 65%%(*85,-&,@ @%+8; &* 65,,(60(- >0%((?

+,- +## &0(%+0&5,* 65,3(%@( 05 0, *((. (A@A L&@A MA

 !"#$% &(' '%,5#- 6578#(9&0" 5: 0;( *"7<5#&6 *(=1(,6(* :5% n =
16 >#(:0? +,- n = 32 >%&@;0?A
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 ! "#$%&$$#'(

3% 456% /1%7 7'8%9%,( "%(4!71 (! %1('"5(% (4% 0!"#$%&'() !* :,'(% 1)";!$'0

1%./%,0%1 (45( <%9% !;(5',%7 ;) ,/"%9'05$ ',(%=95('!, !* (4% %./5('!,1 !* *9%%>

*5$$ %./5$>"511 (49%%>;!7) #9!;$%"? @4%1% "%(4!71 1(9%11 7'8%9%,( *%5(/9%1 !* (4%

1%./%,0%1 1(/7'%7A ;/( 7'8%9%,( "%(4!71 !* 5,5$)1'1 !* (4% 0!"#$%&'()A 5,7 %6%,

7'8%9%,( <5)1 !* 0!,1(9/0(',= 1)";!$'0 1%./%,0%1 9%1/$(%7 ', 1'"'$59 #59('('!,',=

!* (4% #451% 1#50%?

)*+*,*(%*$

 !" #$%&'()* +,#, ()- #)./.0(* 1,2, !345* #/67.), 89,* ::* !;4!

 ;" #7).<-* =,>, ;??4*@A)B6 #)(<, C69%7 D(69,* !E !F!G

 H" I9(/%* +, ;?!3* J(J%7 ') 69'/ '//A%,

 :" D(76K).0( #,>,* C7<.0 =,=,* LAM').0 #,=,*;??H* DNL#O* H::* !?3!

 G" D'&&.<(* O, ()- +()'&(P(* Q, !333* I%<%/6, D%B9, RK), #/67.),* 5:* ;S5F;3G,

 4" DK<<T7'* #,* C7<.0* =,* I9%7)')* #,* D(76K).0(* #, ()- DK<<T7'* +, ;?!4* U(<6'B #/F

67.).VK* 0.<, ;G* ;G:

 5" DK<<T7'* #,* DK<<T7'* +,* DKA<<K(7'* #, ()- =(//'<'%0* N, ;?!S* ') >)6%7)(6'.)(< I.)F

W%7%)B% 2.<K).V'(< I.VJA6%7 #<$%M7( ;?!S* O6, 2%6%7/MA7$ -%J(76V%)6 .W O6%&<.0

>)/6'6A6% .W D(69%V(6'B/* L#O* JJ, S; F S:

DK<<T7' #<%&/()-7

R%J6, .W I.VJA6%7/ X +%B9).<.$K* O#O

O6,Y%.7$%Z/ [)'0%7/'6K

O6,Y%.7$%Z/* Y7%)(-(* \%/6 >)-'%/

%FV('<E  !"## $%&'()*+,)

DK<<T7' +(6'()(

R%J6, .W I.VJA6%7/ X +%B9).<.$K* O#O

O6,Y%.7$%Z/ [)'0%7/'6K
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Litvinov-Maslov Dequantization of Matrix Alge-

bras: New Insights and Techniques

Nikolayev Dmitry

Abstract. Tropical mathematics studies semifields with idempotent addition
obtained via extreme logarithmic deformation of the real semifield known
as Litvinov-Maslov dequantization. We investigate unobvious aspects of its
generalization to the matrix case giving raise to a new class of tropical algebras
that we refer to as uncanonical. We classify tropical matrix algebras obtained
by dequatization of the real one and provide computational examples.

Introduction

Tropical mathematics studies semirings and semifields with idempotent addition.
For example, the semifield Rmax,` is defined as the set R Y t´8u equipped with
addition a ‘ b “ maxpa, bq and multiplication a b b “ a ` b, zero 0 “ ´8 and
unit 1 “ 0. The relationship between usual and tropical algebras was described
by G.L. Litvinov and V.P. Maslov in terms of logarithmic deformation of the real
semifield (quantization) parametrized by some paramter h P R and the subsequent
taking the limit when hÑ 0 (dequantization). Other tropical algebras like Rmax,ˆ,
Rmin,` and Rmin,ˆ could be obtained via the same procedure depending on how
exactly the original algebra is being deformed and how the limit is being taken [1].

A semimodule over a semifield is a generalization of the classical notion of
a linear space over a field, wherein the corresponding scalars are the elements of
a given semiring and a multiplication is defined of the ring and elements of the
module [2, 3]. The matrix semimodule could be turned into matrix algebra con-
sidering only square matrices semimodule with respect to matrix multiplication.
The tropical matrix algebra has two important but not equivalent constructions
through Litvinov-Maslov dequationtization of real matrix. The most remarkable
fact is that one of them admits one additional way of dequantization giving raise
to a new classes of tropical matrix algebras that we refer to as uncanonical. We
classify tropical matrix algebras obtained by dequatization of the real one and
provide computational examples.
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1. Dequantization of Scalar Algebras

A semifield pS,‘,d, 0, 1q is a set S equipped with addition ‘ and multiplication b
operations, zero 0 and unit 1 elements such that pS,‘, 0q is a commutative monoid,
pS{t0u,b, 1q is a comutative group, b is distributive over ‘, 0 is an absorbing
element a b 0 “ 0. Tropical mathematics studies semifields with idempotent
addition a ‘ a “ a. Taking into account the multiplication group properties of
semifilds division am b “ ab´1 is also available.

Algebra S a‘ b ab b

R`h,ˆ R` Y th lnp0qu h lnpe
a

h ` e
b

h q aˆ b

R`h,ˆh
RY th lnp0qu h lnpe

a

h ` e
b

h q a` b

Table 1. Quantized scalar semirings

For example, Rmax,` is the set R Y t´8u equipped with addition a ‘ b “
maxpa, bq and multiplication abb “ a`b, zero 0 “ ´8 and unit 1 “ 0. According
to Litvinov-Maslov approach an explicit construction of tropical algebras listed in
Table 2 is obtained via the composite map ℓh˝µh : R` Ñ Sh Ñ S that sequentially
transforms the real semifield R` into a quantized semiring Sh by µh : R` Ñ Sh and
then Sh into tropical semifields S by raking the corresponding limit ℓh : Sh Ñ S.

