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The Euler-Poisson equations (ɽʈɽ) 
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The EPE - ordinary differential equations describing the motion of three-dimensional heavy rigid 

bodies in a plane-parallel gravity field around a fixed point 

ὓ ὓȟ Ὧᴆȟὧᴆ 

ᴆ ᴆȟ   

,ï  the angular velocity of the body    

ὓ Ὅ,ï  kinetic moment of the body    

Ὅ   ï  diagonalized tensor of inertia of a body at its fixed point, 

ὧᴆ   ï  directing vector of a straight line from a fixed point to the center of mass, 

ᴆ      ï  the projection of the vertical vector on the axis of the moving coordinate,  

   system rigidly connected to the body 

Ὧ άὫὶ  ï  coefficient equal to the product of body weight by the distance from a 

   fixed point to the center of mass, 

ὶ      ï  distance from a fixed point of a rotating rigid body to the center of mass. 



Formulation of the problem 
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To find: 

1. General EPE solution in a unified analytical class of functions 

2. Unified integrability  and classification mechanism for all integrable cases 

3. Unified mechanical and geometric interpretation for all integrable cases 

4. Experimental verification of the unified theory of EPE 

5. Correlation of the general solution of the EPE with classical results 



Geometric models of involution ᴚ˒ ˝◄ 
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ɻʨʘʬʠʢ ὑὰ́̕  ̕ Ὕz ḙὝᶻ  
ᴙ᷾Њ 

ὓέάὝ̒ ḙ 
Ὓὕ σ

Ὓὕ σ
 

ᴚ ὸᴗϳ  ᴚ̨ȟ
ᴙ ᴚϳ

 

ᴚ ὸ

ᴚ ὸ
 



Geometric models of involution ᴚ˒ ˝◄ 

5 

Å Ὕ̒  ï tetrahedron accompanying analytical tops 

Å Mom ï momentum map 

Å ὤ̨ȟ
ᴚϳ ḙ ὤ̨ ᴚϳ Ὓώά ȟὙέὸ ȾὛώά ḙ Ὑέὸ  ï the analytic central symmetry  

      of the lattice ᴚϳ centered at O 

Å ᴚȟ ȟ ὸ ḙ ὤ̨ȟ
ᴚϳ

/ Ὑέὸ ï additive part of involution ᴚ ὸ 

Å ᴚȟ ȟ ὸ ḙ ὤ̨ȟ
ᴚϳ

/ Ὓώά  ï multiplicative part of involution ᴚ ὸ 

Å ɤ  ï functional 3d-Lobachevsky space ᵾ Ὣ
ȟ 

ȟz  

Å Ὡή ï equivariant 

 



General solution of the EPE as a group law on the universal elliptic 
curve over ᴗ 
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Graph Ὠ ὨὫ
Ⱦ

 

ὓὸ Ὣ
ȟ

 Ὓὕσȟᴙ) 

ὓί Ὣ
ȟ

 Ὓὕσȟᴇ) 

ὫȾ ὉᴗίȾὸϳ  group law on the 

universal elliptic curve over ᴗ 

ὉᴗίȾὸϳ   

 accompanying cotetrahedron  ὝȟzᴇȾᴙ  

ὢ ὉᴗίȾὸϳ )  

 accompanying tetrahedron ὝȟzᴇȾᴙ  
 



General solution of the EPE as a canonical analytic structure on ╢╞ ( )    
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ὓὸ ‒ Ὓὕσȟᴙ   ὛὴὩὧȟ  Ὓὕσȟᴙ ) 

ὓί ‒ Ὓὕσȟᴇ   ὛὴὩὧȟ  Ὓὕσȟᴇ) 

ὓί Ὣ ˥   analytic simply connected self-

duality of the 3d-ball ˥ ᴇ) 

 

‒ Ὓὕσ  is an equivariant 

Åzeta-function of the variety Ὓὕσ) 
 

Å the global analytic structure on the group Ὓὕσ)  



Exact solvability of the EPE 
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A general solution of the EPE exists and is represented by the canonical exponent of the 3d-sphere 

ᴇ - a sphere with a canonical continuous metric having the potential: 

Ὂ  ÅØÐὸ        

and has the form of equivariant analytic structures on the groups Ὓὕσȟᴇ ʠ Ὓὕσȟᴙ : 

