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Classical Fisher information metric from the
Wigner function of N−level system

Vahagn Abgaryan, Arsen Khvedelidze and Dimitar Mladenov

A long history of various efforts to extend the concepts and methods of clas-
sical information theory to the quantum world indicate existence of fundamental
obstacles on this way. At the same time, searching for methods to overcome these,
new aspects of a classical-quantum correspondence are revealed. A well-known
example of this is the attempt to introduce quantum analogue of the so-called
classical statistical manifold of probability distributions, which is widely exploited
in the classical information geometry [1]. The studies of the geometrical aspects
of the quantum information are interesting not only from a pure mathematical
standpoint but became very actual owing to the practical purposes. Due to a
request coming from the quantum technology, formulation of the quantum esti-
mation theory [2] turn to be in the frontier of a modern research. Particularly,
the issue of interrelations between the phase space quasidistributions and classical
Fisher metric are of current interest. Our studies are devoted to this issue and in
the report we claim a representation of the classical Fisher metric corresponding
to a quantum system in states admitting description in terms of a positive definite
Wigner function.

The derivation of the above mentioned representation for the Fisher informa-
tion matrix is based on the recently elaborated approach to phase-space description
of N−dimensional quantum system using the Wigner function defined over the flag
manifold ΩN := U(N)/U(1)N [3]. Let PN be a state space of a quantum system
and π be a quotient (canonical) mapping corresponding to the adjoint SU(N)
group action:

π : PN −→ O[PN ] = PN/SU(N) , (1)

and Ω
(+)
N [%] denotes a subset of phase space ΩN , where the Wigner function of a

given state % is non-negative:

Ω
(+)
N [%] = {x ∈ ΩN | W%(ΩN ) ≥ 0 } . (2)
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2 Vahagn Abgaryan, Arsen Khvedelidze and Dimitar Mladenov

Then one can consider the states % ∈ P
(+)
N such that every Ω

(+)
N [%] coincides with

the whole phase-space:

P
(+)
N = {% ∈ PN | Ω

(+)
N [%] = ΩN } . (3)

We will show that this subset is not empty and moreover the set O[P
(+)
N ] , defined

as the image of P(+)
N under the quotient mapping π ,

O[P
(+)
N ] = {π(x) | x ∈ P

(+)
N } , (4)

represents the cone on the orbit spaceO[PN ]. Hence, the Wigner functions of states
from P

(+)
N are proper positive definite probability distributions. Having this result

one can compute the classical Fisher information associated to the probability
distribution of states % ∈ P

(+)
N in terms of the corresponding Wigner function.

The derived representation for a classical Fisher matrix is exemplified for the
case of qubit (N = 2) and qutrit (N = 3) .

References
[1] Shun-ichi Amari, Information Geometry and Its Applications, Springer Japan 2016

[2] M.G.A Paris, Quantum estimation for quantum technology, Int. J. Quant. Inf. 7 , 125
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Mechanics, Physics and Arithmetic

Abrarov D.L.

The author's results on the exact solvability of the Euler-Poisson equations
(from classical mechanics) in special L-functions (from modular arithmetic) are
presented. The results are unexpected within the framework of the classical ap-
proach. This requires extensive reconcilement with the already accumulated results
in this �eld (primarily with classical solutions and their chaotic perturbations),
carried out in the monograph [1] (see also [2], [3]). The emerging general solution
geometrically represents the potential of a canonical multivalued �nitely generated
analytic map of centrally-similar rotation in the Euclidean 3d-space with a natural
Galois group factor-structure. The fundamental mechanical meaning of "analytical
arithmetic solutions" is the special self-oscillatory modes of the generalized (su-
per) gyroscopic dynamics of heavy tops (special relativistic quantum oscillations),
obtained on the base of the Kovalevskaya method for solving the original equations
and is lost by classical mechanics due to its nonrelativism (which includes classical
solidity of the con�guration space, but excludes canonical solidity of the phase
space, induced by the involution of time reversibility of the original equations).

The obtained theoretical results agree with the experimental data of the
fundamental Dzhanibekov e�ect, clearly presented in the computer visualization
of paper [4], which also demonstrates the visualization of the Galois axis, a new
object for classical rigid body dynamics.

References

[1] Abrarov D.L. Exact solvability of the Euler-Poisson equations: global dynamics and

zeta functions, M .: Scienti�c Thought, 2021.602 p.

[2] Abrarov D.L. Exact solvability and the canonical Euler-Poisson model, Rigid body
mechanics, NASU, 2007, Issue 37, p. 42-68.
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Orienting pseudovectors and polhodes

Semjon Adlaj

Abstract. We demonstrate that pseudovectors possess a �chirality� which is
reversed by an improper rotation. The reversal of chirality of a pseudovector
ought not be confused with reversing its direction, as commonly and
mistakenly advertised. Such confusion is a source of repeated, drastic errors
which must be eliminated before the dynamics of rigid body motion is
investigated for algorithmic implementation.

The well-established term polhode refers to the trajectory of the �tip� of the
angular velocity in body's frame. We shall refer to the trajectory of the �tip� of the
angular momentum in body's frame as the momentum polhode. The momentum
polhodes were represented in Fig. 51 on p.117 of [1].

Pic. 1: The momentum polhodes as represented in Fig. 51 on p.117 of [1].
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2 Semjon Adlaj

A lasting �struggle� for orienting the momentum polhodes

The momentum polhodes were oriented in Fig. 4.7 on p. 147 of [2].

Pic. 2: The orientation of the momentum polhodes,
as represented in Fig. 4.7 on p. 147 of [2].

The orientation of the separatrices was subsequently corrected in [3]. That
correction was duplicated in [4]. The same correction was suggested by F.G. Uskov
(Skolkovo Institute of Science and Technology) in a private correspondence.

Pic. 3: The orientation of the momentum polhodes as corrected in [3, 4].
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Later yet, another orientation reversing correction was presented in Fig. 4.10
on p. 167 of [5].

Pic. 4: The orientation of the momentum polhodes,
as further corrected in Fig. 4.10 on p. 167 of [5].

The latter correction was followed by another correction of the orientation of
the separatrices in Fig. 4.9(b) of [5], which, according to [6], must be reversed.

Is the �struggle� for orienting the momentum polhodes over?

Regardless of the adopted correction (in either Pic. 3 or Pic. 4) we might observe
that the four separating momentum polhodes are now divided into two pairs, each
pair lies on a single circle. Now the two separating momentum polhodes on a circle
�originate� from �a critical point� and �terminate� in an �opposite� critical point.
Yet, one must note here that the orientation (whether outwards or inwards) of a
non separating polhode in either the �original� picture (Pic. 2) or in its �correction�
(Pic. 3 and Pic. 4) is not preserved after subjecting it to �central symmetry�. In
other words, the orientation of the path of the �tip� of the angular momentum
opposes the orientation of the path of its �tail�. The case of a separating momentum
polhode is exceptional since both the �tip� and the �tail� lie on the same circle,
�carrying� a pair of separating momentum polhodes with two distinct (opposing
to each other) orientations, yet originating (and terminating) in a common point.

15



4 Semjon Adlaj

On the other hand, we must also note that any separating polhode (regardlss
of its orientation) does �separate� momentum polhodes, oriented outwards, from
momentum polhodes, oriented inwards.

Thus, the orientation of the momentum polhodes (which determination was
laudably and tenaciously pursued in [2, 3, 4, 5, 6]) turned out (after all) being
independent of the chosen orientation of body's coordinate system (whether it
was right-handed or left-handed)! We must, therefore, admit that no orientation
of momentum polhodes is preferred, as no time direction is preferred (as far as
the equations of rigid body motion are concerned). The authors of [1] might have
(rightfully) suspected that they could not unambiguously orient the momentum
polhodes (in Pic. 1), so they avoided discussing this subtle issue (which was
commendably addressed by others).

Conclusion

A source of widespread confusion is the conventional view of a pseudovector,
�requiring� it to reverse its direction if subjected to an improper rotation. Such
common view would preclude us from distinguishing a pseudovector from its
image, if obtained via a central symmetry transformation. However, as we
already clari�ed in [7, 8, 9, 10], a pseudovector is a �chiral� object and a
momentum polhode which trace the �tip� of the angular momentum better be
distinguished from its �mirror� image. A right-handed coordinate system, a
right-handed pseudovector and a right-handed momentum polhode are �mirror�
re�ected to a left-handed coordinate system, a left-handed pseudovector and a
left-handed momentum polhode, respectively.

This work was partially supported by the Russian Foundation for Basic
Research (Project � 19-29-14141).
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Locally measurable partitions, conditional sigma-
�nite projective distributions, central (invariant)
measures and ergodic method.

Anatoly Vershik

1. Rokhlin gave the exhaustive and axiomatic constructive de�nition of the
notion of measurable partitions. We suggest the parallel notion for locally measur-

able partitions which play the important role in many modern considerations �
this is the sigma-�nite projective measures. The su�cient statistics.

