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Abstract. The famous Koushnirenko-Bernstein theorem, also known as the-
orem BKK, asserts that the number of solutions of a polynomial system is
equal to the mixed volume of Newton polyhedra of polynomials. This theorem
creates the interaction platform for algebraic and convex geometries, which
is useful in both directions. Here some statement is given that we view as a
smooth version of the BKK theorem.

Introduction

Let X be an n-dimensional manifold, V1, . . . , Vn be �nite dimensional vector sub-
spaces in C∞(X,R), and let V ∗i be their dual vector spaces. We consider the
systems of equations

f1 − a1 = . . . = fi − ai = . . . = fn − an = 0, (1)

fi ∈ Vi, fi 6= 0, ai ∈ R. Let Hi = {v∗ ∈ V ∗i | v∗(fi) = ai} be an a�ne hyperplane
in V ∗i , corresponding to equation fi − ai = 0, and H = (H1, . . . ,Hn) be a tuple
of hyperplanes, corresponding to system (1). For a measure Ξ on the set of tuples
(H1, . . . ,Hn), we de�ne the average number of solutions as an integral of a number
of zeroes of (1) with respect to Ξ.

We �x smooth Banach metrics in the spaces Vi. Further, we assume that
the unit balls of these metrics are smooth and strictly convex bodies. We use
these metrics for, �rstly, to construct the measure Ξ and, secondly, to construct
the Banach convex bodies Bi in X. Banach convex body or B-body in X is a
collection B = {B(x) ⊂ T ∗xX} of centrally symmetric convex bodies in the �bers
of the cotangent bundle of X. We de�ne the mixed symplectic volume of B-bodies
and prove that the average number of zeroes is equal to the mixed symplectic
volume of B-bodies B1, . . . ,Bn.
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Main theorems

We choose the measure Ξ on the space of systems (1) equal to a product of Crofton
measures in spaces V ∗i . Recall that a translation invariant measure on the Grass-
manian of a�ne hyperplanes in Banach space is called a Crofton measure, if a
measure of a set of hyperplanes, crossing any segment, equals to its length. Under
certain smoothness conditions there exists a unique such measure.

The symplectic volume of
⋃
x∈X B(x) ⊂ T ∗X we call the volume of Banach

body B = {B(x)}. Using Minkowski sum and homotheties, we consider linear
combinations of convex sets with non-negative coe�cients. The linear combination
of B-bodies is de�ned by (

∑
i λiBi)(x) =

∑
i λiBi(x). The volume of a linear

combination vol(λ1B1 + . . .+ λnBn) is a homogeneous polynomial of degree n in
λ1, . . . , λn.

De�nition 1. The coe�cient of polynomial vol(λ1B1+. . .+λnBn) at λ1 ·. . .·λn di-
vided by n! is called the mixed volume of B-bodies and is denoted by vol(B1, . . . ,Bn).

B-body corresponding to Banach space V of smooth functions on X appears as
follows. Let B ⊂ V be a unit Banach ball. De�ne the mapping θ : X → V ∗, as
θ(x) : f 7→ f(x). Let dxθ be a di�erential of θ at x ∈ X, and let d∗xθ : V → T ∗x be
an adjoint operator. So we get a Banach body B = {B(x) = d∗xθ(B)}.

Let U ⊂ X be an open set with compact closure. Denote byM(U) the average
number of solutions of (1) in U . Let Bi be a B-body in X, corresponding to the
space of functions Vi, and let BUi be a restriction of Bi to U .
Theorem 1.

M(U) =
n!

2n
vol(BU1 , . . . ,BUn ),

where vol(BU1 , . . . ,BUn ) is a mixed volume of B-bodies.

The proof of the theorem is based on the calculations in the ring of normal densities
constructed in [AK18].

However, the Crofton measure in Banach space is quite exotic. For example,
if the unit ball in Banach space is not a zonoid, then the Crofton measure is not
everywhere positive; see [SC06, K20]. Recall that the zonotope is a polyhedron,
represented as the Minkowski sum of segments, and the zonoid is a limit of a
sequence of zonotopes converging with respect to the Hausdor� metric. If the unit
ball of the Banach metric is a zonoid, then we call this metric a zonoid metric. All
ellipsoids are zonoids and, respectively, Euclidean metrics are zonoid metrics.

The non-positivity of the measure Ξ reduces the validity of the notion of
average number of solutions. For this reason, in order to avoid the non-positivity
of Crofton meaure, we consider the averaging process under the general families
of positive measures on the manifolds of a�ne hyperplanes.

Theorem 2. Let V be a �nite dimensional vector space, and let µ be a translation
invariant countably additive smooth positive measure on the manifold of a�ne
hyperplanes in V ∗. Then there is the unique Banach metric ‖ ‖µ in V , such that
µ is a Crofton measure of the dual Banach metric in V ∗.
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Therefore, applying Theorem 1 for metrics corresponding to an arbitrary
tuple of measures µ1, . . . , µn mentioned above, we obtain a version of the BKK
theorem for a general tuple of positive smooth measures.

Remarks

Remark 1. The metric ‖ ‖µ from Theorem 2 is a zonoid metric, and the corre-
sponding B-body is a family of zonoids.

Remark 2. The case of Euclidean metrics in the spaces Vi was previously consid-
ered; see [AK18, ZK14]. In this case, the Banach bodies are ellipsoid families.

Remark 3. From Nash embedding theorem it follows that any smooth collection of
ellipsoids in the �bers of T ∗X can be obtained as B-body, corresponding to some
Euclidean space of functions. If X is a compact manifold (may be with boundary),
then from the Banach analogue of Nash theorem proved in [BI94] it follows that
any collection {B(x) : x ∈ T ∗xX} of smooth strongly convex centrally symmetric
bodies B(x) is a B-body, corresponding to some Banach space of functions on X.

Remark 4. Let µ1, . . . , µn be smooth translation invariant (not necessarily positive)
measures on the manifolds of a�ne hyperplanes in V ∗1 , . . . , V

∗
n respectively. Then

the corresponding average number of solutions is equal to the mixed symplectic
volume of some uniquely de�ned virtual Banach zonoids. Note that an arbitrary
smooth centrally symmetric convex body is a virtual zonoid.
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