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Abstract. A system of ODEs with non-degenerate linear part near its sta-
tionary point are considered in two cases: in general case and in Hamiltonian
case. Solution of the problem of existence of an invariant coordinate subspace
in the coordinates of normal form is proposed as a resonance relation between
system’s eigenvalues. Algorithms of computer algebra and g-subdiscriminant
technique are used for finding such resonance relations.

Introduction

An approach of Poincaré for investigation of systems of nonlinear ordinary differ-
ential equations was based on the maximal simplification of the right-hand sides
of these equations by invertible transformations. This approach led to the theory
of normal forms (NF) of the general system and in particularly of the Hamiltonian
ones and was developed in works of G.D.Birkhoff, T.M. Cherry, F.G. Gustavson,
C.L. Siegel, J. Moser, A.D.Bruno (see [1]).

The goal of the presented work is to investigate invariant coordinates sub-
spaces of NF of a real Hamiltonian system with non-degenerated linear part. The
existence of invariant subspace can reduce the phase flow on the space of less di-
mension and in some cases can give information about periodic solution of the
whole system.

1. Invariant subspaces of normal form of ODE
Consider an analytical system of ODE

% = £(x) (1)
near its stationary point x = 0. Let the linear part

x=Ax, A= 0f/ox|,_,, (2)
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of the system (1) be non-degenerated. Let matrix A has n eigenvalues at least one
of which is non-zero A = (A1, ..., \p).

There exists [2] a formal invertible transformation g : x — y, x = g(y),
represented in the form of power series, which reduces the initial system (1) into
its mormal form

Definition 1. Normal form (NF) of the initial system (1) is a system of the form

right-hand sides y;h;(y) of which are power series
yihi(y) =4 > hjayh hjo =%, j=1,....n, (4)
a

containing only resonant terms with
{(q,A) =0. ()

Here hj;q are constant coefficients and in y;h;(y) coordinate ¢; > —1, but
others g > 0.

Coordinate subspace Let I = {i1,...,i;} be a set of increasing indices 1 < 4y,
ix < n, k < n. By K; we denote the coordinate subspace K; = {y : y; =
0 for all j ¢ I}. All non-zero coordinates y;, j € I, of the subspace K; we call
internal coordinates and denote them shortly by yr, others we call external coor-
dinates. The eigenvalues );, j € I, corresponding to the internal coordinates y;
we call internal eigenvalues and denote them by A;. Others A;, j & I, are called
external eigenvalues.

Problem. Which subspaces K are invariant in the normal form (3), (4), (5)7

Theorem 1. The coordinate subspace K of dimension k is invariant in the normal
form (3)—(5) if each external eigenvalue \; & X; satisfies the following condition

Aj # (Ps Ar) (6)
for all integer vectors p > 0, p € Z*.

Let consider an analytic Hamiltonian system
oOH . OH

X=20 V=% (7)
with n degrees of freedom near its stationary point x =y = 0. The eigenvalues of
the matrix A can be reordered in a such way: A\j+, = —A;, 7 =1,...,n. Denote by
A = (A1,...,An). There exists [3, § 12] a canonical formal transformation which
reduces the initial system (7) into its normal form

u=0h/0v, Vv=-0h/Ou (8)

defined by the normalized Hamiltonian A(u,v)

h(u,v) = Z Aju;v; + Z hpquPva (9)
j=1
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containing only resonant terms hpquPve with

(P—q,A) =0. (10)
By L; we denote the coordinate subspace Ly = {u,v :u; =v; =0 for all j & I'}.
Problem. Which subspaces L; are invariant in the normal form (8), (9), (10)?

Theorem 2. The coordinate subspace Ly of dimension 2k is invariant in the Hamil-
tonian normal form if each external eigenvalue A\; ¢ Ar satisfies the following
condition

Aj # (P Ar) (11)

for any integer vector p # 0, p € Z*.

The principal difference between condition (6) in Theorem 1 and condi-
tion (11) in Theorem 2 is that any non-zero vector p is taken from the lattice
Z* in the Hamiltonian case but it is taken for 0 < p € Z* in the general case.

2. Resonance finding by ¢-analogue of subdiscriminants

It is immediately follows from (6) and (11) that resonant relations can be deter-
mined by eigenvalues of linear part (2). Let consider an important case when all
the eigenvalues A are either real or pure imaginary.

Here we propose the following algorithm [4] of searching for resonant relations
which essential use technique of ¢g-subdiscriminants [5] and elimination theory. Lets
denote by ¢ the commensurability of a pair of eigenvalues: ¢ = A;/A;.

Step 1: Matrix A of linear system (2) is found and its characteristic polynomial
frn(N) is computed.

Step 2: Compute the sequence of k-th g-subdiscriminants D((Ik)(fn), 0<k<
n — 2, which are polynomials in coefficients of f, and gq.

Step 3a: If ¢g-discriminant Dg(f,) as a polynomial in annulus Z[g] can be fac-
torized then it is possible to find out all the pairs of resonant eigenvalues.
Step 3b: If the previous step fail then a kind of a brute force algorithm can
be applied: for mutually prime pairs (r,s) of integers we check the equality

Dy(fn) =0forg=r/s.

Step 4: Let for a certain value ¢* € Q it is true that D, (f,) = 0. Then it is
possible with the help of g-subdiscriminants from the Step 2 to determine the
structure of eigenvalues with commensurability ¢* and in some cases even to
compute them.

Step 5: Having all the commensurable eigenvalues \; it is possible to check
either conditions (6), (11) take place or no.
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3. Example

Let all A\j/A1 € Z, j = 2,...,n. Then the normal form has two-dimensional in-
variant subspace L1 = {u; =v; =0,j € I}, where I; = {1}. On the subspace L,
Hamiltonian NF (9) induces a NF with one degree of freedom and the normalizing
transformation converges.

If A1 # 0 and is purely imagine, then for real Hamiltonian system the real
subspace L1 is a family of periodic solutions. This fact was found by A.M. Lyapunov
in 1892 and was described with the help of Hamiltonian formalism by C. Siegel [6,
§§16, 17].
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