2.Hyper�nite (tame) and non-hyper�nite locally measurable partitions. Clas-
si�cation. Markov model for that case.

3.The Problem of the description of measures on a standard Borel space with
given conditional (co-transition) probabilities. Continuous graphs and correspond-
ing algedras. Gelfand-Tsetlin graph.

4.The general ergodic method. Theory of �ltrations. Absolute. De Finetti
roof, RSK, perturbations.

This work was carried out as part of a project supported by an RNF grant
21-11-00152

Anatoly Vershik

St. Petersburg Department of Steklov Institute of Mathematics,

St. Petersburg State University,

Institute for Information Transmission Problems

St.Petersburg, Russia

e-mail: avershik@gmail.com

18



On the number of knots with a given
arc index

Andrei Malyutin and Mikhail Stupakov

Abstract. We show that the number of knots with arc index at most N is
at least xx for x = N/24.

We study the structure and statistical characteristics of the set of classical
knots (see [M15, M18, M18b, M19, BM19, M20] and references therein). A partic-
ular point of our study is the growth rate of the number of knots with respect to
various complexity measures on the set of knots.

Historically, the crossing number is considered as the most natural knot com-
plexity measure, and to date, there is an extensive series of results on the growth
rate of the number of knots with respect to the crossing number. This topic is
studied in particular in [ES87, W92, STh98, ?, St04, ?, M20].

In a new line of research, we consider the growth rate of the number of knots
with respect to the arc index (definitions and properties of the arc index are given
in [Cr95, Cr95b, CN96, BP00, Dy06, JL12]).

As it turns out, the methods developed while studying the growth rate with
respect to the crossing number (these methods are based on properties of alter-
nating links, the Tait conjectures, properties of the Jones polynomial, and Tutte’s
results on the number of planar maps) give only very weak estimates for the growth
rate with respect to the arc index.

To obtain better estimates with respect to the arc index, we develop two
new approaches. Our first approach is based on the analysis of the structure of
conjugacy classes in braid groups, the second one is based on using JSJ decom-
position properties to construct embeddings of pure braid groups into the set of
prime knots. With the second approach, we have obtained the following result.

Theorem 1. The number of prime knots with arc index at most N is at least xx
for x = N/24.

This work was supported by the Russian Science Foundation (project no. 19-11-00151).
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Symplectic structure and canonical parametriza-

tion of di�erential systems with constant local mon-

odromy, sl(2)-case of irregular singular point of

Poincaré rank 1.

Mikhail Babich and Konstantin Kalinin

Abstract. Isomonodromic-deformations equations can be considered as Hamil-

tonian systems. Their phase spaces are some algebraic symplectic manifolds.

We consider the simplest case of di�erential system with irregular singularity.

The presented theory explain the presence of the symplectic structure on the

set of the equations and a method of the its canonical parametrization.

The research was supported by Russian Foundation for Basic Research (RFBR)
No. 18-01-00271.
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Algorithms and computer algebra software for solv-
ing polynomial equation in one or two variables

Alexander Bruno and Alexander Batkhin

Abstract. Here we demonstrate two new methods of solution of polynomial
equations, based on constructing a convex polygon, and provide description
of corresponding software. The first method allows to find approximate roots
of a polynomial by means of the Hadamard polygon. The second one allows
to compute branches of an algebraic curve near its singular point and near
infinity by means of the Newton polygon and to draw sketches of real algebraic
curves in the plane. Computer algebra algorithms are specified, which allow
to investigate any complex cases.

Introduction
Here we present two new methods for solving polynomial equations based on the
construction of a convex polygon from a polynomial. The first method allows
one to find approximate roots of a polynomial using the Hadamard broken line
(section 2). The second method allows one to find branches of an algebraic curve
near its singular point and near infinity with the Newton polygon (section 3). It
also allows one to construct sketches of real algebraic curves in the plane. These
methods can be generalized to higher dimensions [1].

All algorithms are provided with descriptions of their software implementa-
tion in various computer algebra systems.

New points of this work are the following:
• the concept of the cone of the problem is actively used ;
• the application of Newton’s polygon to find branches of a curve near infinity

is given;
• the theory of Hadamard’s broken line method is given;
• computer algebra software is discussed for all algorithms.

For extended version of this work with many examples, listings of program for
computer algebra systems Maple, Sympy, Mathematica and for detailed references
see [2].
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2 Alexander Bruno and Alexander Batkhin

1. Polyhedron and normal cone

Let in Rn given several points {Q1, . . . , Qk} = S. Their convex hull

Γ(S) =

{
Q =

k∑

i=1

µiQi, µi > 0,
∑

µi = 1

}

is a polyhedron. Its boundary ∂Γ consists of vertices Γ
(0)
j , edges Γ

(1)
j and faces

Γ
(d)
j of different dimensions d : 1 < d 6 n− 1. If the real n-vector P = (p1, . . . , pn)

is given, then the maximum and minimum of the scalar product 〈P,Q〉 = p1q1 +
. . . + pnqn on S are reached at points Qi that lie on the boundary ∂Γ. For each
boundary element Γ

(d)
j (including vertices Γ

(0)
j and edges Γ

(1)
j ), we identify the set

of vectors P whose maximum 〈P,Q〉 is reached on points Qi ∈ Γ
(d)
j . This will be

its normal cone

U
(d)
j = {P : 〈P,Q′〉 = 〈P,Q′′〉 > 〈P,Q′′〉 for Q′, Q′′ ∈ Γ

(d)
j , Q′′ ∈ Γ\Γ(d)

j

}
.

The vector P lies in the space Rn∗ , dual to the space Rn.
Let us be interested not in the whole boundary ∂Γ, but only a part of it

corresponding to some set K of directions P . Then let us call the set K the cone
of the problem. It is not necessarily convex. By ∂Γ(K) we denote the part of the
boundary ∂Γ for whose elements Γ

(d)
j their normal cones U

(d)
j intersect with the

cone of problem K. Let us call ∂Γ(K) — boundary of the problem.

1.1. Software for convex hull and normal cones computation
Various software is available for working with convex sets. Here we briefly describe
only those programs that can be used both to compute convex hulls and to compute
their normal cones.

The Qhull package is used in many application software packages, both com-
mercial and free, the Qhull package has a software interface with the Matlab sci-
entific calculation system, GNU Octave, computer algebra systems Mathematica
and Maple, libraries SciPy and geometry for programming languages Python and
R respectively. The main feature of the package is that the calculations are per-
formed using real numbers rather than in the field of rational numbers, which
is convenient when working with the Hadamard polyhedron. When calculating
the Newton polyhedron, additional steps are required to bring the results of the
calculations to rational values.

Since the 2015 version, the Maple computer algebra system includes the
PolyhedralSets package. It allows, in particular, to compute the convex hull of
a set, to give its H- or V -representations, i.e., either as equations of hyperplanes
of the boundary, or as a set of extreme points and rays, the linear combination
of which gives an unbounded convex hull. In this package all calculations are per-
formed in the field of rational numbers, which somewhat simplifies its use for
the study of the Newton polyhedron, but makes it useless when working with the
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Algorithms for solving polynomial equation 3

Hadamard polyhedron. Note that PolyhedralSets has extremely low performance
compared to Qhull.

2. Hadamard broken line method
Let us describe a new method for computing approximate values of roots of the
polynomial

fm(x) =

m∑

k=0

akx
k. (1)

To do this, the points in the real plane q1, q2 are plotted Q̌k = (q1, q2) = (k, ln |ak|),
k = 0, . . . ,m, forming the supersupport Š =

{
Q̌0, . . . , Q̌m

}
, and their convex hull

is constructed Γ(Š) =

{
Q̌ =

m∑
k=0

µkQ̌k, µk > 0,
∑m
k=0 µk = 1

}
def
= H(fm), which is

called Hadamard’s polygon [3] (Hadamard, 1893). The boundary ∂H is a broken
line. Each edge Γ

(1)
j and vertex Γ

(0)
j of this boundary ∂H corresponds to a boundary

subset S(d)
j of points Q̌k lying on Γ

(d)
j , and the truncated polynomial

f̌
(d)
j (x) =

∑
akx

k by Q̌k ∈ S
(d)
j . (2)

If Γ
(d)
j is a vertex (d = 0), then the truncated polynomial (2) is a monomial

that has no nonzero root. If Γ
(d)
j is an edge (d = 1), then the truncated poly-

nomial (2) has nonzero roots, which give approximate values for the roots of the
full polynomial (1). Except exceptional cases, the truncated polynomials (2) are
significantly simpler than the original polynomial (1), and their roots are easier to
compute.

Since the vector (p1, 1) lies in the upper half-plane of the dual plane R2
∗, the

cone of the problem here K = {P = (p1, p2) : p2 > 0}, i.e. — this is the upper
half-plane. It corresponds to the upper part of the boundary ∂H. It will be called
Hadamard’s broken line and denoted by H̃.