Algebra S a‘ b ab b

Rmin,ˆ R` Y t`8u minpa, bq aˆ b

Rmax,ˆ R` Y t´8u maxpa, bq aˆ b

Rmin,` RY t`8u minpa, bq a` b

Rmax,` RY t´8u maxpa, bq a` b

Table 2. Tropical semirings

The role of Sh could be played by partially quantized R`h,ˆ or fully quantized
R`h,ˆh

semifield, where `h and ˆh denote new operations induced by the variable
change x Ñ h lnx defined as a `h b “ lnpexppa{hq ` exppb{hqq and a ˆh b “
lnpexppa{hq ˆ exppb{hqq “ a ` b and parametrized by h P R playing the role of
Plank’s constant. This parameter h P R generates an ordered sequence of semirings
Sh that has a limit depending on its sign defined in the following way

R`h,ˆ “

"

Rmin,ˆ, hÑ ´0;
Rmax,ˆ, hÑ `0;

R`h,ˆh
“

"

Rmin,`, hÑ ´0;
Rmax,`, hÑ `0.

2. Dequantization of Matrix Algebras

A semimodule over a semifield is a generalization of the notion of vector space over
a field wherein the corresponding scalars are the elements of an arbitrary given
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semiring and a multiplication is defined between elements of the semiring and el-
ements of the semimodule. Matrix semimodule could be turned into an algebra
by considering square matrices with respect to their multiplication. The tropi-
cal matrix algebra has two important but not equivalent constructions through
Litvinov-Maslov dequationtization of real matrix. The most remarkable fact is
that one of them admits one additional way of dequantization giving raise to a
new classes of tropical matrix algebras that we refer to as uncanonical.

Algebra Sh a‘ b ab b

R
xnˆny
h

`

RY th lnp0qu
˘nˆn

Aij `h Bij

řn

k“1
Aik ˆBkj

R
rnˆns
h

`

R`Yth lnp0qu
˘nˆn

Aij `h Bij

řn

k“1
Aik ˆh Bkj

R
pnˆnq
h

`

RY th lnp0qu
˘nˆn

Aij `h Bij

ÿ

h

n

k“1

Aik ˆh Bkj

Table 3. Quantized matrix semirings

Square matrix algebra over S is the set Snˆn with respect to addition ‘ and
multiplication b, zero O and unit I defined for A,B P Snˆn by the formulas

tA ‘ Buij “ Aij bBij , tA b Buij “
n
à

k“1

Aik bBkj .

In our notation matrix operations are denoted by box signs and scalar oper-
ations – by circle signs. So, the tropical matrix algebra S has two important
but non-equivalent constructions: (1) quantization-dequantization of real scalars,
and the subsequent modularization of tropical scalars, (2) modularization of real
scalars,and the subsequent quantization-dequantization of real matrices. As in pre-
vious case the limits coulb be taken.

Algebra S tA‘Buij tAbBuij

R
xnˆny
min

`

RY t`8u
˘nˆn

minpAij , Bijq
řn

k“1
Aik ˆBkj

R
xnˆny
max

`

RY t´8u
˘nˆn

maxpAij , Bijq
řn

k“1
Aik ˆBkj

R
rnˆns
min

`

RY t`8u
˘nˆn

minpAij , Bijq minn
k“1

Aik ˆBkj

R
rnˆns
max

`

RY t´8u
˘nˆn

maxpAij , Bijq maxn
k“1

Aik ˆBkj

R
pnˆnq
min

`

RY t`8u
˘nˆn

minpAij , Bijq minn
k“1

Aik `Bkj

R
pnˆnq
max

`

RY t´8u
˘nˆn

maxpAij , Bijq maxn
k“1

Aik `Bkj
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Counting perfect matching with a selected edge on

Cm × Cn tori

S.N. Perepechko

Introduction

In this report, we discuss the dimer problem, which is one of the classical lattice
models of statistical mechanics. The combinatorial interpretation of this model
is reduced to the enumeration of close-packed dimer configurations. For many
kinds of graphs popular in physical applications, such configurations are perfect
matchings.

For qualitative estimation of the model parameters, regular graphs of degree
q are usually used, assuming that the probability of belonging of each edge of the
lattice to the matching is the same and is equal to 1/q. In the thermodynamic
limit, this approximation comes to a satisfactory description of the properties of
the model, but the conditions for its use are not entirely clear.

In our study, the tori Cm×Cn of even order are used as an example of regular
graphs. The set of edges of these graphs can be divided into subsets of Em and
En. The edge em ∈ Em if it belongs to one of the simple cycles Cm. Accordingly,
the edge en ∈ En if it belongs to one of the simple cycles Cn.

During the study, one of the edges em ∈ Em was selected and the number
of perfect matchings in the graph containing this edge was found. Denote the

obtained value by K
(m)
m,n. The tori Cm×Cn are convenient because K

(m)
m,n does not

depend on the choice of the edge em.
Having performed similar calculations for one of the edges en, one can find

the value of K
(n)
m,n and estimate the occupation probabilities of the em and en edges

R(m)
m,n

=
K

(m)
m,n

Km,n

, R(n)
m,n

=
K

(n)
m,n

Km,n

,

where Km,n is the total number of perfect matchings on the torus. In the present

work, for small values of m < 11, closed form expressions for R
(m)
m,n and R

(n)
m,n are

found and their asymptotic behavior is investigated. In particular, explicit values
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for R
(m)
m = limn→∞R

(m)
m,n and R

(n)
m = limn→∞R

(n)
m,n are obtained. For a few values

of m > 10, extensive sets of numeric data were computed. The use of convergence

acceleration methods allowed to estimate R
(m)
m and R

(n)
m with sufficient accuracy

for these values of m.

1. The technique of calculation

At present, simple methods for calculating K
(m)
m,n andK

(n)
m,n with arbitrary values of

torus parameters are unknown. To derive closed form expressions, it was necessary
to fix one of the torus parameters and solve a set of enumeration problems for
each individual value m > 2. However, the approach used in this work has certain
advantages. The fact is that a wide range of recurrence relations were obtained
earlier [1], which are satisfied by the sequences {Km,n} at fixed values ofm < 21. If

the sequences {K(m)
m,n} and {K(n)

m,n} satisfy the same or similar recurrence relations,
then the values ofK

(m)
m,n andK

(n)
m,n can be expressed as linear combinations ofKm,n.

To enumerate perfect matchings, the method proposed half a century ago by
Wilf was used [2]. Modern computer algebra systems allow its effective implemen-
tation not only for small graphs, but also for graphs of moderate order containing
several thousand vertices [3].

