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The Euler-Poisson equationg [ { [ )

The EPE ordinary differential equations describing the motion of titeeensional heavy rigid

bodies in a planparallel gravity field around a fixgubint

0" [0h7] Qe

o 0]
1 i the angular velocity of the body
0 'O i kinetic moment of the body
(0 I diagonalizedensor of inertia of a body at its fix@dint
0 I directing vector of a straight line from a fixed point to the center of, mass
a I the projection of the vertical vector on the axis of the moeowdinate,

systenrigidly connected to the body

Q aQi| I coefficient equal to the product of body weight by the distance &rom
fixed point to the center of mass,

It | I distance from a fixed point of a rotating rigid body to the center of mass.
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Formulation of the problem

To find:

1. General EPE solution in a unified analytical class ofunctions

2. Unified integrability and classification mechanism for alintegrable cases
3. Unified mechanical and geometric interpretation for allintegrable cases
4. Experimental verification of the unified theory of EPE

5. Correlation of the general solution of the EPE withclassical results



Geometric models of involutiony® <




Geometric models of involutiony® <

A Y i tetrahedron accompanying analytitabs

A Momi momentum map

Ao e &' "vyé@ ivd T°Yé@ e 'Y i theanalytic central symmetry

of the latticeM | ¥ centered a®

A u

V|JH

F(O0e /'Y © 1 additivepart ofinvolutiond  (0)

o«

A ¥

F(0e w &' J“ /Y@ 1 multiplicativepart of involutiords  (0)

o«

A ¥ 1 functional3d-Lobachevskppaces 'Q & (V)
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General solution of the EPEasa group law on the universal elliptic
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General solution of the EPEas a canonicahnalytic structure on -” |= ()

o' (B/Q(1) = M () 0@ - (Ybotm) "Yn'Qp "Yiofm)
0() - (YOofE ) "YNn Qg "YUofE)

0({) "Q (1 ) analyticsimplyconnected self
duality of the3d-ball 1T E)

— (YO0 ) is anequivariant

A zetafunction of the varietyY 0 o)

A theglobal analytic structure on tiggoup’Y U 0)




Exact solvabllity of the EPE

vheorem1 (Unified theoryAbrarovD.L., 2007,2018)

A general solution of the EPE exists and is represented by the canonical exponent-spither&d
\ (E) - a sphere with a canonical continuous metric havingthential:

0 Ad® T ] [ A

and has the form @quivarian@nalytic structures on the group@ote “YOorm :
0'() AdEGs () vE (1)
5@ Agp(- de )R A (2)

where the forn® 1) isthe only parabolic form of weight 12 with respect to the grdupy :
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Exact solvabllity of the EPE

Theorem 2 (Unified integrabilitytheory,AbrarovD.L., 2018)

The generasolution of the EPE over-time is a group CWomplex of particular solutions

represented by tHenctions:

0 o 0 i S A dpifor, — iAo ),

where
A ‘Qu belongs to the set of elliptic curves over the field of rational numbiers

A — ihOF. isthe zeta function of the elliptic cur@. :

A - (@{HOT.) ((=( ROf.) mR=(i hor.) mh-{ hor.) m);
AmoO) - (ihO7Tu) (mod 3ordered trivial zeros);

A1) - (ihO¥.) (mod 3ordered nontrivial zeros).

{Classes ofi -isogenicityof spectral curve®'v}  {types ofs -integrablecases}



Exact solvabllity of the EPE

Theorem 3 (EquivariantK AM -theory,AbrarovD.L., 2007, 2019)
The general solution of the EPE oeetime is a grougunctional CWcomplexof particular

solutions represented by theactions:

0 i 0 i AdB ifor, 0 (RO ),

where
A ‘Qu belongs to the set of elliptic curves over the field of rational numbiers

A 0 inOF. 1 O-function of the elliptic curviy ;

S

A D ((Ro7.) ((OG Aore) mRO3G fore) mROG Fore) m);
Am©) 0 (iho¥) (mod 3ordered trivial zeros);
A1) 0 (ihOTu) (mod 3ordered nontrivial zeros).