 ὓί  ÅØÐ‒Óȟɝ ή ȟί ɴ ᴇ                              (1) 

 ὓὸ  ÅØÐ‒ Ὥὸȟɝ ή ȟὸ ɴ ᴙ        (2) 

where the form ɝ ή is the only parabolic form of weight 12 with respect to the group Ὓὒ ᴚ:  

ɝ ή ή  ρ ή ȟ   ή Ὡ ȟ   ᾀɴ ᴏ  

 

ʊheorem 1 (Unified theory, Abrarov D.L., 2007, 2018) 



Exact solvability of the EPE 
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The general solution of the EPE over ᴙ-time is a group CW-complex of particular solutions 

represented by the functions: 

ὓὸ ὓί ȿ ÅØÐ‒ίȟὉȾᴗ‒ίȟὉȾᴗ , 

where 

ÅὉ/ᴗ belongs to the set of elliptic curves over the field of rational numbers ᴗ; 

Å‒ίȟὉȾᴗ is the zeta function of the elliptic curve Ὁ/ᴗ; 

Å‒ίȟὉ Ⱦᴗ ‒ίȟὉȾᴗ πȟ‒ίȟὉȾᴗ πȟ‒ίȟὉȾᴗ π ; 

Åᴆὸ  ‒ίȟὉ Ⱦᴗ  (mod 3-ordered trivial zeros); 

Åὸ  ‒ίȟὉ Ⱦᴗ  (mod 3-ordered nontrivial zeros). 

{Classes of ᴙ-isogenicity of spectral curves Ὁ/ᴗ}  {types of ᴙ-integrable cases} 

Theorem 2 (Unified integrability theory, Abrarov D.L., 2018) 



Exact solvability of the EPE 
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The general solution of the EPE over ᴇ-time is a group functional CW-complex of particular 

solutions represented by the functions: 

ὓί ὓί ÅØÐὒίȟὉȾᴗὒ ίȟὉȾᴗ , 

where 

ÅὉ/ᴗ belongs to the set of elliptic curves over the field of rational numbers ᴗ; 

ÅὒίȟὉȾᴗ  ï ὒ-function of the elliptic curve Ὁ/ᴗ; 

Åὒ ίȟὉ Ⱦᴗ ὒίȟὉȾᴗ πȟὒίȟὉȾᴗ πȟὒίȟὉȾᴗ π ; 

Åᴆὸ  ὒ ίȟὉ Ⱦᴗ  (mod 3-ordered trivial zeros); 

Åὸ  ὒ ίȟὉ Ⱦᴗ  (mod 3-ordered nontrivial zeros). 

 

{Classes of ᴇ-isogenicity of spectral curves Ὁ/ᴗ}  {types of ᴇ-integrable cases}  

Theorem 3 (Equivariant KAM -theory, Abrarov D.L., 2007, 2019) 



The general solution of the EPE as the canonical self-duality of the 3d-
sphere  
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Ὂḧ ɬz ᴆ ḙὝz   Ὣ
ȟ

  

 

Ὂᴙȟ̏̂̚ Ὂ Ὡὼὴ
ȟ 

ᴙ ᵼὓ ̏̂ ὸ̚ Ὡὼὴ
ȟ 

ᴙ  

 

Ὂᴇȟ̏̂̚ Ὂ  ṧᴇ Ὡὼὴ
ȟ 

ᴇ ᵼὓ ̏̂ ί̚ Ὡὼὴ
ȟ 

ᴇ  



The general solution of the EPE as the canonical self-duality of the 3d-
sphere  
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╕ᴙȟ▌▄▪▄►╪■╕▓▫◌  ▬ ░▲ ♬ ░♬ Ǫ ╕ᴇȟ▌▄▪▄►╪■ ▬ ░▲▒► ♬ ░♬ ▒♬  

 the potentials of the phase ᴆ- -solidity: the potentials of the analytic dynamics of the tetrahedra 