In our work, all calculations were performed in the Maple system. The advan-
tages of this system include the effective implementation of operations on integers
of very large bit width, support for multithreading, as well as the ability to derive
recurrence relations directly from the initial segments of numerical sequences. So-
lutions of recurrence relations were found using the rsolve procedure, and then
simplified by the built-in tools of the system. Various manipulations of the re-
currence relations are greatly facilitated when using commands from the genfunc
package.

Since the orders of recurrence relations increase exponentially [1], their deriva-
tion turns out to be extremely resource-intensive. For this reason, for m > 10, only

small initial segments of the {K(m)
m,n} and {K(n)

m,n} sequences were calculated. The
length of these initial segments was chosen so as to ensure the necessary accuracy

of finding the limit values R
(m)
m and R

(n)
m .

The length of the initial segment can be significantly reduced if we use the
methods of convergence acceleration. When choosing the acceleration method,
we were guided by the fact that all the roots of the denominators of generating
functions associated with the {Km,n} sequences are simple and real. In this case,
it makes sense to use the well-known ε-algorithm [4]. The implementation of this
algorithm in the computer algebra system allows all intermediate calculations to be
performed in rational numbers, which eliminates rounding errors and instabilities
inherent in all extrapolation methods.
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Evaluation of the coefficients of the asymptotic expansions of R
(m)
m and R

(n)
m

was carried out by numerical data fitting. The least squares method was used,
implemented in the LSSolve procedure from the Optimization package.

Since the necessary condition for the existence perfect matching in the graph
is the parity of its order, then for odd m, the parameter n must be even. In this
case, it is advisable to somewhat change the notation made earlier. We assume that

for odd m, the value of K
(m)
m,n denotes the number of perfect matchings with the

selected edge em in the graph Cm × C2n. The value of K
(n)
m,n should be subjected

to the same adjustments. As a result of the changes, the sequences {K(m)
m,n} and

{K(n)
m,n} will not contain zero elements and the order of recurrence relations will

be halved. Previously, similar notation was used in [1] when calculating Km,n.

2. Some results

The results of the calculations showed that for all the studied values of m, the

sequences {K(n)
m,n} and {Km,n} satisfied the same recurrence relations. The order

of the recurrence relation for the sequence {K(m)
m,n} has always been one less for

odd m and 2 less for even m. For example, for m = 3 we get

K
(n)
3,n = 6K

(n)
3,n−1 − 6K

(n)
3,n−2 +K

(n)
3,n−3, K

(m)
3,n = 5K

(m)
3,n−1 −K

(m)
3,n−2.

Taking into account the initial dataK
(n)
3,2 = 15,K

(n)
3,3 = 64,K

(n)
3,4 = 299 andK

(m)
3,2 =

10,K
(m)
3,3 = 48, the values of K

(m)
3,n and K

(n)
3,n can be expressed in terms of the total

number of perfect matchings on the torus

K
(m)
3,n =

1

21
(K3,n+1 −K3,n−1) , K

(n)
3,n =

1

2
K3,n −K

(m)
3,n .

Based on the well-known formula for K3,n and the expressions obtained

above, it is easy to verify the monotonicity of the sequences {R(n)
3,n} and {R

(m)
3,n },

with the sequence {R(n)
3,n} decreasing and {R

(m)
3,n } increasing. The same condition

was fulfilled for all other odd m. The limiting values of the edges em and en
occupation probabilities have a simple form: R

(m)
3 = 1/

√
21, R

(n)
3 = 1/2− 1/

√
21.

For even m, the relationship between the values of R
(m)
m,n and R

(n)
m,n is more

complex. When n < m, the result of comparing these values depends on the parity
of torus parameters. Obviously, for n = m, the edges em and en are equivalent,

therefore, R
(m)
m,n = R

(n)
m,n. However, for n > m, perfect matchings contain more

edges belonging to the cycles Cm, so R
(m)
m,n > R

(n)
m,n.

Due to the rapid growth of the orders of recurrence relations, the explicit

formulas for K
(m)
m,n and K

(n)
m,n turn out to be cumbersome even for small m. For

example, when m = 4, we obtain a recurrent relation of the sixth order, which is

satisfied by the members of the sequence {K(m)
4,n }

K
(m)
4,n = 4K

(m)
4,n−1 + 5K

(m)
4,n−2 − 24K

(m)
4,n−3 + 5K

(m)
4,n−4 + 4K

(m)
4,n−5 −K

(m)
4,n−6.
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To calculate R
(m)
4,n , it is convenient to express the values of K

(m)
4,n in terms of K4,n

K
(m)
4,n =

7

192
(K4,n+1 −K4,n−1) +

1

32
(K4,n+2 −K4,n−2)−

1

192
(K4,n+3 −K4,n−3).

The normalization condition K
(m)
4,n + K

(n)
4,n = 1

2K4,n, which is satisfied for all

m, allows us to find the limit values of the occupation probabilities: R
(m)
4 =

1/(2
√
3), R

(n)
4 = 1/2 − 1/(2

√
3). Closed form expressions for the probabilities

R
(m)
m and R

(n)
m , containing radicals, can be obtained for some other values of m.

For example, for m = 5, we have

R
(m)
5 =

√

30 + 2
√
205

5
√
41

, R
(n)
5 =

1

2
−

√

30 + 2
√
205

5
√
41

.

In our work, the inverse power dependence was used to describe the transition
to the thermodynamic limit. Such asymptotic behavior is quite common for many

lattice models. Fitting the values of R
(m)
m and R

(n)
m obtained at 2 < m < 12 in

accordance with the function A+B/mα, we obtain the following results:

R(m)
m

∼ 0.2498− 0.3284

m2.132
, R(n)

m
∼ 0.2502 +

0.3284

m2.132
if m is odd,

R(m)
m

∼ 0.2489 +
0.6017

m1.959
, R(n)

m
∼ 0.2511− 0.6017

m1.959
if m is even.

The parameters A, B, and α were obtained by the least squares method
using the LSSolve procedure from the Optimization package. The scatter of the
parameters found allows us to estimate the accuracy of the asymptotic expansion
coefficients.
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"!," $)!*',*? "-) *"'(-!*"+( ('/&',)," Θ(N(0)) /#*" 5) +,"$'7#()7 +,"' ! ,!$$'8

 !"

