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Abstract. The widespread use of supercomputers for solving practical problems with numerical matrices of large sizes requires a revision of the matrix
algorithms that are used today. The Galois classification for dividing all matrix algorithms into three classes is discussed. The special role of recursive
matrix algorithms is emphasized. These algorithms provide a natural way to
isolate independent large-block subproblems for parallel computations on a
supercomputer.

1. Introduction
The theory of matrices and matrix algorithms that was created for the computing
technology of past generations needs to be revised. This has been repeatedly stated
by Jack Dongarra, who is rightfully considered the father of supercomputing. He
calls for the search for a new computing paradigm. We can cite as an example [1].
We propose to consider several proposals that could form the basis of such a
new paradigm.
Earlier we dealt with "small matrices" and computers with shared memory.
Now we need to learn how to deal with (A) "large matrices" and (B) supercomputers that have distributed memory. Each individual processor of a supercomputer
has memory available only to its cores. In addition, (C) in large computing clusters,
while solving a problem, individual processors are likely to fail.
The main problem is the loss of the correct solution to the problem due to
the accumulation of computational error. Overcoming this difficulty is possible in
only one of two ways.
(I) You can increase the bit width of the machine word in which numbers are
stored. For this purpose, you can, for example, use the Java BigDecimal class.
(II) It is possible to find an exact solution to the problem for some tasks. For
this purpose, you can, for example, use the Java BigInteger class.
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2. Galois classification of matrix algorithms
In connection with such a revision of matrix algorithms, it is necessary to take
into account the algebraic features of the algorithms.
We will consider rational numbers (or their complexification) as input data.
Then, as a result of calculations in the solution, one can obtain either rational
numbers (Q) or numbers that are expressed in radicals (ER), or algebraic numbers,
that are not expressed in radicals (AR).
Let’s call these three classes of matrix algorithms M Ai (i = 1, 2, 3). Or otherwise, we can talk about a Q, ER and AR classes of matrix algorithms. We
propose to call it the Galois classification, since it has a direct connection with
the calculation of the roots of a polynomial. Class M A1 is similar to the class of
linear algebraic equations and has only rational solutions. Class M A2 , is similar
to algebraic equations of 2,3 and 4th degree and has solutions that are expressed
in radicals. Class M A3 , is similar to equations above the fourth degree and has
solutions that are not expressed in radicals.
Dividing the entire set of matrix problems into these three large groups is a
reasonable first step in creating a modern theory of matrix algorithms.
Indeed, in the first class one can use a large arsenal of algebraic techniques,
including transition to finite fields, rational reconstruction, or use the operation of
exact integer division.
In the second class, such techniques are impossible. But here you can get
a solution without using an iterative process. For example, to reduce the error,
it is enough to switch to calculations with numbers, which have increased digit
capacity.
In the third class of algorithms, there must be an iterative process in which
a solution is achieved with the required accuracy.

3. Block-recursive matrix algorithms
The first non-trivial block-recursive matrix algorithm is Strassen’s algorithm for
matrix multiplication. In recent years, new block-recursive matrix algorithms have
been obtained. The main feature of such algorithms, which is fundamentally important for supercomputer computing, is the ability to separate large independent
subproblems.
A less important but very useful property of these algorithms is their lower
computational complexity. It usually corresponds to the computational complexity
of the multiplication algorithm. For example, when using Strassen’s algorithm, the
complexity of the entire recursive algorithm will be ∼ nlog2 7 .
In recent years, many research groups have been intensively searching for special mechanisms for extracting large independent subproblems from the algorithm.
Here are some of the task-based runtimes known today: OpenMP [2], StarPU [3],
Legion [4], PaRSEC [5], OCR [6], HPX [7], SuperGlue[9], QUARK [10]. A framework for synthesizing distributed-memory parallel programs for block recursive
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algorithms is presented in [8] and is illustrated by synthesizing programs for the
FFT. It has been incorporated into the EXTENT system.
We continue to develop this area for creating an efficien runtime for supercomputer. Our DAP-technology [20] – [22] exploits the natural property of separating
independent recursive subproblems in a recursive algorithm.
Today, such recursive algorithms are known in M A1 class: multiplication,
inversion, calculation of the adjoint matrix and determinant, calculation of the
echelon form and kernel of the operator, calculation of the pseudoinverse matrix,
generalized Moore-Penrose inverse, Bruhat decomposition, LEU and LDU expansions. In the M A2 class, a recursive algorithm for QR-decomposition is known.

4. Algorithms in the commutative domain
Computer algebra studies algorithms in various universal algebras, including commutative domains.
As is known, a commutative domain can naturally be immersed in its own
field of quotients. However, operations in the field of quotients, as a rule, are much
more computationally complex. Even in cases where the solution lies in the field
of quotients, an algorithm that does not use arithmetic in the field of quotients,
but presents the numerators and denominators of the desired fractions, may have
less complexity.
If, however, homomorphic images of the field of quotients into finite fields
are used, and then a rational reconstruction of the solution is applied, then here,
too, the computational complexity can be reduced. This is due to the fact that
reconstruction of a separate numerator and denominator has less computational
complexity than reconstruction of a fraction.
Sparse matrices are of particular interest. It is well known that the use of
homomorphic mappings reduces the computational complexity for dense matrices.
However, the picture may be different for sparse matrices. And for some types of
sparse matrices, the use of a homomorphic mapping may not improve, but worsen
the computational complexity.
Thus, we can distinguish a special subset of algorithms in class A. These are
block-recursive algorithms for a commutative domain. They are the most promising
for supercomputing.

5. Conclusion
We propose to revise matrix algorithms in connection with the requirements put
forward by supercomputing, and to base it on the division into three classes: M A1 ,
M A2 , M A 3 .
For each of these classes, one can further consider their own approaches to
solving supercomputing problems.
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We also note the special position occupied by block-recursive matrix algorithms for solving the problem of allocating large independent subtasks when
computing on a supercomputer, which has memory distributed across separate
processors.
Among block-recursive algorithms of M A1 class, a special place is occupied
by algorithms for commutative domains, which make it possible to further reduce
the computational complexity of an algorithm.
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