Examples with successful application of the Hadamard broken line method
see in [1, 2].

Example 1. Using the Hadamard broken line, let’s find the approximate values of

the roots of the polynomial f(x) = 3+3x2+x4 with roots x0k = ±1

2

√
−6± 2i

√
3 ≈

±0.340625 ± 1.271230i. Its Hadamard broken line is stretched over three vertices
(0, ln 3), (2, ln 3), (4, 0).

It has two edges Γ
(1)
1 and Γ

(2)
2 , which correspond to the truncated polynomials

f̌
(1)
1 (x) = 3 + 3x2 and f̌ (1)2 (x) = 3x2 + x4, with corresponding roots x1,2 = ±i and
x3,4 = ±

√
3 ≈ ±1.732051i.

Iterations of these roots by Newton’s method do not converge to exact values
of the roots. For x1,2 we obtain a periodic sequence of values with period 2 near
±1.042i. Root iterations of x3,4 generally exhibit chaotic behavior. �
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4 Alexander Bruno and Alexander Batkhin

In general, the Hadamard broken line method consists in replacing the orig-
inal polynomial by a set of simpler polynomials whose roots are computed easily
and give such approximations of the roots of the original polynomial that are good
enough for numerical refinement by Newton’s method.

Let us find the reason for the distance between the exact roots of x0i of the
polynomial (1) and the approximate roots of xi obtained by the Hadamard broken
line method. Assume

αk = ln |ak| and βk =

{
ak/|ak|, if ak 6= 0,

0, if ak = 0,

where k = 0, . . . ,m. Then the polynomial (1) can be written as f(x) =
m∑
k=0

βkx
keαk ,

where all |βk| = 1 and 0. Let’s match it with the sum of g(x, y) =
∑
βkx

kyαk and
consider the curve F defined by Equation

g(x, y) = 0. (3)

At y → ∞ the branches of the curve F are approximated by solutions of
the shortened equations ĝ(1)l (x, y) = 0, corresponding to the edges of Γ̃

(1)
l of the

Hadamard broken line H̃ of the polynomial (1). If in the interval

y ∈ [e,∞] (4)

these branches do not intersect or merge, then the approximate roots of xi ob-
tained with the Hadamard broken line are close to the exact roots of x0i of the
polynomial (1). But if in the interval (4) these branches intersect or merge, then
at y = e their mutual placement differs from the limiting location at y → ∞.
But the branches of the curve (3) can intersect or merge only at points

(
x0, y0

)
:

g(x0, y0) =
∂g

∂x
(x0, y0) = 0, i.e., where the discriminant ∆ of the polynomial g

from x is zero.
Therefore, if the curve (3) has no points

(
x0, y0

)
with ∆

(
x0, y0

)
= 0 (5)

in the interval (4), then the approximate roots xi are close to the exact roots x0i of
the polynomial (1). But if the curve (3) has (4) points (5) in the interval, then the
approximate roots xi may be far from the exact roots x0i of the polynomial (1). For
the proximity of real roots of xi and x0i , the absence of real non-isolated points (5)
in the interval (4) is sufficient.

3. Plane algebraic curve
Let f(x1, x2) be a polynomial with real or complex coefficients. The set of solutions
x1, x2 of the equation

f(x1, x2) = 0 (6)
in X = (x1, x2) ∈ R2 or C2 is called a plane algebraic curve F .

26



Algorithms for solving polynomial equation 5

A point X = X0, f(X0) = 0 is called a simple point of a curve F if the vector
(∂f/∂x1, ∂f/∂x2) in it is nonzero. Otherwise, the point X0 is called singular. By
a shift, move the point X0 to the origin of coordinates.

3.1. Local analysis of a simple point
Theorem 1 (Cauchy). If at X0 = 0 the derivative ∂f/∂xi 6= 0, then all solutions
to the equation (6) near point X0 = 0 are contained in the expansion

xi =

∞∑

k=1

bkx
k
j , (7)

where bk — constants, and j = 2− i.
3.2. Local analysis of the singular point X0 = 0 and points at infinity
Let’s write the polynomial f(X) as

f(X) =
∑

fQX
Q by Q > 0, Q ∈ Z2, (8)

where X = (x1, x2), Q = (q1, q2), XQ = xq11 x
q2
2 , fQ ∈ C are constants. Let

S(f) = {Q : fQ 6= 0} ⊂ R2. The set S is called the support of the polynomial
f(X). Let it consist of points Q1, . . . , Qk. The convex hull of the support S(f) is
the set

Γ(S) =



Q =

k∑

j=1

µjQj , µj > 0,

k∑

j=1

µj = 1





def
= N(f),

which is called Newton’s polygon. The boundary ∂N(f) consists of vertices Γ
(0)
j

and edges Γ
(1)
j , where j —is the number.

Each generalized face Γ
(d)
j corresponds to: its boundary subset S(d)

j = S∩Γ
(d)
j ,

its a truncated polynomial f̂ (d)j (X) =
∑
fQX

Q by Q ∈ S
(d)
j and its normal cone

U
(d)
j = {P : 〈P,Q′〉 = 〈P,Q′′〉 > 〈P,Q′′〉 , Q′′ ∈ Γ

(d)
j , Q′′ ∈ Γ\Γ(d)

j }, where P =

(p1, p2) ∈ R2
∗, and the plane R2

∗ is conjugate to the plane R2.
Let x1 ∈ C, x1 → 0 or ∞, and o(1) be a function of x1, which tends to zero

at that. On the curve x2 = bxp1(1 + o(1)), where b = const ∈ C, p ∈ R, monomial

fQX
Q = fQb

q2 {exp [ 〈Q,P 〉ω| lnx1| ]} (1 + o(1)). (9)

In this case P = (1, p), and ω def
= sgn ln |x1| =

{
−1, if x1 → 0,

1, if x1 →∞
. This means that

for given P and ω the largest moduli have those monomials (9) of the sum (8) on
which the value

ω 〈Q,P 〉 by Q ∈ S (10)
reaches a maximum.

If x1 → 0, ω = −1 and the vector ωP = (−1,−p). Hence, here the cone of the
problem K is the left half-plane of the plane R2

∗ and the points Q with maximal
values of the product (10) lie on the left side of the boundary ∂N.
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6 Alexander Bruno and Alexander Batkhin

If x1 →∞, ω = 1 and vector ωP = (1, p). Hence, here the cone of the problem
K is the right half-plane of the plane R2

∗ and the points Q with the largest values
of the product (10) lie on the right side of the boundary ∂N.

We will look for solutions to the equation

f(X)
def
=
∑

Q∈S
fQX

Q = 0 (11)

In the form of expansion

x2 = b1x
p1
1 + b2x

p2
1 + b3x

p3
1 + · · · , (12)

where fQ, bk = const ∈ C, Q ∈ R2, pk = const ∈ R, ωpk > ωpk+1.
In these expansions, the exponents of degree pk increase with k if x1 → 0,

and decrease if x1 →∞.
So, it is proved that

Theorem 2. For solutions (12) of equation (11), the truncated solution x2 = b1x
p1
1

is the solution to the truncated equation

f̂j
(d)

(X) = 0, (13)

corresponding to the boundary element Γ
(d)
j with the external normal vector ω(1, p1) ∈

U
(d)
j .

The truncated equation (13) uniquely determines the sign of ω and the index
of degree p1. If in the sum (8) all vector indexes of degree Q = (q1, q2) have
rational components q1 and q2, then the index p1 is–rational. For the coefficient
b1 we obtain the algebraic equation f̂ (1)j (1, b1) = 0.

Theorem 3. For the polynomial equation (11), all solutions x2(x1) are expanded
into a series of the form (12), where all exponents of degree pk are rational numbers
with a common denominator.

For the neighborhood of the point X = 0, the theorem 3 is that of V. Puiseau,
1850, i.e., for the cone problem K = {P = (p1, p2) : p1, p2 < 0}. The corresponding
part (lower left) of the boundary ∂N is called Newton’s broken line. The expan-
sions of the theorem 1 converge, so all expansions (12) for solutions of polynomial
equations (11) also converge.

3.3. Real curve
If the polynomial (6) has all coefficients of fQ real, then the equation (8) at x ∈ R
defines a real curve F on the plane x1, x2. For it in the expansion (7) of Theorem 1
all the coefficients bk are real, and from the expansion (12) of Theorem 3 only those
in which all coefficients bk are real have sense. Since they are computed sequentially,
at each step only real coefficients of bk should be left, and the complex coefficients
should be discarded.

At the singular point X = 0 the expansion (7) starts with the quadratic
terms f = g20x

2
1 + g11x1x2 + g02x

2
2 + . . .

def
= g2(x1, x2) + . . .
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Algorithms for solving polynomial equation 7

Theorem 4. If the discriminant ∆ = g211 − 4g20g02 of the quadratic form g2 is less
than zero, then the curve F has no real branches passing through the critical point
X = 0.