{Classesf E-isogenicityof spectral curve€®lv}  {types ofEe-integrablecase}



The general solution of the EPEasthe canonical seHduality of the 3d-

sphere

Oh A e YN Qo (V)

h

@x-- 0 Qon_ (V(E) 0~ - {9 Qon (&) )

@-- 0 S E Qan (VED: 0--) Qan  (V(E)
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The general solution of the EPEasthe canonical seHduality of the 3d-

sphere

Tl g mri¥E o | A 5 5 | O g grih= A > A 5 5|

the potentials of the phasé~ -solidity: the potentials of the analytic dynamics of teeahedra
accompanying thops "y R (a)0O "y h (E) correspondingly

where 'Q Q@ ph'Q Q "TQ the equations of the accompanycayrinedron’Y ()

A "Qp {wé & oy ()i~ (O (O] orbit of acotetrahedroﬁYﬁ(ﬂ)
A Qr {wé &}i or (E)[~ (Hh~ (i)] orbitof acotetrahedror‘iYﬁ(E),
¥ Analytical functional 5dobachevskyspace

Orbit of the flow of largedo)circleson the spherd

Orbit of canonical ordered -selfduality{"Y N [~]e . [} 12



Geometric modelt. ('h  (&A)ht (h (&) and canonicalnorm of the
EPE phaseflow

"Y{ohd,, ( y) - modely 0 "OU0, () - modelX

Definition: 6,y h ()8 " o (i) [=Qd ¢ @ ()] is the canonical norm ol

Additiverepresentation-(i Fe (7)): —(ife (M) h B ()
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Zetafunctiont ('lh  (4)) asa global continuous metric on the 3esphere\

Notation: 0 w(€) - subcompleof level€ in 0w -

complex(V )
(V. (=Gfe o))
feie (viewae.0) ) o ()
(s, B0(q) @ PGLAQ()) e e
SLo(Z) € (OQUD @(OU())) ) ('\l ) ( ) ('\l ) ()
beie)e  (owi@we.o) | 0) 0 )
+(t@ie)x ¢ (oniE@mve.) 00 () ) (V)
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Geometry, dynamics and arithmetic of the global invariang

F isthe canonical globdgbvere "B )0 -metricon the spherd (g)

is the potential ofthecanonicab -duality{t. N [®] e "Y A |1}

3i shpeot ent i al
A of the canonical® -duality Yz (s)P "Yﬁ(ﬂ) of the accompanyingoitetrahedron
A of theequivarian® -continuatiorof classical solutions (including the "EukeparatriX) toi H
A of thebimodularparametrization & (0) P ‘OFu} curvesovero & property of phase»-1~ - solidity

A of the domain of the canonical-8ponent is globally (over® ) an anal®tic functior
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Geometry, dynamics and arithmetic of the global invariantexpF

expF 1 is the canonical global ("over' "D ) 0 -metric on the spheré ()

i is the potentiabf thecanonical globad -duality{t. N [®] e "Y A 1}

expF is the potentiat

A of theequivariant® (global® ) - continuation of classical solutionsito Hb

AAn i s t he pdetvedbirhodwalparametrizationgy (0)P Ofu} ¥ property of the
derivedphase -1 -solidity

AA is the pot eneqguivarian{gdbal ¢clakse )3dexponen@ c a |

A A - potential of finitely generatedeterminizatiorof classicathaos
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Mechanical meaning of the global invariant

5 ‘Ho(le« © o0 o A A8 a8 )
30D ARG & ¢ & AMOIHBIARQNT RO  moh” o Ty (£ QM VR 6 ho QE & i
A 3EOERAT El 1 ZEEMEOFBR IO )
A 3 Is the vertical equilibrium Hamiltonian of the analyticat@endulum AMP)

~~

I Q@ numberof degrees of freedoAMP =i ’Q’)“ﬁ’“
A @'Y 0b aRaE 08 Thaa ¢ QR @) 0 QO @H0E QI
@'Y oedd? g1 Y iooedd?  po

18 ©® m™ p ¢ O T ¢ GCUp
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Mechanical meaning of the global invarianigg ® s

> 7 s m|O ¢ @ hii i3

m e QD QR0 E ¢ &FMOAHAIARQGA0R™Q  of theEPE

A ge st OE(AA T EI J1&Bgkkéral tofO O )

A m ® =S the Hamiltoniarof selfoscillations ofthe analytical 3ependulum(AMP) aroundits vertical
equilibrium

~

i W & 6dNQ0i @O @AM VR 6 OOk ¢ ’@“ﬁj” n o=

i 2: © 0

A 1 ds an arbitrary point in the Euclideapace

Numbersg¢ (,82 were discovered bya.\V Ryazantsein the context of the quantum loop gravity

theory
Comment. The 3d-pendulumwith Hamiltonian ge=ss is the canonical analytic pendulum
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Application of the theory: model of the generalized z h a n | beffdcto

SQdSQ

(wqt))i =t Hwiotwir-t+wia-t°+ ) m

Kovalevskaya's
method

—

(”Y t))i :t_z(%,o‘l‘%,l’t‘|'%',2't2+ ) s1ds;
(1) L(s. E/Q)

Dzhanibekoweffect Go O jo {0 ® &

For computer visualizatiorof the Dzhanibekovs effectsee[5]
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Application of the theory: a modelof the generalizedD z h a n | bedffdcto