123



 !"#"$%#&'()% *+,#"&

-#./.-%0 1/%/" 23 % 42,"0 256"-/7 8+ /)" #"92#/: ;" ;.00 1)2; /).1 3%-/ '1.+< /)" "=>
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n
1 → ∞ ./"#%/.2+1: ;).-) ;" 25/%.+ 5& +'4"#.-%00& 120$.+< /)"

)&5#., 1&1/"4 23 ,.?"#"+/.%0 "@'%/.2+1 32# /)" 9#250"4 23 42,"0.+< A1) -200%91"7

B)" +2$"0/& 23 2'# %99#2%-) .1 /)%/ ;" -%+ -)221" /)" +".<)52#)22, .+ ;).-)
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23 "=902./%/.2+: .+ -249'/"# -%0-'0%/.2+1 ;.00 1)2; 1/2-)%1/.- 9#29"#/."17

 ! "#$%&' ()'*+

D"/ '1 3'#/)"# -2+1.,"# /)" /)#"">1/%<" 42,"0 23 /)" 1'#$.$%0 23 /)" <"+"#%/.2+

3#24 N(0)7 E%-/2#1 .+ /)" 0211 23 %5'+,%+-" ;.00 -)%+<" 1.<+.A-%+/0& %1 /)" 1/%<"1

23 0.3" -)%+<": 5'/ ,"9"+,.+< 2+ /)" ,"+1./&7 * -2490"= 3'+-/.2+%0 ,"9"+,"+-"
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E2# A1) 1./'%/.2+ 0"%, /2 % #%9., -200%91" 23 1/2-(1 ,'#.+< 2$"#A1).+<7
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t ∈ [0, . . . ξ, ω . . . , T ] ;" ,"1-#.5" /)" 1/%<"1 23 2+/2<"+& 5& % 9#",.-/.$"0& #","A+",

1&1/"4I

dN

dt
=















−(αw̄(ξ)N(t) + Θ̄(N(0))β)N(t), 0 < t < ξ

−(α1N(ξ)/w(ω) + β)N(t), ξ < t < ω,

−(α2N(t))N(t− ς), ω < t < T

JKL

[0, ξ], [ξ, ω] M ,'#%/.2+ 23 1/%<"17 α, β M .+,.-%/2#1 23 42#/%0./& #%/"17 Θ(N(0)) =
[1 + exp

(

−κN(0)2
)

], limN(0)→∞Θ(N(0)) = 1  !"#$%&" '($()*%"(+ $,( $,)(+,&-'

)('!#$%&" %" )(.)&'!#$%&" (/#%("#0  &) S < L1 2($ $,( )(3%&" & 4 +*4-- 3)&!.

& %"'%5%'!4-+ L ⊂ U1 ∈ ΩS 6 7,()( )(.)&'!#$%&" & 8+, %+ '!( $& )4"'&*  4#$&)+

$,4$ 7( $49( %"$& 4##&!"$6 #&*.-(*("$%"3 $,( '%+#)($(:#&"$%"!&!+ *&'(- ;0 %"<

'%)(#$ %"$()4#$%&"1 =( 7%-- #&""(#$ Θ̄(N(0), w) = Θ(N(0)) × w(t) 7%$, $,( %"'(>

& #4-#!-4$%"3 $,( #&"'%$%&"4- '%*("+%&"4- '(5(-&.*("$  )&* $,( +(#&"' (?!4$%&"@

ẇ(t) = [G/(N2/3+σ)]×γ6w(0) = w06 γ A !"% &)*-0 '%+$)%;!$(' )4"'&* 54)%4;-(1

B;$4%"(' &" $,( ;4+%+ & !"%*&'4- '(.("'("#( ψ(x) =
⋃

N(0)N(T ), N(0) ∈ Z
+

"!*()%#4- +&-!$%&"+ & $,( C4!#,0 .)&;-(* DEF &" $,( %"$()54- t ∈ [0, T ] %$()4<

$%&" $)4G(#$&)0 xn+1 = ψ(xn), x0 < L ,4+ $,( .)&.()$%(+ & 4 ;&!"'(' +$&#,4+<

$%# .()$!);4$%&"1 H"+$(4' & 4 $,)(+,&-' .&%"$@ ψ(x∗) = x∗ < maxψ(x)6∀x <
x∗−ǫ@limn→∞ ψn(x∗) = U0, U0 < ǫ +& 7( #)(4$( 4" %"$()54- & .)&;4;%-%+$%# ;(,45<

%&) & 4 $)4G(#$&)0 $,4$ 4'*%$+ 4" (5("$@ x0 < x∗, ψ
k(x0) > maxψ(x) +%*!-4$%"3 4

&!$;)(49 +%$!4$%&"  )&* 4 +*4-- 3)&!. A $,( $)4G(#$&)0 #&*(+ $& 4 +$4;-( )(3%*(

ψp(xi) = ψp+2(xi), xi > maxψ(x)6 7,()( $,()( %+ "& +$&#,4+$%#%$01
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 !"#$ %&!'# p( )#* Fq +# *,# -$!*# -#). /!*, q = pl #)#'#$*0 1$. /!*, %&!'#
02+-#). Fp = Z/pZ3 4#* eq : Fq → C

⋆
+# 1 $5$6*&!"!1) 1..!*!"# 7,1&17*#&3 8!*,

05'# h ∈ F
⋆
q ( 5$# ,10 eq(x) = exp

(
2πi tr(hx)/p

)
95& 1)) x ∈ Fq :tr .#$5*#0 *,#

*&17# 92$7*!5$ Fq → Fp;3 8# /&!*# F
⋆
q 95& *,# '2)*!%)!71*!"# <&52% 59 Fq( 1$. F̂

⋆
q 95&

*,# <&52% 59 '2)*!%)!71*!"# 7,1&17*#&0 59 Fq( !3 #3 95& *,# <&52% 59 ,5'5'5&%,!0'0

χ : F⋆
q → C

⋆
3 => ǫ /# '#1$ *,# *&!"!1) 7,1&17*#&( ǫ(x) = 1 95& 1)) x ∈ F

⋆
q 3 ?@*#$.

#17, χ ∈ F̂
⋆
q *5 1)) 59 Fq +> 0#**!$< χ(0) = 03

A,# 7)100!71) *&!<5$5'#*&!7 02'0

G(χ) =
∑

x∈F⋆
q

χ(x)eq(x) /!*, χ ∈ F̂
⋆
q ( 1200)

J(α, β) =
∑

x∈Fq

α(x)β(1− x) /!*, α, β ∈ F̂
⋆
q (B175+!)