Let there be two polynomials of degree 2 and 3, respectively:

g = g0x
2 + g1x+ g2, h = h0x

3 + h1x
2 + h2x+ h3.

If polynomials g and h have a common root, then the resultant Res(g, h) is iden-
tically zero.

Theorem 5. Let at the singular point X = 0

f = f2(X) + f3(X) + . . . ,

where fk(X) — are homogeneous forms of degree k by x1, x2, the form f2 6≡ 0 and
its discriminant ∆ = 0, and the resultant Res(f2, f3) 6= 0, then near point X = 0
the curve F — is a semicubic parabola of the form

x2 = αx1 ± βx3/21 + . . . ,

where α is a multiple root of the polynomial f2(1, α).

3.4. Sketch of a real curve
Let the polynomial f(X) have all coefficients real, then on the real plane X ∈ R2

we can draw all its branches using the local analysis described above. Let us divide
this procedure into several steps.
Step 1. We expand the polynomial f(X) into polynomial multipliers using various
computer algebra algorithms. Then we construct curve sketches for each irreducible
factor fl(X) separately.
Step 2. Find all real finite singular points of X0 of the curve f = 0 in which

f(X0) = 0,
∂f

∂x1

(
X0
)

= 0,
∂f

∂x2

(
X0
)

= 0,

using the exclusion method or the Gröbner basis method.
Step 3. Near each singular point X0, find all real branches of the form (12) by
moving it to the origin and using methods of subsections 3.2 and 3.3 .
Step 4. Find the intersection points of the curve with the axes x1 = 0 and x2 = 0
as solutions of the equations f(0, x2) = 0 and f(x1, 0) = 0, using the methods of
section 2 and refining them by the Theorem 1.
Step 5. Find the finite intersection points of the curve with infinities x1 =∞ and
x2 =∞ by truncated equations with P = (1, 0) and P = (0, 1). For each of these,
compute the initial terms of the (12) type expansion.
Step 6. Find the branches of the curve at x1 → 0, x2 → ∞, using part of the
∂N boundary with the cone problem K1 = {P : p1 < 0, p2 > 0}. Similarly, when
x1 →∞, x2 → 0 — with the problem cone K2 = {P : p1 > 0, p2 < 0}.
Step 7. Find the branches of the curve at x1, x2 →∞ using part of the boundary
∂N with the cone problem K3 = {P : p1 > 0, p2 > 0}.
Step 8. Connect the found pieces of curve branches, given that outside the special
points of X0 the curve branches do not intersect.
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8 Alexander Bruno and Alexander Batkhin

3.5. Software for plane curve investigation
The Maple system has an excellent package algcurves that allows to study planar
algebraic curves: build their sketches with high precision, calculate their genus, find
singular points, for curves of genus 0 find rational parameterization, for elliptic
curves bring to Weierstrass normal form. The package allows to construct a sketch
of the curve f(x, y) = 0 by numerical integration of the differential equation f ′x +
f ′yy
′ = 0 for some set of initial conditions defined by points in which at least one

of the partial derivatives of the function f(x, y) is equal to zero.
Since version 12, Wolfram Mathematica has included an AsymptoticSolve

procedure that implements an asymptotic representation of solutions to equations
or systems of equations (not necessarily algebraic) in the form of either Taylor,
Laurent, or Puiseau series near finite or infinite points. If the point is singular, the
procedure tries to calculate the asymptotic expansions of all branches. In this case
we can specify that we should restrict ourselves to real expansions only.
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Numerical integration of Cauchy problems with
singular points

A.A. Belov

Abstract. Detection and investigation of moving singular points in solutions
of differential equations is traditionally performed using computer algebra
systems. We propose a number of approaches to solve this problem in the
framework of finite-difference methods. Algorithms are described that permit
to calculate of the singularity position and order and to continue the solution
through a sequence of integer order poles.

Introduction

Singularity occurrence is a considerable difficulty for numerical integration of
Cauchy problem for ordinary differential equations (ODEs). Commonly, the sin-
gularity position is unknown a priori. Euler noticed that as one approaches the
singularities of the Riccati equation, the approximate solution diverges from the
exact one. Therefore, computer algebra methods are widely used to study singu-
larities.

The problem of completely numerical detection and investigation of singu-
larities in Cauchy problem solutions was stated by Marchuk at his seminar at
the Institute of Computational Mathematics of the Russian Academy of Sciences
in 2003. The methods described in the present work can be easily generalized to
the case of ODE systems, but for simplicity, we consider the problem in scalar
formulation. For the ODE

du/dt = f(u, t), (1)

the aim is to detect the nearest moving singular point, determine its type, and
calculate the moment of the singularity occurrence and its order with guaranteed
accuracy. The pioneer work of Alshina, Kalitkin and Koryakin [1] proposed to
detect a singularity by a sharp drop in the effective order of accuracy at the
moment of reaching the singularity. Cauchy problems with multiple poles have
traditionally been considered for the Painlevet transcendentals, for which there is
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2 A.A. Belov

a lot of a priori information. General numerical methods for such problems have
not been developed.

In this paper, we propose an improved procedure for detecting the nearest
singularity, based on selection of arc length of the integral curve as new integration
argument. This significantly improves accuracy and robustness of diagnostics and
even perform it in automatically. For problems with multiple poles of the integer
order q ≥ 1, we propose a method of through calculation of Cauchy problems.

1. Detection of the nearest singularity

In (1), let us select the arc length of the integral curve dl2 = dt2 + du2 as new
integration argument [2]. Thereby, time t also becomes an unknown function and
the dimension of the problem increases by one. In the new argument, the system
takes the form

du/dl = f(1 + f2)−1/2, dt/dl = (1 + f2)−1/2. (2)

This technique has two advantages. Firstly, the vector of right-hand parts of the
system (2) has unit length. This greatly simplifies numerical calculation. Secondly,
the singularity u → ∞ corresponds to infinite arc length l → ∞. Therefore, for
calculation up to some finite l, the singularity does not fall inside the integration
segment. Let us calculate the problem (2) according to some numerical scheme of
order of accuracy p on a mesh with step h and find the numerical solution tn, un.

Let the nearest singular point T of the function u(t) be algebraic. Then the
decomposition u = C(T − t)−q + . . . holds in its neighborhood. Differentiating this
relation, one gets f = qu/(T − t). Writing the last equality in the nodes n and
n+ 1, one obtains one-step formulas for determining q and T

qn+1 = (tn+1 − tn)(un/fn − un+1/fn+1)−1, Tn+1 = qun/fn + tn. (3)

If during calculation, the values qn+1 and Tn+1 tend to some limits, then the
behavior of the solution is determined by the first term of the Puiseux series, and
the singular point can be reliably determined. Similarly, one can detect singularities
of the form lnq(T − t) and (T − t)−q ln(T − t).

Next, let us perform similar calculations on a mesh with steps h/2. Even nodes
of this mesh exactly coincide with the previous mesh with steps h. Comparing
solutions in coinciding nodes, let us find error estimates of the solution and the
singularity parameters by the Richardson method [3]

∆u = D(uh−uh/2), ∆q = D(qh−qh/2), ∆T = D(Th−Th/2), D = (2p−1)−1. (4)

These estimates are asymptotically sharp. Practically, they are indistinguishable
from the real error equal to the difference between the exact and numerical solu-
tions.

The proposed method has been verified on a number of test problems with
known exact solutions, including partial differential equations. Among them, the
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S-mode of nonlinear combustion ut = (u2ux)x + u3 has been considered. Via the
method of lines, this equation is reduced to a system of several hundred ODEs

duj/dt = (2h2x)−1
[
(u2j+1 + u2j )(uj+1 − uj)− (u2j + u2j−1)(uj − uj−1)

]
+ u3j . (5)

Here j and hx are spatial node number and the space value, respectively. In the
performed tests, it was possible to determine T with the accuracy of round-off
errors 10−8 ÷ 10−10.

2. Pole sequence
Let us describe an algorithm for integrating the Cauchy problem, the solution
of which has a sequence of poles. Consider the so-called reciprocal function v =
sgn(u)|u|−1/q. It satisfies the differential equation

dv/dt = −q−1v1+qf(v−q). (6)

If u has a pole of order q at a point T , then v has a prime zero at that point.
Calculating such a zero is of no difficulty.

Let us introduce a mesh in the time argument with step of τ and calculate the
problem (1) according to some scheme of the order of accuracy p. Simultaneously,
let us calculate qn+1 and Tn+1 using the formulas (3). Naturally, the calculated
values of qn+1 are non-integer. However, if during several sequential steps, they are
close to some integer q, then the latter can be considered the order of the nearest
pole. This calculation is performed until the condition un > U is met for the mesh
value un, where U is a threshold value. Denote this node number by n∗. Beyond
this point, let us numerically solve the problem (6) on the same mesh with initial
condition vn∗ = 1/un∗ . Simultaneously, in all subsequent mesh nodes, we restore
the numerical value of u(t) by un = 1/vn.