accompanying the tops   Ὕȟzᴙ  Ǫ Ὕȟzᴇ correspondingly, 

where  Ὥ   Ὦ ρȟὭ Ὦ ὭϽὮ  the equations of the accompanying cotrihedron Ὕὶ ᴇ 

Å Ὂᴙȟ ὧέὲίὸɤ ᴙ  ὸȟᴆ ὸ   orbit of a cotetrahedron Ὕȟzᴙ  

Å Ὂᴇȟ ὧέὲίὸɤ ᴇ  ίȟᴆ ί   orbit of a cotetrahedron Ὕȟzᴇ, 

̄̅ ̆ɤ    Analytical functional 5d-Lobachevsky space 

  Orbit of the flow of large (co)circles on the sphere  

   Orbit of canonical ordered -self-duality Ὕz  ḙ z ᴆ  



Geometric model ⱡ▪Ἳȟ ▲ ȟ ⱡἻȟ ▲  and canonical norm of the  
EPE phase flow  
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Ὓὕσȟὃᴗ  - model   

Definition: ὃᴗ ḧᴗίṧᴖ ᴗ ί [= ὭὸάέὨ ὭὨ ᴚȟ
˒ ˝ ί)] is the canonical norm on Ὓ ȟ     

ὖὋὒὃᴗ  - model   

Additive representation ‒ίȟɝ ή :  ‒ίȟɝ ή ḧВ
ϳ

 



Zeta function ⱡἻȟ ▲  as a global continuous metric on the 3d-sphere   
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˞ ‒ίȟɝ ή  

†ὲ ὲϳ  ὝὶὥὧὩ ὖὋὒ ὃᴗ  

ὲ           ὈὩὸ ὖὋὒ ὃᴗ   

†ὲ ὲϳ Ͻὲ ὈὭίὧὶ ὖὋὒ ὃᴗ  

ç+ †ὲ ὲϳ Ͻὲ Ȼ ὈὭίὧὶ ὖὋὒ ὃᴗ  

Notation: ὅὡὲ - subcomplex of level ὲ in ὅὡ-

complex   



Geometry, dynamics and arithmetic of the global invariant ╕ 
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          F is the canonical global (over ᴇ Ð᷾)  ὅ -metric on the sphere ᴇ  

  is the potential of the canonical ὅ -duality ɬz ᴆ ḙὝz    

╕ is the potential:  
 

Å of the canonical  ὅ -duality Ὕȟzᴙ  P  Ὕȟzᴙ  of the accompanying bitetrahedron  

 

Å of the equivariant ὅ -continuation of classical solutions (including the "Euler separatrix") to ί Њ  
 

Å of the bimodular parametrization ὢ ὔ  PὉȾᴗ}  curves over ᴗᵾ property of phase ᴆ -   - solidity  
 

Å of the domain of the canonical 3d-exponent is globally (over ᴇ  ᷾Ð) an analytic function Ὡ 



Geometry, dynamics and arithmetic of the global invariant exp F 
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   exp F  ï is the canonical global ("over" ᴇ Ð᷾)  ὅ-metric on the sphere ᴇ  

 ï is the potential of the canonical global ὅ-duality ɬz ᴆ ḙὝz    

 

exp F is the potential:  
 

Åof the equivariant ὅ  (global ὅ) - continuation of classical solutions to ί Њ  

 

Åʌ is the potential of the derived bimodular parametrization ὢ ὔ  PὉȾᴗ} ᵾ property of the 

derived phase ᴆ -  -solidity  
 

Åʌ is the potential of the canonical equivariant (global class ὅ) 3d-exponent Ὡ᷾  

 

Åʌ - potential of finitely generated determinization of classical chaos 



Mechanical meaning of the global invariant ╕  
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Å ╕ ÉÓ ÔÈÅ (ÁÍÉÌÔÏÎÉÁÎ ÏÆ ÔÈÅ ÔÒÉÖÉÁÌ ÔÏÐ (Ὅ Ὁȟὧᴆ π) 

Å╕ is the vertical equilibrium Hamiltonian of the analytical 3d-pendulum (AMP) 

╕ Ὥί ὸὬὩ ὧὥὲέὲὭὧὥὰ άὩὸὶὭὧ έὪ ὸὬὩ ὴὬὥίὩ ίὴὥὧὩ ὖḙᴙ ᴆὸȟὸȾ ᴚȟ 
˒˝ὸ έὪ ὸὬὩ ὉὖὉ ὩήόὥὸὭέὲί 