'1> +# 75$0!.#&#. 10 -$!*# 1$1)5<2#0 59 ?2)#&C0 <1''1 1$. +#*1 92$7*!5$03

+! ,%$'$(-* ./ )()%0*&*

D5$0!.#& *,# 75'%)#@ "#7*5& 0%17# Ωq 59 1)) 92$7*!5$0 Fq → C3  !"#$ 7,1&17*#&

η ∈ F̂
⋆
q ( .#-$# *,# )!$#1& 5%#&1*5& D

η : Ωq → Ωq +>

DηF (x) =
1

G(η)

∑

t∈Fq

F (t) η(x− t)
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DǫF (x) = F (x)−
∑

t∈Fq

F (t),

1

G(η)
DηF (x) =

1

q

∑

t∈Fq

F (t) η(t− x)
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#%& DαDβ = Dαβ
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∑

x∈Fq

E(x)DνF (x) = ν(−1)
∑

x∈Fq

F (x)DνE(x)
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DνEF (x) =
1

q − 1

∑
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q

G(µ)G(µν)
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DµE(x)DνµF (x).
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2√
π

∞∫

z

exp(−t2) dt .($ z ∈ C.

8# ,'% &$#'& erfc '* &2# (%-4 *(-/&!(% &( &2# )!"#$#%&!'- #9/'&!(%

w′(z) = − 2√
π
exp(−z2) :!&2 w(0) = 1.
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c
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∑

t∈Fq
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(z − t)2

)
+ d

:!&2 '$6!&$'$4 d ∈ Fq; 8# '$# .$## !% ,2(!,# (. &2# ,(%*&'%&* c '%) d; A#& erfcν 6#
&2# ./%,&!(% w '6(># :!&2 c = G(ν) '%) d = 0; @( &2'&

erfcν(z) =
∑

x∈Fq

ν(z + x) eq
(
x2

)
.($ '-- z ∈ Fq.

8# ,(%*!)#$ erfcν '* ' 5%!&# 5#-) '%'-(7/# (. ,(3+-!3#%&'$4 #$$($ ./%,&!(% erfc;
BC& )#+#%)* (% ,2'$',&#$ ν /*#) !% &2# )#5%!&!(% (. )!"#$#%&!'&!(%;D

+! ,'($-./0)0 12--2 %&'()*$'

E($ &2# !%,(3+-#&# 7'33' ./%,&!(% (%# 2'*

Γ (s+ 1, z) =

∞∫

z

e−xxsdx .($ s ∈ C '%) z ∈ C \ (−∞, 0].

E!F '%4 s ∈ C; 12# ./%,&!(% w = Γ (s+1, ·) !* &2# (%-4 *(-/&!(% &( &2# )!"#$#%&!'-
#9/'&!(%

w′(z) = −e−zzs :!&2 w(0) = Γ (s+ 1).

C&* 5%!&# '%'-(7/# *2(/-) 6# ' ,(3+-#F ./%,&!(% (>#$ F̂
⋆
q × Fq; 1'<# '%4 ν ∈ F̂

⋆
q ;

=**/3# ν 6= ǫ '%) ,(%*!)#$ &2# #9/'&!(%

Dνw(z) = c eq(z)µ(z)
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q 1+2 c ∈ F
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Γν(µ, x) =
∑

t∈Fq

µ(t) ν(t− x) eq(t) 8&% 144 µ ∈ F̂
⋆
q 1+2 x ∈ Fq.

B&% µ, ν ∈ F̂
⋆
q 1+2 x ∈ Fq? 40- )' *+-%&2):0 -.0 ')/

E(µ, ν;x) =
∑

u∈Fq

µ(u) ν(1− u) eq(xu).

C.0 :41''*:14 D1)'' 1+2 E1:&9* ')/' 1%0 )+*-02 *+ -.0 ')/ E" F+2002? &+0 .1'
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⋆
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G+0 .1' 14'& Γν(µ, 0) = G(µν)"
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Some new identities for Bernoulli numbers

via central Krawtchouk polynomials

Nikita Reporez

Abstract. Some new identities involving Bernoulli numbers are proposed.

In this paper we demonstrate some new identities involving central Krawtchouk

polynomials K̇m(z) defined as K̇m(z) = K
(2m)
m (z) =

∑m

j=0(−1)
j
(

z

j

)(

2m−z

m−j

)

, m ≥ 0

, where K
(N)
m (z) denotes Krawtchouk polynomial of order N and degree m [1],

and the sequence of the Bernoulli numbers { bj}j≥0 with b1 = − 1
2 [2] .

We assert that the following below identities (1)-(6) are valid:

1.
m
∑

j=0

(#jK̇m)(2− 2j)bj =
4m

m+ 1
, m ≥ 0 (1)

2. Starting from this item we introduce an “umbral variable” [3] φ as a following
rule for “change of variables”:

φ = {φj} : φj =⇒ (2− 2j)bj , j ≥ 0 .

So, any polynomial on variable φ, expanded by powers of φ, after applying
to it the shown above “change of variables”, becomes a linear combination of
the Bernoulli numbers.
In these notations identity (1) can be written in “umbral form” as follows:

K̇m(φ) =
4m

m+ 1
, m ≥ 0 (2)

The author (N. Gogin) is grateful to OC CPA-2019 member A. Mylläri for suggesting in his
letter to me such witty nickname as “Reporez”.
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2 Nikita Reporez

3. From the properties of the central Krawtchouk polynomials proved in
[4, Lemma 3] and identity (2) one easily gets identity :

(φ−1
2

m

)

=
(−1)m

m+ 1
, m ≥ 0 (3)

where binomial coefficient
(φ−1

2

m

)

is being considered as a polynomial on φ with the consequential change
φj =⇒ (2− 2j)bj .

For example, if m = 4 the expansion of the binomial coeffifcient
(φ−1

2

4

)

is
35
128 −

11φ
24 + 43φ2

192 −
φ3

24 + φ4

384 , and changing φj =⇒ (2 − 2j)bj for 0 ≤ j ≤ 4,

one gets 35
128 · (2− 20) · 1− 11

24 · (2− 21) · (− 1
2 ) +

43
192 · (2− 22) · ( 16 )−

1
24 · (2−

23) · 0 + 1
384 · (2− 24) · (− 1

30 ) =
1
5 in full accordance with (3).

4. From (3) easily follows that

n−1
∑

m=0

(−1)m
(φ−1

2

m

)

= Hn , n ≥ 1, (4)

where Hn is the n-th Harmonic number [2].