Change of sign of vn implies zero of the function v(t) which corresponds to
pole of the function u(t). Thereby, one finds the solution on both sides of the
pole and can continue the calculation through the pole. Further, if solution of
(6) meets the condition |vn| > 1/U , then one returns to the solution of (1). This
transition can be performed an unlimited number of times. This method allows
for calculation through a pole or a sequence of poles.

Note that in this method, one can also apply the arc length of the integral
curve as an argument. This increases robustness of the algorithm. For the functions
u(t) and v(t), the integral curves are different, accordingly, the arc length for them
is also different. Therefore, the starting point of the arc length should be in the
transition point each time.

The reciprocal function method has been tested on the Riccati equation with
the exact solution u = u0 + tg t including first-order poles, and on a specially
constructed autonomous equation with the exact solution u = u0 + tg3(t − t0) +
tg(t− t0) containing third-order poles. Test calculations have shown that solution
with multiple poles can be calculated even using explicit Runge-Kutta schemes
and get an accuracy of 10−14, comparable to round-off errors.
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3. Proximity of curves
In problems with singularities, error calculation as a traditional norm (C, L2, or
similar) of difference between the the numerical and the exact solutions is non-
constructive. The reason is that the calculated position of the pole differs from the
exact one, and therefore, formal solution difference near the pole is huge.

We propose to use the Hausdorff metric to estimate the proximity of solutions.
Let us describe the procedure for calculating it. Consider the exact solution u(t)
before the first pole or between two adjacent poles. Consider the mesh solution un
relating to the mentioned section of the exact solution; it consists of points with
coordinates (tn, un). Some of the values of un are calculated directly by solving
the equation (1), and the values lying near the poles are restored from calculated
values of vn. Draw perpendicular from each point (tn, un) to the curve u(t). The
length of this perpendicular dn is the distance from the point to the curve. Taking
d = maxdn, one gets the Hausdorff metric, which is similar to the C norm. In
practice, it is more convenient to use the analog of the L2 norm, which is equal to
the root mean square of dn

d2 = N−1
∑N

n=1
d2n, (7)

where N is the total number of points in the selected section. For example, for
calculation of the Riccati equation via the 2nd order Runge-Kutta scheme with
step τ = 0.003, the value d was 10−4, however, there was no proximity in the L2

norm.

Conclusion
We show that the classical problem of determining moving singularities allows for
a purely numerical solution. The parameters of the singularity can be calculated
with the accuracy of computer round-off errors. The method of detecting the near-
est singularity is implemented as a package in the MatLab environment. It works
in a completely automatic (not interactive!) mode. The package is tested on repre-
sentative problems, including partial differential equations. A detailed description
of the results of this work is given in [4, 5].
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Compact involutive division based on the
Janet tree

Vladimir P.Gerdt and YuryA.Blinkov

Abstract. Gröbner Based on the minimal Gröbner basis G of a monomial
ideal I in the commutative polynomial ring K[x1, . . . , xn] over a field K and
a total monomial ordering �, we define another monomial ordering �G such
that pairwise involutive partition of variables {x1, . . . , xn} for monomials in
I generated by �G yields more compact involutive basis than that generated
by �. In particular, the involutive basis for �alexG and n� 1 is much more
compact then involutive basis for other divisions. We propose a division �lexG

based on the Janet tree that is about as compact as �alexG , but much more
computationally efficient.

1. Involutive division
An involutive division L is defined onM := { xi11 · · ·xinn | ij ∈ N≥0 }
if for any finite U ⊂M and ∀u ∈ U defined a submonoid L(u, U) ofM s.t.

1. w ∈ L(u, U), v|w =⇒ v ∈ L(u, U) ( partition of variables )
2. u, v ∈ U, uL(u, U) ∩ vL(v, U) 6= ∅ =⇒ u ∈ vL(v, U) ∨ v ∈ uL(u, U)

( “unicity” of L-divisor )
3. v ∈ U, v ∈ uL(u, U) =⇒ L(v, U) ⊆ L(u, U) ( transitivity )
4. V ⊆ U =⇒ L(u, U) ⊆ L(u, V ) ∀u ∈ V ( filter axiom )

Elements of L(u, U) are (L−)multiplicative for u.

u ∈ U ⇒ {x1, . . . , xn} = ML(u, U)
⊎

NML(u, U)

↑ ↑
multiplicative nonmultiplicative

w ∈ uL(u, U)⇐⇒ u |L w u is involutive divisor (L−divisor) of w

The work was supported by the Russian Science Foundation (grant no. 20-11-20257).
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CL(u, U) := uL(u, U) is involutive cone (L−cone) generated by u ∈ U .

2. Involutive bases
Given an ideal I ⊂ K[x1, . . . , xn], involutive division L and monomial order �, a
finite subset G ⊂ I is called (L)−involutive basis of I if

(∀f ∈ I ) ( ∃ g ∈ G ) [ lm(g) |L lm(f) ]

m ( for continuous L )

( ∀f ∈ G ) ( ∀xi ∈ NML(lm(f), lm(G)) ) [ NFL(xi · f︸ ︷︷ ︸, G) = 0 ]

↑
nonmultiplicative prolongation

lm(g) |L lm(f) =⇒ lm(g) | lm(f)︸ ︷︷ ︸
⇓

An involutive basis is a Gröbner basis (GB), generally, redundant.
Similarly to a reduced GB a monic minimal involutive basis is unique.

3. Pairwise Construction of Involutive Divisions
All known involutive divisions satisfying the above Axioms 1-3 are pairwise (Gerdt’01 ),
i.e. for any finite set U ⊂M with cardinality |U | ≥ 2 the set of its L-nonmultiplicative
variables is given by

( ∀u ∈ U ) [ NML(u, U) =
⋃

v∈U\{u}
NML(u, {u, v}) ]

The pair property provides a regular procedure for construction of a pairwise
involutive division called =-division (Gerdt,Blinkov’11 ) if it is generated by a
total monomial order = under the fixed permutation σ on the variables

NM=(u, {u, v}) :=

{
if u = v or (u < v ∧ v | u) then ∅
else {xσ(i)}, i = min{j | degσ(j)(u) < degσ(j)(v)}

Remark There are n! distinct <-divisions where n is a number variables.
If = is admissible or the negation of admissible, then =-division is continuous,

constructive and Noetherian ( Semenov’06, Semenov,Zyuzikov’07-08, Gerdt,Blinkov’11 )

Some particular divisions:
• Janet division generated by the lexicographic order �lex

• �grlex-division generated by the graded lexicographic order:
u �grlex v ⇐⇒ deg(u) > deg(v) ∨ deg(u) = deg(v) ∧ u �lex v
• �alex-division generated by the antigraded lexicographic order:
u �alex v ⇐⇒ deg(u) < deg(v) ∨ deg(u) = deg(v) ∧ u �lex v
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4. Refinement of Pairwise Involutive Divisions
Refinement of involutive divisions

Definition (refinement) Let L1 and L2 be two distinct involutive divisions.
We shall say that division L2 refines division L1 if the following relation holds

(∀U ⊂M) (∀u ∈ U) [NML2
(u, U) ⊆ NML1

(u, U) ] .

Corrolary If involutive division L2 refines division L1 and U ⊂ M, then the
corresponding minimal L1−basis Ū1 and L2−basis Ū2 satisfy

Ū2 ⊆ Ū1 .

This means that either Ū2 = Ū1 or Ū2 is more compact then Ū1.
Given a nonempty monomial set U ⊂ M, we shall denote by GB(U) the

minimal basis (i.e., the reduced Gröbner basis) of 〈U〉.

Definition (ancestor) Given U ⊂ M, u ∈ U and a total monomial ordering
= on M, the element v ∈ GB(U) is said to be an ancestor of u ∈ U w.r.t. <
(denotation: v = anc(u, U)) if

v := max
=
{w ∈ GB(U)

∣∣ w | u }

Refinement of =-division
Let = be a total monomial ordering compatible with multiplication, U a finite

monomial set U and u, v ∈ U . Then we define another monomial ordering denoted
by =GB and given by

u =GB v if anc(u, U) = anc(v, U) or
(

anc(u, U) = anc(v, U) and u = v
)
.

This ordering generates pairwise involutive division, =GB-division.
Theorem =GB-division is Noetherian, continuous and constructive. It refines

=-division.
Examples:

• �lexGB-division refines Janet division (�lex-division )
• �grlexGB-division refines �grlex-division
• �alexGB-division refines �alex-division

5. Conclusions
• We suggest a method of refinement for involutive divisions which are pairwise

generated by total monomial orderings. In particular, the suggested method
allows to refine the Janet division.