ὶὯ ὖ  number of degrees of freedom AMP = ὶὯὤ̨
ȟ
ᴚϳ

   

Å ὤ̨
ȟ
ᴚϳ
Ὥί ὸὬὩ ὧὩὲὸὶὥὰ ὅīίώάάὩὸὶώ Ὥὲ ᴇ ύὭὸὬ ὸὬὩ ὧὩὲὸὩὶ  ὕ 

ὶὯὤ̨
ȟ
ᴚϳ
/ὤὩὲὸὶὤ̨

ȟ
ᴚϳ

έὶὨ ὤ̨
ȟ
ᴚϳ

/ὤὩὲὸὶὤ̨
ȟ
ᴚϳ

ὴὸ   

 

╕  ἭὀἸ◄ ⱷ ⱷ ⱷ ♬ ♬ ♬  

ὶὯ ᴚȟ
˒˝ὸ π ρ ς σ τ ς ςψρ 

 



Mechanical meaning of the global invariant ▄●▬ ╕   
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Å▄●▬ ╕ ÉÓ ÔÈÅ (ÁÍÉÌÔÏÎÉÁÎ ÏÆ ÔÈÅ general top (Ὅ Ὁȟὧᴆ π) 
 

Å▄●▬ ╕ is the Hamiltonian of self-oscillations of the analytical 3d-pendulum (AMP) around its vertical 

equilibrium 
 

▄●▬ ╕  ▬ ░▲▒► ♬ ░♬ ▒♬  Ǫ  ░   ▒ ȟ░ ▒ ░Ͻ▒  

 

 
 ὶὯ Ὣ Ⱦὖ  ὲόάὦὩὶ έὪ ὴὬὥίὩ ίὸὥὸὩί έὪ ὸὬὩ ὉὖὉ ὩήόὥὸὭέὲί =  έὶὨ ὤ̨ȟ

ᴚϳ ὴὸ = 

ὶὯ ᴚȟ
˒ ˝ ὸ Ὡ  

Å ὴὸ is an arbitrary point in the Euclidean space 

 

Numbers  ςψρ, Ὡ   were discovered by Ya.V. Ryazantsev in the context of the quantum loop gravity   

theory 

Comment. The 3d-pendulum with Hamiltonian ▄●▬ ╕ is the canonical analytic pendulum. 

   

▄●▬ ╕ ï Ὥί ὸὬὩ ὧὥὲέὲὭὧὥὰ άὩὸὶὭὧ έὪ ὸὬὩ ὴὬὥίὩ flow Ὣ  of the EPE 
 



Application of the theory: model of the generalized Dzhanibekovôs effect 
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Kovalevskaya's 

method 
ṧ ᴚ˒˝ί 

Dzhanibekov effect: Ὁᴗ Ὁ ᴗ ώ ὼ ὼ ϳϳ  

For computer  visualization of the Dzhanibekov 's effect see [5]  



Application of the theory: a model of the generalized Dzhanibekovôs effect 
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ɮ ί És the spectral polynomial of the Goryachev-Chaplygin case 

 

ᴚṥ ᴚ ḙ˥́Ὁ ᴗϳ  (V. A. Kolyvagin) 

Conjecture:                         

ÇÅÎÅÒÁÌÉÚÅÄ $ÚÈÁÎÉÂÅËÏÖÓ ÅÆÆÅÃÔ ᵾ ÃÌÁÓÓÅÓ ÏÆ ÓÏÌÕÔÉÏÎÓ ÏÆ ÔÈÅ %0%

ᴿ
  ˥ Ὅᴗϳ  

 

 

˥ Ὅᴗϳ  ï 3ÈÁÆÁÒÅÖÉÃÈ4ÁÔÅ ÇÒÏÕÐÓ ÏÆ ÃÕÒÖÅÓ %ᴗϳ  



The model of the 3d-Klein bottle as a configuration manifold of the 
analytical 3d-pendulum in vertical equilibrium  
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Three-dimensional Klein bottle ὑὰ is the configuration space   

of the analytical 3d-pendulum (AMP) in vertical equilibrium (equivalent to 

the canonical analytic continuation of the classical pendulum phase flow at ὸ = Ð) 
 The functional manifold ὑὰ can be given by the 

system of equations:   