5. At last, again from formula (3) we obtain an equality for the ordinary
generating functions of its left and right sides:

(1 + t)
φ−1

2 =
ln(1 + t)

t
, |t| < 1. (5)

In particular for t = − 1
2 in (5) we get a nice “umbral” equality

(1

2

)

φ−1

2

=

∞
∑

k=0

(

−
1

2

)k
(φ−1

2

k

)

∣

∣

∣

φj→(2−2j)bj
= 2ln2. (6)

Remark.

All the above equalities (1)-(6) were approved with MATHEMATICA-10.
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On polynomials of odd degree over reals

Alexandr V. Seliverstov

Abstract. We prove that there exists a large set of real hypersurfaces having
elliptic points. In particular, for almost all nonlinear polynomials of odd degree
in two or three variables, the graph of the polynomial contains an elliptic
point. Some polynomials in many variables are also considered.

Let us denote by F an affine hypersurface, that is, the vanishing locus of a
polynomial over the field of real numbers. A smooth point P ∈ F is said to be
elliptic if it is the isolated real point of the intersection of the hypersurface F with
the tangent hyperplane TP to F at this point and the second fundamental form is
positive definite. Roughly speaking, in a sufficiently small analytic neighborhood of
an elliptic point, the hypersurface looks like an ellipsoid. If the affine hypersurface

is a graph of a polynomial f , then the matrix of second partial derivatives ∂2f
∂xj∂xk

is definite at every elliptic point.

In a sufficiently small analytic neighborhood of an elliptic point, all points
of the hypersurface are elliptic. If a polynomial is defined over the field of ratio-
nal numbers, then its graph contains an everywhere dense set of rational points.
Consequently, if there exists an elliptic point on the graph, then there exists a
rational elliptic point. It is easy to check whether a given rational point is elliptic.
In practice, one can use software for symbolic computations [1].

The term “almost all” means “all but a set covered by a vanishing locus of a
nonzero polynomial”.

Theorem 1. Given an odd integer d ≥ 3. For almost all bivariate polynomials

of degree d, the graph of the polynomial contains an elliptic point.

Remark. In accordance with Theorem 1, for almost all nonlinear bivariate
polynomials of odd degree, there exists a point, where the matrix of second partial
derivatives is definite. Thus, for each bivariate polynomial of odd degree, there ex-
ists a point, where this matrix is semidefinite. In particular, for linear polynomials,
the matrix vanishes.

Example. The graph of the polynomial x1(x
2

1
− 3x2

2
) is the monkey saddle;

it has no elliptic point. But there exists a tangent plane that intersect the surface

 !!

133



2 Alexandr V. Seliverstov

along three straight lines meeting at one point. At the origin all second partial
derivatives of the polynomial vanish.

Theorem 2. Given an odd integer d ≥ 3. For almost all polynomials of degree d
in three variables, the graph of the polynomial contains an elliptic point.

Remark. On the general three-dimensional cubic hypersurface over the field
of complex numbers, straight lines fill the whole hypersurface. If this property
holds over the field of real numbers, then the hypersurface has no elliptic point.
Nevertheless, there is a large set of real cubic hypersurfaces having an elliptic
point.

Theorem 3. Given both integer n ≥ 1 and odd integer d ≥ 3. For almost all

(n+1)-tuples of linear functions in n variables, the graph of the sum of d-th powers

of the linear functions contains an elliptic point.

Remark. In the general case, a linear function is inhomogeneous.
Example. Let us consider a cubic form of the type x3

1
+x3

2
+µ(x1+x2)

3. The
matrix of second partial derivatives is equal to

6

(

(1 + µ)x1 + µx2 µ(x1 + x2)
µ(x1 + x2) µx1 + (1 + µ)x2

)

.

Its determinant is equal to 36
(

µx2

1
+ µx2

2
+ (1 + 2µ)x1x2

)

. If x1 = x2 > 0 and
µ > −1/4, then the matrix is positive definite. On the other hand, if µ = −1, then
the determinant is equal to −36(x2

1
+ x1x2 + x2

2
) ≤ 0. In this case, for all points,

the matrix is neither positive nor negative definite.
Theorems 1–3 can be used to develop new heuristic or generic algorithms

(cf. [2]) to check some properties of real hypersurfaces. On the other hand, the
recognition of elliptic points on a surface can be used in computer-aided geometric
design.
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Apparent singularities of D-finite systems

Shaoshi Chen, Manuel Kauers, Ziming Li and Yi Zhang

Abstract. We generalize the notions of ordinary points and singularities from

linear ordinary differential equations to D-finite systems. Ordinary points and

apparent singularities of a D-finite system are characterized in terms of its

formal power series solutions. We also show that apparent singularities can be

removed like in the univariate case by adding suitable additional solutions to

the system at hand. Several algorithms are presented for removing and detect-

ing apparent singularities. In addition, an algorithm is given for computing

formal power series solutions of a D-finite system at apparent singularities.
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BellY polynomials in Mathematica and asymp-

totic solutions of integral equations.

O. Marichev and S. Slavyanov

The importance of classical polynomials is widely recognized in the theory of
ordinary linear differential equations. Less known is the role of Bell polynomials in
the theory of functional equations both linear and nonlinear. Here a short review
of modern state of BellY polynomials implemented in CAS Mathematica is given
and also an example of their use at solution of functional equations arising in the
theory of integral equations with rapidly oscillating kernels is exposed.

Asymptotic solution of Fredholm equation with a large parameter in the
exponent leads to the necessity for solution the following two functional equations
[1], [2] one linear and the other nonlinear

∂F (z, s)

∂s
+

∂F (s, t)

∂s
= 0 (1)

with s = φ(z), t = φ(φ(z)).

h(z) = µh(φ(z))T (z, φ(z)) (2)

Here φ(z) and h(z) are unknown functions denoted as the phase and the
amplitude while F (z, φ) and T (z.φ) are known functions which are regular in an
appropriate vicinity of the origin. The parameter µ plays the role of an eigenvalue.