• �alex-division, as a representative of this class, is heuristically better than
Janet division. The last in its turn is heuristically better then other divisions
generated by admissible orderings, i.e. �grlex-division.
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Figure 1. Janet tree #61 monoms
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Figure 2. Janet forest #9 monoms

• Computational superiority of �alex-division over Janet division is expressed
not only in a smaller number of nonmultplicative prolongations (number of
the involutive normal forms evaluated) to be examined but also in a higher
stability under permutation of the variables.
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• The LGB−division yields more compact involutive bases than the corre-
sponding pairwise involutive division. Using the Janet forest, it allows you to
quickly find the involutive divisor and define nonmulticative variables.

• Among LGB−divisions the most compact bases generated by the antigraded
orderings =, such as �alexGB

−partition.
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Using of Gröbner bases for the construction
of the FDA

Vladimir P.Gerdt and YuryA.Blinkov

Abstract. In the 60s of the last century, academician N. N. Yanenko formu-
lated the method of differential approximation of the difference scheme. The
main idea of this method is to replace the investigation of the properties of
the difference scheme by the investigation of a problem with differential equa-
tions. Thus this new system of differential equations occupies an intermediate
position between the original differential problem and the difference scheme
approximating it.

Using the technique of Gröbner bases, we want to propose more gen-
eral and pure algebraic definition for the notion of the first approximation,
including the definitions of N. N. Yanenko as a special case.
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On the Bures metric and quantum Fisher informa-

tion for rank-de�ciency qudit states

Martin Bure², Arsen Khvedelidze and Dimitar Mladenov

Recent developments in the emerging �eld of quantum computation and
quantum information theory have received a great deal of attention to studies
of N−level systems. According to the statistical interpretation of quantum theory,
it is a new kind of a probabilistic model and quantum N−level system is an ana-
logue of the classical probability model with a �nite probabilistic space [1]. Despite
being the simplest quantum system, it turns out that this quantum probabilistic
model drastically di�ers from its classical counterpart. The quantum analogue of
classical probability distribution is the state of system, described by a density ma-
trix % ∈ PN . The state space PN comprises all N × N Hermitean, normalized
semi-positive matrices,

PN = {X ∈MN (C) |X = X† , X ≥ 0 , TrX = 1 } . (1)

The analogue of a classical random variable is a quantum observable, represented
by anN×N Hermitian matrixA . IfA =

∑
i ai|ei〉〈ei| is the spectral decomposition

of A with respect to the orthonormal basis of eigenvectors |ei〉 corresponding to
eigenvalues, spec(A) = {a1, a2, . . . , aN} , then the probability distribution of the

observable A in state % over spectrum is de�ned as:

pA
% (ai) = Tr

(
% |ei〉〈ei|

)
, i = 1, 2, . . . , N . (2)

Following this analogy, many methods from information geometry, the geometry of
manifolds of probability distributions in classical statistics [2], have been adopted
for various studies of quantum systems [3]. Particularly, an issue of establishing
of Riemannian structures on the quantum counterparts of space of probability
measures, became a subject of recent investigations. Nowadays, due to practical
goals in the area of modern quantum technologies, a special attention has been
drawn to the question of the determination of quantum analogues of a well-known,
natural Riemannian metric, the so-called Fisher metric, as well as a family of a�ne
connections.

Our report is devoted to the discussion of this topic within quantum infor-
mation geometry. We will analyse the metric on PN , originated from the distance
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function d(%1, %2) between density matrices %1, %2 ∈ PN , which is known under
di�erent names, the Fisher (in statistics), Bures (classical and quantum informa-
tion theory), Wasserstein metric (optimal transport):

d(%1, %2) :=

√
tr%1 + tr%2 − 2tr

(
%
1/2
1 %2 %

1/2
1

)1/2
. (3)

The distance function (3) corresponds to the Bures metric which belongs
to the special class of the so-called monotone Riemannian metrics. It is minimal
among all monotone metrics and its extension to pure states is exactly the Fu-
bini�Study metric [4].

Explicit formulae for the Bures metric are known for special cases. Particu-
larly, Dittmann has derived several explicit formulae (that do not require any diag-
onalization procedure) for the Bures metric on the manifold of �nite-dimensional
nonsingular density matrices [5, 6, 7, 8].

However, owing to the nontrivial di�erential geometry of the state space PN ,
studies of its Riemannian structures require a re�ned analysis for the non maximal
rank density matrices. Indeed, let PN,k ⊂ MN (C) be a manifold comprising of the
normalized N×N density matrices of rank k . According to [8], every PN,k admits
the Bures metric gB and hence one can consider subspace of �xed rank as the Rie-

mannian manifold (PN,k, gB) . The union DN :=
⋃N

k=1 PN,k is not a manifold, but
a convex subset of a�ne space of all normalized Hermitian matrices. Furthermore,
DN cannot be isometrically embedded to any manifold. Due to these reasons the
interplay between the Bures metric and the quantum Fisher information deserves
a special analysis (see e.g. the discussion in [9]).

In the present report, following the puri�cation method and the fundamental
principle of parallel transport along the state (see e.g. [5]) we will derive the metric
on each strata PN,k from the the bundle projection MN (C) → PN . Our exposi-
tion is exempli�ed in details by considering the Bures metric for qubit (N = 2)
and qutrit (N = 3) in di�erent strata .

The �rst author was supported from EU Regional Development Fund-Project
No.CZ.02.1.01/0.0/0.0/16_019/0000766. The research of A.M.K and D.M.M was
supported in part by the Collaborative grant "Bulgaria-JINR".
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Degroebnerization and its applications: a new ap-
proach for data modelling.

Michela Ceria, Teo Mora and Andrea Visconti

Abstract. We propose a new Computer Algebra-based method to give a polynomial
model for data and in particular for the problem of reverse engineering for gene reg-
ulatory networks, as an alternative to that proposed by Laubenbacher and Stigler. We
show that, in order to give the required model, which is composed by polynomials in
normal form with respect to the vanishing ideal of the given data points, it is not nec-
essary to compute Gröbner bases or performing any step of Buchberger reduction with
polynomials. It is possible and more efficient to use a model in which polynomials are
represented via their evaluation at points and to recover the required polynomials by
means of linear algebra and combinatorics.

Gröbner bases’ theory, besides being used in the framework of polynomials sys-
tems’ solving, has found applications also in the data modelling framework.
As an example, in [9], the authors propose a Computer Algebra-based approach to study
gene regulatory networks as dynamical systems, starting from measured data, which are
essentially states of n given genes in the networks at different times. Any state is consid-
ered as a point in (Zp)n, where p is a prime. Let X = {P1, ..., PN} the set of such points. In
order to model their data, they want to construct polynomial functions that are in normal
form, namely reduced modulo the ideal I(X) whose variety is given by the points. They
first compute a separator family for X, so they have one polynomial for each point, say
Qi, 1 ≤ i ≤ N, such that for i, j ∈ {1, ...,N}, Qi(P j) = 1 if i = j and Qi(P j) = 0 otherwise.
Then, they reduce modulo a Gröbner basis of the ideal of points I(X) some polynomials
they find as linear combinations of separator polynomials. The authors also propose their
complexity analysis, stating that

In summary, the complexity of the algorithm is

O(n2N2) + O((N3 + N)(log(p))2 + N2n2) + O(n(N − 1))2cN+N−1).

It is quadratic in the number n of variables and exponential in the number N
of time points.

Recently, a new approach in Computer Algebra has been proposed, that is De-
groebnerization [10, 12], which has been explicitly expressed and endorsed in [11, Vol.3,
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40.12,41.15]. Degroebnerization means avoiding Gröbner basis computation and Buch-
berger’s reduction as much as possible, leaving their use to the only cases in which it is
really necessary. This is due to the computational complexity of Gröbner bases’ computa-
tion. Such a new approach consists then in finding new ways to solve practical problems
that have been originally solved using Gröbner basis computation and Buchberger’s re-
duction. Usually, the “new ways” that can be found consist in using linear algebra and
combinatorial methods. This work places itself in this framework. Indeed, here we show
a new, degroebnerized approach to solve the problem proposed in [9].

First of all, we recall that in [3], an efficient algorithm to compute a squarefree
version for a separator family associated to a finite set of finite points has been proposed.

Given the finite set of simple points X = {P1, ..., PN} ⊂ kn, let us denote by
Pi = (a1i, ..., ani), 1 ≤ i ≤ N, their coordinates and by I(X) the ideal of all polynomi-
als vanishing on X. For 1 ≤ i, j ≤ N, let

ci, j :=
{

0, if i = j
min{h : 1 ≤ h ≤ n, ahi , ah j} otherwise

The multiplicative factors for separator polynomials (see [10]) are of the form

p[ci, j]
i, j =

xci, j − aci, j, j

aci, j,i − aci, j, j
.

The idea is to avoid repeated factors by keeping track of the reciprocal relations
among the points’ coordinates, storing them in a rooted tree called point trie [3]. It has
as many branches (and so as many leaves) as the points; its nodes are labelled with the
indices of the points in X, while the edges are labelled by the coordinates of the points,
with the additional rule that two points share the same path from the root to level i (1 ≤
i ≤ n) if and only if they share the same coordinates, from the first one to the i-th one.
Via this trie we can know how many coordinates are shared by two points and so whether
some polynomial already vanishes on some point, thus allowing us to avoid a useless
multiplicative factor. The complexity of a round of our procedure is O(min(N, nr)).

