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Abstract.

This paper considers the formal eigenvalue/eigenvector problem for
L in the real four-dimensional spacetime R4 . Accord-

Lorentz transformation

ing to the problem statement, it is required to nd a quartet of linearly independent eigenvectors for the composition

L = L1 L2

of the boosts

L1

and

L2 .

To analytically nd the eigenvalues, a fourth-degree polynomial characteristic
equation is obtained and solved. The a priori expected concise expressions for
the eigenvectors are presented.

Introduction

This work and [1] complete the phase of the study of general Lorentz transformations, begun in [2] and continued in [3]. In [2], a special case of Lorentz boost
composition was not considered. In [3], the expression for the eigenvectors of the
boost composition turned out to be too cumbersome. The latter disadvantage is
overcome in this paper.
The Lorentz transformations L are dened as a linear homogeneous transformation of the spacetime vectors u, v that preserves the real inner product (u, v̄)
of one conjugated vector v̄ ≡ 2(v, i0 ) − v by another vector u:

(L{u}, L{v}) = (u, v̄),
√
where i0 is the unit vector of unit length (i0 , i0 ) ≡ 1 along the time axis.
For brevity, only one option of ±L{u} and ±L{ū} is treated.
The transformation L involves Lorentz boost L as self-adjoint transform i.e.
in an inner product L is transferred from one vector to another. So, for any u, v
(L{u}, v) = (u, L{v}).
The problem is to obtain the quartet of eigenvectors ck for the transformation
L1 L2 :
L1 L2 {ck } = ξk ck ⇔ L2 {ck } = ξk L−1
(1)
1 {ck },
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where ξk is the real eigenvalue and the eigenvector serial number k ranges from 0
to 3. For simpler calculations, it is better to treat the equation located in (1) on
the right.

1. General statements

To solve the equation (1), the easily provable general considerations are very useful.
They are as follows:
1. The desired quartet of eigenvectors is always exist.
2. If ξ is an eigenvalue, then 1ξ is also an eigenvalue.
3. If an eigenvalue ξ is dierent from 1, then it corresponds to a lightwise eigenvector c having a zero pseudolength: ξ ̸= 1 ⇒ (c, c̄) = 0.
From these statements it is easy to establish without paper calculations that
the quartet of eigenvalues consists of two units and a pair of mutually inverse
values: 1, 1, ξ and 1ξ .
The characteristic equation for ξ is:

(ξ − 1)2 (ξ 2 − 2ξ cosh χ + 1) = 0,

(2)

where the scalar parameter χ is dened in accordance with famous cosine rule:

cosh

χ
θ1
θ2
θ1
θ2
= cosh cosh
+ (n1 , n2 ) sinh sinh
2
2
2
2
2

(3)

and the scalar parameters θ1 and θ2 are the rapidities, such that the velocities v1 ,
v2 divided by scalar speed of light c are expressed as v1 /c = n1 tanh θ1 , v2 /c =
n2 tanh θ2 .
Note that (3) refers to the half hyperbolic angles χ2 , θ21 and θ22 , while the
famous velocity addition is expressed via whole hyperbolic angles θ, θ1 and θ2
[4, 5].
From the above and concomitant considerations, we can conclude that the
eigenvectors c0 , c1 , c2 , c3 form a system of pseudo-orthogonal vectors, such that
(c0 , c̄0 ) = (c0 , c̄2 ) = (c0 , c̄3 ) = (c1 , c̄1 ) = (c1 , c̄2 ) = (c1 , c̄3 ) = (c2 , c̄3 ) = 0.

2. Eigenvectors

The eigenvectors c0 , c1 , c2 , c3 for the composition L1 L2 of Lorentz boosts L1 , L2
and the corresponding eigenvalues are listed in Table 1.
In Table 1 n1 and n2 are the unit spatial vectors along the considered intersecting velocities, such that (n1 , n1 ) = (n2 , n2 ) = 1 and (n1 , i0 ) = (n2 , i0 ) = 0. The
cross product
√ [n1 , n2 ] is directed along the Wigner rotational axis ν [6], so that
[n1 , n2 ] = ν 1 − (n1 , n2 )2 . The spatial part of the eigenvectors c0 and c1 depends
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Notation
c0
c1

c2
c3

Eigenvector
i0 − d ξ=eχ
i0 − d ξ=e−χ

i0 − n1

Table 1.

coth

θ1
2

+(n1 ,n2 ) coth
1−(n1 ,n2 )2

θ2
2

3
Eigenvalue
eχ
e−χ

coth

θ2

+(n ,n ) coth

θ1

1
2
2
2
+ n2
1
1−(n1 ,n2 )2
[n1 , n2 ]
1
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on the eigenvalue ξ and, up to the sign, coincides with the unit vector dξ that is
dened as a function of eigenvalue ξ in the form:
√
n1 ξ sinh θ21 + n2 sinh θ22
dξ = √
.
(4)
ξ cosh θ21 − cosh θ22
The spatial parts d ξ=eχ and d ξ=e−χ of the eigenvectors c0 and c1 are obtained
by substituting into (4) the values ξ = eχ and ξ = e−χ , respectively.
Thus, in the context of the eigenvalue/eigenvector problem, the composition
of Lorentz boosts is as elementary as a single Lorentz boost. In both cases, the
solution boils down to stretching of one basis eigenvector and reverse decreasing
of the second basis eigenvector with the remaining basis eigenvectors unchanged.
A ready-made solution of the eigenvalue/eigenvector problem for the composition of any rotation with a boost, as well as the expressions for representing the
composition L1 L2 of the boosts L1 , L2 as a composition of the Wigner rotation
and boost is given in [2, 3].

Conclusion

The relations (2)(4) seem perfectly concise and quite simple to be widely presented in reference books to all whom it may concern. But these are missing. The
only obstacle to obtaining the above formulae is cumbersome calculations. Two
things are important to overcome this obstacle. To simplify the formulae it is useful, rstly, to use hyperbolic geometry, as prescribed in [4, 5], and secondly, to
carry out calculations in terms of quaternions [7].
This paper presents a solution to the eigenvalue/eigenvector problem in the
vein of [4, 5] in coordinatefree way using the conventional cross product of fourdimensional vectors. In fact, the formulae (2)(4) turned out to be easier to obtain
in terms of the quaternion algebra equipped with quaternionic multiplication [8].
It's remarkable that a modern cross product of vectors is best dened in
quaternions and generalized to the case of three arguments [9]. A triple cross
product is especially convenient for describing Lorentz transformations, which are
represented by a linear combination of orthogonal transforms and are described
by triple products of variable vector and constant vector parameters [2, 3].
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Among normalized algebras with a multiplicative unit, quaternions expand
to octonions. In this case, a cross product of vectors is also generalized to the
eight-dimensional case [8, 9, 10, 11]. Along the way, a generalization of Lorentz
transformations to eight-dimensional spacetime is anticipated. Probably in the
future it will be extremely interesting to generalize the laws of motion from the
conditions of their invariance with respect to generalized Lorentz transformations.
The concise representation and description of the Lorentz transformations via
eigenvectors may be useful for researchers who will be engaged in the mentioned
generalization.
This work was performed within the framework of the budgetary theme 00602019-0011 (Fundamentals and technologies of big data for sociocyberphysical systems).
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