B (i) Bthe spectrabolynomial ofthe GoryachevChaplygincase

¥ $ ¥ el (O jo)(V.A. Kolyvagin)

{CAT AOAIUEWVA £ RAEAMA DI AD@A O OO BFIFIBA®DY
Conjecture R
{1 (Quv)}
1" (Ou)I3EAEAOAQENDE ©BED O GAO
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The modelof the 3d-Klein bottle as a configuration manifold ofthe

analytical 3d-pendulum in vertical equilibrium

Threedimensional Klein bottl® & is theconfiguration space
of the analyticaBd-pendulum AMP) in verticalequilibrium (equivalent to

. A the canonical analytic continuation of thlassicalpendulum phase float 0= )b
The functional manifold0 & canbe given by the
system ofequations:

3(t) ! . { < F(t),&(t) >=0

[i(t)a‘:j(t)] =0
b\
< F(t),3(t) >=0
r_—]_ =" Minimal mechanical (pendulum) model J T 1d,

A phase flonAMP
A seltoscillations ofAMP around its vertical equilibrium

[¥(t),&(8)] =0 |
; A the space oAMPexits from its verticalequilibrium

| EEFEOARAPIE h
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The fundamental mistakeof the classics

The classical solutions (defined owey arey I - | (i noninvariant,where
af-h(ae w "(3s, Owu (4. Thisexcludes the points  FHbfrom theof flow | * | domain

definition andeads to the loss dfie phase #® -solidity property, inducing also the followinqistakes:
A Non-equivarianceof gluing the signs of classical solutiomsadratures

A Non-equivarianceof classical solutionsbut not integrals and invariantelations

A Nonequivarianceof classical geometric interpretationsinfegrability cases

A Destruction of the tetrahedron amithedronaccompanying the tops, i#etopsthemselves
A Omitting angularvelocity of theanalytictops

A Omitting the canonical global group geometriodel of the flow'Q

A Omittingthe additional (4th) integral™O

A Omitting the generaintegral @y,

A Omitting the constructive generalolution

A Omitting nature of thé&ovalevskaya'sase ananethod

A Nonegquivarianceof the KAM theory fothe EPE

A Non-equivarianceof nonintegrability results forthe EPE

A Nonequivarianceof $ UE AT E Affed th€o@tidal explanation

The fundamentaimistake: theclassics omits globallgnalytical time t/4 Wﬁ|=|t( 4 - hypothetically- real time
22



The chaosdeterminism ratio for the EPE

i Gy +v Gy Fy + pFy
{F,{G,H}}+{G,{H,F}}+{H,{F,G}} :E]

Hg + EH1

F, 2
’ 2

affine projection

Pacuienneye cenapatpuc BeTaneHue pewuennin Hag £ /C PoxaeHve beckoHey4Horo Ynicna
HEBBIPOX/AEHHbBIX NEPUOANYECKUX ABYKEHUN

E u ( . .
Global Atlason"Q « Q) Affine atlason"Q

[Finitely generated highlimensional determinism] [Classicchaos]
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The chaosdeterminism ratio for the EPE

A Q isthe phase flow of thEPE

A {F G, H} are a completsets of integrals ahtegrablecases of th&PE

A {ofaig} {oaig}+ {{O'@iQ} -7 equivariantacobiidentity
A "ORORhO is the complete set of integrals of the Eulase

Statement @brarov D.L., 2020)The global dynamicX) is represented by a finitely generated

modulei by theorbit of theadjointrepresentation quoup(l')cwﬁj * of rank281. The symmetrg’bcwﬁj “

IS the canonicagquivariancontinuous extensioof theexeptionalie groupO (E)8
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The ratio between the general solution of the EPE and classicablutions

—(ife (D)

N |0

GHg(a) - B 1Q N o

A of the canonical coordinate on teeparatrixof the Euler case

g(f) has the meaning® of the canonical coordinate in the connectexpof the canonical affine
atlas on th&d-sphere\

A of the canonical affine coordinate on theveO | o

0 040, (; y) has the meaning - invariant continuation of the separatrix of the Euler case

toi  Hobythe involutionds (i)
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The ratio between the general EPE solution and classicsblutions

sn(t, k) e "
dn(t, k) enerator (J/~

ap)(E/Q)
K1°(R)
Separatrixmeaning of the Equivariantcylindrical model of ~ Geometric model of the connection
functionU (, @ in the Euler the connection "thetaeta” "thetazeta" as coordinates on the
case 3d-Klein bottle

Classical solutions aifinely (overa) - equivariantbutd  (0) - nonrequivariant

Classical integrals  (0)- equivariant
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Geometric model of theratio KAM - AntiKAM
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