For applications, the normal form of the separator polynomials modulo the ideal
of the given points is needed. Generally, what it is done is to take the set X, compute a
separator family Q for it, find a Gröbner basis G for the ideal of points I(X) and perform
Buchberger reduction on the elements in Q modulo G.
We show now how to get the same result without the need of computing G, nor of per-
forming any step of Buchberger reduction. Our aim is to use Lundqvist’s interpolation
approach, taking advantage of point tries and Bar Codes to speed up the computation. Let
us consider the following proposition.

Proposition 1 ([10]). Let X = {P1, ..., PN} be a finite set of simple points, I := I(X) /
k[x1, ..., xn] the ideal of points and N = {t1, ..., tN} ⊂ k[x1, ..., xn] such that [N] = {[t1], ..., [tN]}
is a basis for A := k[x1, ..., xn]/I. Then, for each f ∈ k[x1, ..., xn] we have

Nf( f ,N) = (t1, ..., tN)(N[X]−1)t( f (P1), ..., f (PN))t,

where N[X] is the matrix whose rows are the evaluations of N at the elements of X and
Nf( f ,N) is the normal form of f w.r.t. I(X).
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The above Proposition 1 shows that, as soon as we have X and a basis of the quo-
tient algebra P/I(X), computing the normal form of a polynomial modulo I(X) is only a
matter of evaluations and linear algebra.
Clearly, if one has a Gröbner basis for I(X) with respect to some term ordering, finding a
basis for P/I(X) is trivial, since one such a basis is the Gröbner escalier of I(X).
Anyway, it is possible to get the lexicographical Gröbner escalier N(X) of I(X) also in a
“purely combinatorial” way, that is, only using comparisons among the coordinates of the
points and without needing to compute any polynomial.
The first result in this framework has been given by Cerlienco and Mureddu [4, 5, 6],
who provided an algorithm to compute N(X). Such algorithm is iterative on X, but it
needs recursion on the variables, leading to a bad complexity: O

(
n2N2

)
, where N is the

number of points and n the number of variables. An improved alternative has been given
by the Lex Game [8], which, making a large use of tries, improves the complexity to
O (nN + N min(N, nr)), which depends also on r, the maximal number of children of a
node in the point trie of X. This algorithm, despite being fast, has a crucial drawback: it
is not iterative on the points, thing that for applications to data modelling is a great disad-
vantage, due to the dynamicity of experiments. In [2], we present a new algorithm (called
Iterative Lex Game, Iter LG for short) that, employing the point trie and a Bar Code [1]
to dynamically store the terms, is more performant than Cerlienco-Mureddu’s algorithm
but it is iterative on X. In particular, the complexity turns out to be O(N2n log(N)) and we
think it is the best which can be done, keeping iterativity on the points.
The total complexity of our algorithm is O(Nmin(N, nr)) + O(N2nlog(N)) + (nN)O(1).

A Bar Code can be implemented in C using concatenated objects, implemented
using a linked list of data structures. We need three different lists, namely one containing
the terms, one related to the single bars and one containing the different levels of the Bar
Code. In our knowledge, the only function computing the Gröbner escalier associated to
a finite set of finite points in a combinatorial way, is the function nonMonomials of the
library pointid.lib in the Software Singular [7], which implements Cerlienco-Mureddu’s
algorithm. Figure 1 indicates the obtained timings, highlighting the advantages, compared
to the aforementioned nonMonomials function.

GF(2m) Points Coord Singular Iter LG
24 256 4 1.68s 0.13s
24 256 4 5.01s 0.11s
25 1024 3 16.77s 0.13s
26 4096 3 5m 27.04s 2.18s
25 1024 3 23.06s 0.18s
26 4096 3 6m 9.29s 2.04s
28 65536 3 27h 42m 49m 27s
220 4096 2 - 37.40s

Figure 1. Testing activity for the Iterative Lex Game.
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Symbolic Sequences in the Analysis of Tra-
jectories of Triple Black Holes

Ariel Chitan, Aleksandr Mylläri and Shirin Haque

Abstract. We analyse the orbits of triple black holes. Symbolic sequences
based on binary approaches are constructed by numerical integration of the
equations of motion. The sliding window method is used to detect periods of
active triple interactions and long ejections.

Introduction

It is thought that at the center of most massive galaxies there exists a supermassive
black hole [1]. As galaxies merge - and we now have evidence that they do [2],
these supermassive black holes are brought close enough together for interaction
between them to occur. When a third galaxy merges with these two there is then
the formation of a triple system of supermassive black holes. Triple systems of
smaller mass bodies like stellar black holes and stars have been known to exist [3].
The question of how these triple systems evolve is an area of great focus as we enter
the era of gravitational wave physics. These multiple black hole systems provide a
rich source of black hole mergers which existing and upcoming gravitational wave
detectors like LIGO and LISA can easily detect.

In work that is in preparation for publication by the authors [4], Burrau’s
problem of three bodies [5] was studied in depth as an extension of the work
conducted by Valtonen et al. in 1995 [6]. Black holes were placed at the vertices
of Pythagorean triangles with their mass units reflecting the length of the sides of
the triangle. Sixteen Pythagorean triangles were studied - those with hypotenuse
less than 100. Numerical integration of orbits was conducted using ARCcode by
Mikkola et al. [7]. It was found that there was strong correlation between the mass
unit and the mergers occurring within a system. The lifetime of the systems was
found to decay exponentially as the mass unit of the systems was increased.

Another parameter that was of interest was the number of binary encounters
within a system’s lifetime. This was used as a descriptor of how interactive a
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Figure 1. The average number of binary encounters per mass
unit for mass unit range of 103M� to 1012M�.

system is. At every time step, the distances between the bodies are checked and
when there is a local minimum value, a binary encounter is detected.

It was expected that as the mass of the systems increase that the number of
binary encounters would decrease. This was corroborated for the most part by the
results of our simulations (See Figure 1), however, there were outliers with large
numbers of binary encounters in some large mass cases. In this work presented
here, we look closely at these simulations that were considered outliers within
their mass unit range.

Upon checking the trajectory of these systems it was concluded that at certain
points one of the bodies would experience a long ejection. During this time the
remaining two bodies would form a temporary binary pair which accounts for a
large number of binary encounters being detected. In some cases this ejection and
binary pair formation happened multiple times with bodies interchanging with
each other. Using symbolic sequences (outlined in the following section) helps to
easily identify systems that have high numbers of binary encounters due to triple
interactions vs. systems that simply have long ejections.

Analysis of Symbolic Sequences

To analyse systems with large numbers of binary interactions, the sliding window
method is used: we choose the window size, select the sub-sequence of this size
starting from the beginning and calculate Shannon entropy. We then move one
position to the right and repeat the process.

A plot of received entropies for the 48,55,73 triangular configuration (with
mass unit 106M� and distance unit 1 parsec) is shown in Figure 2. Regions of
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Long Ejections 3

Figure 2. Received Entropies. Non-zero regions are where there
is active triple interplay while zero regions are long ejections.

Figure 3. The orbital plot for the 48,55,73 triangular configura-
tion with mass unit 106M� and distance unit 1 parsec. Temporary
binary pair formation during a long ejection can be seen multiple
times and one such event is labelled.

zero entropy are due to two long ejections while period of active triple interplay
corresponds to the region with high value of the entropy in between.

The corresponding orbital plot of this system is shown in Figure 3. The
temporary binary pairs are easily distinguishable in the plot. These correspond
to the third body being ejected for a long duration. Entropy is zero during these
events. The plot also shows chaotic triple interaction when all three bodies are
within the vicinity of each other (at the center of the plot).