 !ÆÆÉÎÅ 'ÒÁÐÈ +Ìᵾ  ȟ  

Minimal mechanical (pendulum) model ▌╔ ╟
▼ ȡ  

 
Åphase flow AMP    
Åself-oscillations of AMP around  its vertical equilibrium 
Å the space of AMP exits from its vertical equilibrium  

 



The fundamental mistake of the classics 
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    The classical solutions (defined over ᴙ) are ᴚȟ
╔ ╟◄-non-invariant, where 

ᴚȟ
╔ ╟◄ḙᴚ˒˝◄ȿᴙ Ṓᴚ

˒˝◄. This excludes the points t ȟЊ from the of flow ▌╔ ╟
◄  domain 

definition and leads to the loss of the phase ♬-ⱷ -solidity property , inducing also the following mistakes: 
Å Non-equivariance of gluing the signs of classical solutions quadratures  

Å Non-equivariance of classical solutions but not integrals and invariant relations  

Å Non-equivariance of classical geometric interpretations of integrability cases 

Å Destruction of the tetrahedron and trihedron accompanying the tops, i.e. the tops themselves 

Å Omitting angular velocity of the analytic tops 

Å Omitting the canonical global group geometric model of the flow Ὣ  

Å Omitting the additional (4th) integral  Ὂ 

Å Omitting the general integral Ὂᴇȟ  

Å Omitting the constructive general solution 

Å Omitting nature of the Kovalevskaya's case and method 

Å Non-equivariance of the KAM theory for the EPE 

Å Non-equivariance of non-integrability results for the EPE 

Å Non-equivariance of  $ÚÈÁÎÉÂÅËÏÖȭÓ effect theoretical explanation 
 
The fundamental mistake: the classics omits globally analytical time t/ᴚȟ╪▪

╔ ╟◄ - hypothetically - real time  



The chaos-determinism ratio for the EPE 
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affine projection 

Global Atlas on Ὣ   

[Finitely generated high-dimensional determinism] 

Affine atlas on Ὣ   

[Classic chaos] 

ṧᴚ˒˝ί 



The chaos-determinism ratio for the EPE 
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Å Ὣ    is the phase flow of the EPE 

Å { F, G, H}   are a complete sets of integrals of integrable cases of the EPE 

Å ὊȟὋȟὌ  ὋȟὌȟὊ  +  ὌȟὊȟὋ   ï equivariant Jacobi identity  

Å ὊȟὋȟὌ  is the complete set of integrals of the Euler case 

 

Statement (Abrarov  D.L., 2020) The global dynamics Ὣ  is represented by a finitely generated 

module ï by the orbit of the adjoint representation of group ὤ̨
ȟ
ᴚϳ

of rank 281. The symmetry ὤ̨
ȟ
ᴚϳ

 

is the canonical equivariant continuous extension of the exeptional Lie group Ὁ ᴇȢ 



The ratio between the general solution of the EPE and classical solutions 
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‒ίȟɝ ή
ρ

ς
 

ᴗ ϳ

ὸ ὸ ɡπȟὭὸ
ρ

ς
Ὠὸ

ρ

ί

ρ

ρ ί
ȟ 

ʛʜʝ ɡᾀ   В Ὡ ȟᾀɴ ᴏ   

ɡή  has the meaning: 

Å of the canonical coordinate on the separatrix of the Euler case  

Å of the canonical coordinate in the connected map of the canonical affine 

atlas on the 3d-sphere   

Å of the canonical affine coordinate on the curve Ὁ ᴗϳ  

ὖὋὒὃᴗ ϳ  has the meaning ὅ - invariant continuation of the separatrix of the Euler case  

to ί  Њ by the involution ᴚ ί  



The ratio between the general EPE solution and classical solutions 
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Separatrix meaning of the 

function Ū(0, Ὥὸ) in the Euler 

case 

Equivariant cylindrical model of 

the connection "theta-zeta"  

Geometric model of the connection 

"theta-zeta" as coordinates on the 

3d-Klein bottle 

Classical solutions are affinely (over ᴙ) - equivariant, but ᴚ ὸ - non-equivariant 

Classical integrals ᴚ ὸ- equivariant  



Geometric model of the ratio KAM - AntiKAM  
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ᴚ ὸ 

˞  
ɤ˞  


