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Symplectic structure of phase spaces of

[somonodromic Deformation Equations.

Originally the phase spaces of the Isomonodromic
Deformation Equations are some algebraic symplectic
spaces constructed from the orbits of the coadjoint group
action.

The evolution of the theory generate a need for the
extension of the main object that is the coadjoint orbit of
the complex general linear group.

It is necessary for the development of the tau-function
theory particularly.



Lie-Poisson-Kirillov-Kostant structure and

Hamiltonian reduction of T*GL(N).

Consider T*GL(N) > (g, B), it is a symplectic space

wr- =trdB A dg, B e gl*(N),g € GL(N).
An action (g, B) — (ag, Ba™") by the left shifts is the
Poisson action, momentum map is (g, B) =+ gB € gl*(N).
Consider a subgroup GLA(N) C GL(N) of matrices
commuting with A € gI*(N), and a constant value level
Ug(9,97'A) of the momentum map.

This subgroup acts on the momentum level by the left
shifts. A quotient with respect to this action

(9.97'N) ~ (9rng,97'Agx") = (9ng. (9rg) " A), gn € GLA(N)
, is a symplectic space with the

Lie-Poisson-Kirillov-Kostant form:

wip = tr(dg_1/\) A dg.
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Bertola&Korotkin extension.

The quotient space (g,g~"A) ~ (gng, (9rg) ') is
isomorphic to the coadjoint orbit O := Ugg~'Ag.
How to extend it?

Trivial: T*GL(N) D (9,9~ 'A).

Non-trivial extension by M.Bertola and D.Korotkin:

65}( = U (9, g“/\), wpK = tr d(g‘1/\) A dg.

geGL(N),AcA

It is symplectic for A with different eigenvalues only,
because this 2-form wpgk is degenerated if eigenvalues A
coincide.

[ introduce a non-trivial extension of O for
any Jordan structure of A in my talk.



Flag structure defined by O.

Main object is a flag structure defined by A € O.

In case of different eigenvalues the flag in question is a
series of sums of eigenspaces Fy = Zf; ker(A — A\I).
In general case the same object can be defined

k
Fk = ker H(A — /\,‘I)
i=1
The central role in the extension itself play (abstract) linear
spaces Fx/Fkx_1 =: [Fx] and spaces of their linear
transformations

End [Fk]

In the case of general position these spaces are isomorphic
to the eigenspaces. Denote their dimensions by

Nk .= dlm[Fk]



Orbit as fiber-bundle.

In order to connect End [Fy] with the orbit we need to
construct a fiber-bundle

(0}
O — Gr{n—;},

WhereGr?n;} S0cFRc---CFy1CcFy=V~CNisa
flag Grassmanian.
Let us define a complementary flag

Vi C Vk,1, Vi = V/Fk, Vo= V7 Vi, = 0.
A fiber of the fiberbundle is isomorphic to an open set of
Hom( Vk, [Fk])

Let us introduce coordinates. We need to cover the base by
overlapping open subsets and define transition functions.

PCA 2020 e St. Petersburg



Trivialization of the bundle © — Gr?ﬁo y-

Let {€;}¥, be a standard basis of CN. Let Lk be a linear
combination of Nk subsequent basic vectors

Ly = Z(€s41,.--.€54n,), Sk=M+ Mo+ -+ Nk_q,

Ly ~ [Fk], Ei = @;\ikJH L ~ V.

A coordinate domain of the flag coordinates form such
A € O that for all subspaces Fg

F« N Ex =0, or equivalently V = Fx & Ex.

An atlas that cover the whole orbit consists of the charts of
the same construction but with the permuted basic vectors
e;. The charts are parameterized by the elements of the
symmetric group Ly 3 «.
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Coordinate mappings Pk, Q.

Let A € End V be a linear transformation that has matrix
A in the basis {€;}" ,. Transformation A can be contracted
on the factor-spaces V. We denote the contractions by

Ak € End V. The factor-space [Fx] can be considered as
nk-dimensional submanifold of Vj_4, it is the eigenspace of
Ak_1 corresponding to Ag.

Consider a coordinate chart that identify Ex ~ Vj. The
position of [Fg] is determined by Qx € Hom([F], Vk). It is
the projections of the points of [Fk] to Lk parallel to Eg:

Qu(X)+x € Ly, xe€[F], Qk(x)e€ Ex,

it is a coordinate on the base.

To get coordinates on the fibre we contract Ax_1 — A¢l on
Vi and set Py € Hom(Vj, [Fk]) as a projection of its action
to [Fk| parallel to Ek.



Transition functions.

We need transition functions to complete the construction
of the orbit O as the fiber bundle. Different charts of the
atlas differ by the directions of the projection of the same
(Ax—1 — AD)|y, on the same [Fi]. The difference in
question is the same for all A with the same projection Ag
due to Thales theorem.

Let us denote the directions of the projections for the
charts a and 8 by Eg and E,f. Let us denote

%% (Ax) == P/(A) — P2(A) € Hom( Vi, [Fi]).

We treat this transformation as a transition function. It
transforms the fiber in the following way:

P (A) = Pi(A) + 37 (Ag).



Coordinates on [F].

Every linear space [Fx] has basis defined by the columns of
g, A= g 'Ag. These columns are the representatives of the
elements of the quotient-spaces [F].

The coordinates on the quotient spaces are constructed at
all charts a € . The coordinates are defined by
projection of the basis from the coordinate subspace L§ to
[Fk] parallel to Eg.

The transition function ¢’é’f € GL([Fk]) is defined as a
linear transformation of the basis constructed using Eg, L
to the basis constructed by EJ, L} on [F]. The bases are the
projections of the bases from L* and from L? parallel to E
and to E,f correspondingly.



Extension of orbit.

An extension of the orbit has two conjugated components.
First one is an arbitrary linear transformation

Bk € End [Fk],
and the second one is a point of its cotangent bundle
Rk S TEkEnd [Fk]

The coordinates of the same pair (B, R,) € T*End [F] in
different charts o, f € X are connected by the similarity
transformations q%f

M
W™ = wip + w3 = E wk, wk = trdRx A dBx
k=1



The End.

Thank You!:)