The rigorous mathematical approach to the posed problem is extremely diffi-
cult since the small denominators arise. However abstracting from these mathemat-
ical heights the approximate solution in terms of polynomials can be constructed
near the origin. The actions with polynomials include differentiation of superpo-
sition of functions and calculation the inversion of functions. For these purposes
handling with BellY polynomials implemented in CAS Mathematica can give a
needed help. The proposed approach can be used in various physical problems, for
instance, in the theory of open resonators.
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Computer algebra aided generation of a mimetic

difference scheme for 3D steady Stokes flow

Vladimir P. Gerdt, Yury A. Blinkov and Xiaojing Zhang

In paper [1] two of us suggested an algorithmic approach to generation of
finite difference schemes for polynomial nonlinear differential equations on regular
grids and applied it in [2] to generation of difference schemes for 2D incompressible
Navier-Stokes equations. Then, in [3, 4] the novel concept of s(trong)-consistency
which strengthens the universally adopted concept of consistency for difference
schemes was introduced and in [5, 6, 7] for 2D incompressible Navier-Stokes equa-
tions it was shown that s-consistent schemes have better numerical behavior than
the s-inconsistent ones. In addition, in [8] and [9] for steady 2D and 3D Stokes
flow, respectively, it was demonstrated that the concept of s-consistency plays the
key role in construction of the modified equation.

In the present talk we consider algorithmic issues of computer algebra aided
generation of a mimetic difference scheme for the governing system of linear partial
differential equations for steady Stokes flow whose involutive form is given by



































F (1) := ux + vy + wz = 0 ,

F (2) := px −
1
Re (uxx + uyy + uzz)− f (1) = 0 ,

F (3) := py −
1
Re (vxx + vyy + vzz)− f (2) = 0 ,

F (4) := pz −
1
Re (wxx + wyy + wzz)− f (3) = 0 ,

F (5) := pxx + pyy + pzz − f
(1)
x − f

(2)
y − f

(3)
z = 0 .

(1)

where x, y, z are the independent variables; the velocities u, v and w, the pressure p,
and the external forces f (1),f (2) and f (3) are the dependent variables; the constant
Re is the Reynolds number and ∆ := ∂xx+ ∂yy + ∂zz is the Laplace operator. The

equation F (5) = 0 is integrability condition to Eqs. {F (i) = 0 | 1 ≤ i ≤ 4} called
the pressure Poisson equation.

The system (1) possesses the permutational symmetry

{x, u, f (1)} ←→ {y, v, f (2)} ←→ {z, w, f (3)} . (2)

The work is supported in part by the Russian Foundation for Basic Research (grant No. 18-51-
18005).
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To preserve this symmetry at the discrete level we consider the Cartesian grid
with the spacing h and apply the method of paper [1] to construct a difference
scheme for (1) which is symmetric under permutation (2), strongly consistent and
conservative. The s-consistency means inheritance by the scheme such important
algebraic property of (1) as vanishing of any element in the differential ideal gen-
erated by the polynomials in (1) on any common solution to these equations. This
means that for the difference scheme any element of the difference ideal generated
by the polynomials in the scheme approximates a polynomial in the differential
ideal. Besides, we want to have the scheme to be conservative, i.e. having the
conservation law properties inherent in (1).

The procedure of the scheme generation described in paper [9] yields the
following results



































































































F̃ (1) :=
uj+2, k+1, l+1 − uj, k+1, l+1

2h
+

vj+1, k+2, l+1 − vj+1, k, l+1

2h

+
wj+1, k+1, l+2 − vj+1, k+1, l

2h
= 0 ,

F̃ (2) :=
pj+2, k+1, l+1 − pj, k+1, l+1

2h
−

1

Re
∆1 (uj,k,l)− f

(1)
j+1, k+1, l+1 = 0 ,

F̃ (3) :=
pj+1, k+2, l+1 − pj+1, k, l+1

2h
−

1

Re
∆1 (vj,k,l)− f

(2)
j+1, k+1, l+1 = 0 ,

F̃ (4) :=
pj+1, k+1, l+2 − pj+1, k+1, l

2h
−

1

Re
∆1 (wj,k,l)− f

(3)
j+1, k+1, l+1 = 0 ,

F̃ (5) := −
f
(1)
j+3, k+2, l+2 − f

(1)
j+1, k+2, l+2

2h
−

f
(2)
j+2, k+3, l+2 − f

(2)
j+2, k+1, l+2

2h

−
f
(3)
j+2, k+2, l+3 − f

(3)
j+2, k+2, l+1

2h
+∆2 (pj,k,l) = 0 ,

where where ∆1 and ∆2 are finite difference discretizations of the Laplace operator
acting on a grid function gj, k, l as

∆1 (gj, k, l) :=
gj+2, k+1, l+1 + gj+1, k+2, l+1 + gj+1, k+1, l+2 − 6gj+1, k+1, l+1

h2

+
gj+1, k, l+1 + gj, k+1, l+1 + gj+1, k+1, l

h2
,

∆2 (gj, k, l) :=
gj+4, k+2, l+2 + gj+2, k+4, l+2 + gj+2, k+2, l+4 − 6gj+2, k+2, l+2

4h2

+
gj+2, k, l+2 + gj, k+2, l+2 + gj+2, k+2, l

4h2
.

Note, that the replaces ∆2 with ∆1 preserves consistency of the scheme but
violate its s-consistency. Based on the s-consistent scheme one can compute its
modified equation [9] which allows to analyze the order of accuracy of the scheme.
The obtained scheme is of the second order.
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Factorial Polynomials in Computer Algebra Prob-

lems Related to Symbolic Summation

Eugene V. Zima

Abstract. We consider a natural succinct representation for factorial polyno-
mials along with the set of low complexity lazy manipulation and evaluation
rules. This leads to immediate improvements of the worst case running-time
complexity of many basic steps in standard algorithms for indefinite and def-
inite summation. Applications of this technique to computation of rational
normal forms and anti-differences of hypergeometric terms is discussed along
with a prototype Maple implementation.

Introduction

One of important intermediate representations arising in algorithms of symbolic
summation is the Gosper-Petkovšek form of a rational function [1, 3] The modern
term for this representation is Polynomial Normal Form (PNF for short [1]). One
of the problems with PNF is that the degree of one of the polynomials forming
the PNF can be exponential in the size of the numerator and the denominator of
the input rational function. This together with the fact that the degree of PNF
drives the running time complexity of summation algorithms directly influences
efficiency of standard summation algorithms in computer algebra systems.

This contribution is based on very simple observation that PNF can be repre-
sented and manipulated succinctly and lazily, reducing the running time complex-
ity of standard tasks involved in algorithms of symbolic summation. This succinct
representation is natural, in a sense that it is explicit, as opposed to the idea of
implicit representation described in [2].

1. Preliminaries

Let K be a field of characteristic zero, x – an independent variable, E – the shift
operator with respect to x, i.e., Ef(x) = f(x+ 1) for an arbitrary f(x). Consider
R ∈ K(x). If z ∈ K and monic polynomials A,B,C ∈ K[x] satisfy
(i) R = z · A

B
· EC
C
,

(ii) A⊥EkB for all k ∈ N,
then (z,A,B,C) is a polynomial normal form (PNF) of R. If in addition,
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(iii) A⊥C and B⊥EC,
then (z,A,B,C) is a strict (PNF) of R (see [1] for details).

For example, for the rational function x+1000
x+1 PNF is

1, 1, 1, (x+ 999) · (x+ 998) · (x+ 997) · · · · · (x+ 2) · (x+ 1),

with polynomial C of degree 999.

An important notion widely used in the context of algorithmic summation is
the dispersion set of polynomials p(x) and q(x), which is the set of positive integers
h such that deg(gcd(p(x+ h), q(x))) > 0. Another important notion is the largest
element of the dispersion set known as the dispersion. One more piece of standard
terminology required here is the notion of shift equivalence of polynomials: two
polynomials u(x), v(x) ∈ K[x] are shift equivalent if there exists h ∈ Z, such
that u(x + h) = v(x). Finally, following [4] define the factorial polynomial (a
generalization of the falling factorial) for p(x) ∈ K[x] as

[p(x)]k = p(x) · p(x− 1) · . . . · p(x− k + 1) (1)

for k > 0 and [p(x)]0 = 1. Observe, that factorial polynomials naturally appear in
the last component of PNF, assuming that the dispersion of the numerator and
denominator of a given rational function is nonzero.

2. Succinct representation of factorial polynomials and lazy

manipulation rules

We first note, that the left hand side of (1) offers succinct (most compact) repre-
sentation of the product in the right hand side for large values of k, as it requires
Θ(log k) bits to represent the polynomial p(x) ·p(x−1) · . . . ·p(x−k+1) assuming
the degree of p(x) is fixed. The same polynomial would require Θ(k log k) bits if

represented as in [2]. For example, for R = (x+10)2(2 x+29)
(x+1)(2 x−1)(5 x+1) , the PNF in succinct

form is
(

1/5, x+ 10, x+ 1/5, [x+ 9]9

[

x+
27

2

]

15

)

,

which is much shorter compared to the expanded representation of the degree 24
polynomial C. Factorial polynomials satisfy many obvious identities, which capture
their multiplicative nature and allow manipulate them without expanding. We list
only few of them for illustration purposes:

[p(x)]k = [p(x)]k−1 · p(x− k + 1), [p(x+ 1)]k = p(x+ 1) · [p(x)]k−1 , for k > 0,

[p1(x) · p2(x)]k = [p1(x)]k [p2(x)]k etc.

Based on these it is easy to implement lazy evaluation rules, such as for example,

A · [p(x)]k ±B · [p(x+ 1)]k = [A · p(x− k + 1)±B · p(x+ 1)] · [p(x)]k−1 , (2)
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which holds for arbitrary expressions A and B. Another set of rules involves com-
putation of gcd and cancelations. For example, given natural h, k, and l:

gcd([p(x)]k , [p(x+ h)]l) =

{

1 if l − h ≤ 0,

[p(x)]min(k,l−h) otherwise.

The ultimate goal of lazy manipulation rules is to avoid complete expansion
of the involved factorial polynomials as much as possible.

3. Applications

The natural succinct representation together with above mentioned rules offer
immediate improvement to the worst case running-time complexity of many basic
steps in standard algorithms for indefinite and definite summation.

3.1. Rational Normal Forms

The notion of Rational Normal Form (RNF) was introduced in the context of
hypergeometric summation (see [1] for the definition). The main steps in compu-
tation of RNF for a given rational function R ∈ K(x) involve construction of two
PNFs, computation of gcd, and divisions:

(z,a,b,c) := PolynomialNormalForm(R,n);

(z1,a1,b1,c1) := PolynomialNormalForm(b/a,n);

g := gcd(c,c1);

return (z,b1,a1,c/g,c1/g)

The gain from using succinct representation is transparent from the following ex-

ample: for R = x(x+1000)
(x+3)(x+1003) the first call to PolynomialNormalForm produces

(1, x, x+ 1003, [x+ 999]997) with polynomial c of degree 997, the second call pro-
duces (1, 1, 1, [x+ 1002]1003) with polynomial c1 of degree 1003, and gcd(c, c1) =
[x+ 999]997. The RNF for R is

(1, 1, 1, 1, (x+ 1001) (x+ 1002) (x+ 1) (x+ 2)x (x+ 1000)),

with most of the terms from PNFs cancelled. Our prototype produces this result
in 0.012 seconds, while standard Maple implementation requires 3.5 second on the
same computer.

3.2. Gosper algorithm for summable hypergeometric terms

Recall that a nonzero expression F (x) is called a hypergeometric term over K
if there exists a rational function r(x) ∈ K(x) such that F (x + 1)/F (x) = r(x).
Usually r(x) is called the rational certificate of F (x). The problem of indefinite hy-
pergeometric summation (anti-differencing) is: given a hypergeometric term F (x)
to find a hypergeometric term G(x), which satisfies the first order linear difference
equation

(E − 1)G(x) = F (x). (3)
If found, write

∑

x F (x) = G(x) + c, where c is an arbitrary constant.
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In [3] Gosper described a decision procedure, which starts with convert-
ing the rational certificate of the given summand to the Gosper-Petkovšek form
(z,A,B,C) reducing the search for the sum to the search of a polynomial y(x)
solving the key equation:

A(x)y(x+ 1)−B(x− 1)y(x) = C(x). (4)

If y(x) is found, then

G(x) = F (x)
B(x− 1)y(x)

C(x)
. (5)

Sometimes the polynomial C(x) from (4) is called the universal denominator. One
well-known problem with Gosper’s algorithm is that the universal denominator
can have pessimistically large degree (i.e., C(x) and y(x) can have very large
degree common factor, which will cancel after substituting the solution y(x) into
(5)). This in turn can lead to the exponential dependency of the running time on
the size of the input, even when input and output is small. Using the succinct
representation of PNF along with multiplicative properties of the solution of (5)
and of the factorial polynomials it is possible to remove extraneous terms in this
universal denominator before solving the key equation. This leads to improvements
in the running time complexity of Gosper’s algorithm in case of summable non-
rational hypergeometric summands with large dispersion of the rational certificate.

Implementations of all the above mentioned techniques in Maple are com-
pared to standard Maple summation tools and show not only theoretical but also
practical improvements.
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