51



4 Ariel Chitan, Aleksandr Mylläri and Shirin Haque

References
[1] J. Kormendy and D. Richstone, Inward Bound—The Search for Supermassive

Black Holes in Galactic Nuclei, Annual Review of Astronomy and Astrophysics,
https://doi.org/10.1146%2Fannurev.aa.33.090195.003053

[2] W. Kollatschny and P. M. Weilbacher and M. W. Ochmann and D. Chelouche
and A. Monreal-Ibero and R. Bacon and T. Contini, NGC 6240: A triple nu-
cleus system in the advanced or final state of merging, Astronomy & Astrophysics,
https://doi.org/10.1051%2F0004-6361%2F201936540

[3] Th. Rivinius and D. Baade and P. Hadrava and M. Heida and R. Klement, A naked-
eye triple system with a nonaccreting black hole in the inner binary, Astronomy &
Astrophysics, https://doi.org/10.1051%2F0004-6361%2F202038020

[4] A.S. Chitan, A. Mylläri and S. Haque, preprint, https://arxiv.org/abs/2011.03046
[5] C. Burrau, Numerische Berechnung eines Spezialfalles des Dreikörperproblems, As-

tronomische Nachrichten, https://doi.org/10.1002%2Fasna.19131950602
[6] M.J. Valtonen, and S. Mikkola, and H. Pietilä, Burrau’s three-body problem in the

post-Newtonian approximation, Monthly Notices of the Royal Astronomical Society,
https://doi.org/10.1093/mnras/273.3.751

[7] S. Mikkola, and K. Tanikawa, Implementation of an efficient logarithmic-Hamiltonian
three-body code, New Astronomy, https://doi.org/10.1016%2Fj.newast.2012.09.004

Ariel Chitan
Department of Physics
The University of the West Indies
St. Augustine, Trinidad, W.I.
e-mail: arielchitan@gmail.com

Aleksandr Mylläri
Department of Computers and Technology
St. George’s University
Grenada, W.I.
e-mail: amyllari@gmail.com

Shirin Haque
Department of Physics
The University of the West Indies
St. Augustine, Trinidad, W.I.
e-mail: shirin.haque@gmail.com

52



The integrability condition for the Liénard-like equa-

tion

Victor F. Edneral

Abstract. The purpose of this report is the demonstration of searching the
�rst integral of motion by the method of normal form. For the object of this
demonstration, we have chosen the Liénard-like equation. We represented the
equation as a dynamical system and parameterized it. We wrote down the
conditions of the local integrability near stationary points and found param-
eter values at which these conditions are satis�ed at all stationary points
simultaneously. The system is integrable at solutions of these conditions.

Introduction

We use the approach based on the local analysis. It uses the resonance normal
form calculated near stationary points [1]. In the paper [2] it was suggested the
method for searching the values of parameters at which the dynamical system
is locally integrable in all stationary points simultaneously. Satisfying such local
integrability conditions is a necessary condition of global integrability. For the
global integrability of an autonomous planar system, it is enough to have one
global integral of motion. From its expression, you can get the solution of the
system in quadratures. That is the integrability always leads to solvability. Note,
that the converse is not true.

Problem

We will check our method on the example of the Liénard-like equation

ẍ = f(x)ẋ+ g(x), (1)

We suppose f(x) is a quadratic polynomial and g(x) is polynomial of fourth-order.
Usually in the Liénard equation it supposed f(x) is an odd function. Opposite, we

This paper has been supported by the RUDN University Strategic Academic Leadership Program.
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suppose g(x) is an voluntary function [3] and say about the Liénard-like equation.
Equation (1) is equivalent to the dynamical system

ẋ = y,
ẏ = (a0 + a2x

2) y + d0(1 + d1x)(1 + d2x)(1 + d3x)(1 + d4x),
(2)

here x and y are functions in time and parameters a0, a2, d0, d1, d2, d3, d4 are real.
If exclude trivial case d0 = 0 it is possible to put d0 = 1.

The problem is to construct the integral of motion of system (2).

Method

The main idea of the discussed method is a search of conditions on the system pa-
rameters when the system is locally integrable near its stationary points. The local
integrability means we have enough number (one for an autonomic plane system)
of the local integrals near each stationary point. Local integrals can be di�erent
for each such point, but for the existence of the global integral, the local integrals
should exist in all stationary points. This is a necessary condition. We have an
algebraic condition for local integrability. It is the condition A [1, 2]. We look for
sets of parameters at which the condition A is satis�ed at all stationary points
simultaneously. Such sets of parameters are good candidates for the existence of
global integrals. These integrals we look for by other methods.

The symmetric notation of the g polynomial in (2) allows to get the condition
A for all stationary points (x = −1/d1, y = 0), . . . , (x = −1/d4, y = 0) from the
normal form for the single point by a permutation of d-parameters. This procedure
eliminates the solutions which correspond to a single point only.

Conditions of the Integrability

The condition A is some in�nite sequence of polynomial equations in coe�cients of
the system. Near each of the stationary points are its own equations. The normal
form has a nontrivial form in the resonance case only. The eigenvalues of the linear
part of system (2) are (at d0 = 1)

1

2

(
a0 ∓

√
a20 + 4(d1 + d2 + d3 + d4)

)
,

so we can choose the parameter a0 to have the resonance (1 : N) by solving the
equation

1
2

(
a0 −

√
a20 + 4(d1 + d2 + d3 + d4)

)
=

−N
2

(
a0 +

√
a20 + 4(d1 + d2 + d3 + d4)

)
.

We calculated the lowest contributions in conditions A for resonances (1:1),
(1:2) and (1:3) and added the ones with permutations of d parameters. We got
very complicated algebraic equations in parametric space. Now we are searching
for rational solutions.
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Result

The case with resonance (1:3) has been explored in [4] by the Puiseux series
method. There is the nontrivial �rst integral at rational numerical values of pa-
rameters. These parameter values satisfy the received here equations.

For resonance (1:1) we received at least one rational solution of the truncated
condition A. It is

a2 = −a0d21, d0 = 1, d2 = −d1, d3 = 0, d4 = 0.

System (2) at these parameters has a form

ẋ = y,
ẏ = (1 + a0y)

(
1− d21x

2
)

and the corresponded integral of motion is

I(x, y) =
a0y − log(a0y + 1)

a20
+

1

3
d21x

3 − x.
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Classical Jacobian Conjecture
Polynomial map F (x) := (f1(x), . . . , fn(x)) : K n → K n where
polynomials f1, . . . , fn ∈ K [X1, . . . ,Xn] and K is a field of characteristic
0. Let F be invertible, so for some polynomials
g1, . . . ,gn ∈ K [X1, . . . ,Xn] the map G := (g1, . . . ,gn) : K n → K n is
inverse to F , i. e. the composition (F ◦G)(x) = x . Then Jacobian
J(F ) := det Jac(F ) ∈ K .

Jacobian conjecture, Keller, 1939: if J(F ) ∈ K then F is an
isomorphism and its inverse is also a polynomial map.

Jacobian conjecture: a local isomorphism (due to the Implicit Function
Theorem) for polynomial maps implies a global isomorphism.

Theorem
For an algebraically closed field K if F is injective then F is bijective.
(Ax, 1968; Grothendieck, 1966)

Model-theoretic proof: reduction to finite fields using Nullstellensatz.
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Example
(Pinchuk, 1994). When K = R the conclusion of f being an
isomorphism is wrong under the assumption J(f ) > 0.
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Tropical semi-ring
Tropical semi-ring T is endowed with operations ⊕, ⊗.
If T is an ordered semi-group then T is a tropical semi-ring with
inherited operations ⊕ := min, ⊗ := +.
If T is an ordered (resp. abelian) group then T is a tropical
semi-skew-field (resp. tropical semi-field) w.r.t. � := −.
Examples • Z+ := {0 ≤ a ∈ Z}, Z+

∞ := Z+ ∪ {∞} are commutative
tropical semi-rings. ∞ plays a role of 0, in its turn 0 plays a role of 1;
• Z, Z∞ are semi-fields;
• n × n matrices over Z∞ form a non-commutative tropical semi-ring:
(aij)⊗ (bkl) := (⊕1≤j≤naij ⊗ bjl).

Tropical polynomials

Tropical monomial x⊗i := x ⊗ · · · ⊗ x , Q = a⊗ x⊗i1
1 ⊗ · · · ⊗ x⊗in

n , its
tropical degree trdeg = i1 + · · ·+ in. Then Q = a + i1 · x1 + · · ·+ in · xn.
Tropical polynomial f =

⊕
j(aj ⊗ x ij1

1 ⊗ · · · ⊗ x ijn
n ) = minj{Qj};

x = (x1, . . . , xn) is a tropical zero of f if minimum minj{Qj} is attained
for at least two different values of j .
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Tropical Algebraic Rational Functions

min{P1, . . . ,Pk} −min{Q1, . . . ,Ql} is a tropical algebraic rational
function where P1, . . . ,Pk , Q1, . . . ,Ql are linear functions with rational
coefficients. It is a piece-wise linear function, so one can partition Rn

into a finite number of n-dimensional polyhedra on each of which this
function is linear. Conversely, any piece-wise linear function can be
represented in this form (up to rationality of the coefficients). More
generally, one can assume the coefficients to be real.

How to replace the Jacobian for non-smooth tropical algebraic rational
maps (=tropical maps) f = (f1, . . . , fn) : Rn → Rn where f1, . . . , fn are
tropical algebraic rational functions? If f is an isomorphism then its
inverse f−1 is also a tropical map.
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Weak version of a Tropical Jacobian Conjecture

For a tropical map f = (f1, . . . , fn) : Rn → Rn and a point p ∈ Rn

consider all n-dimensional polyhedra containing p on which f is linear,
the n × n matrices (=Jacobian matrices) of these linear maps denote
by A1, . . . ,Ak , then Ji = det(Ai), 1 ≤ i ≤ k are their Jacobians. The
convex hull of A1, . . . ,Ak denote by ∂p(f ).

Proposition
If ∂p(f ) does not contain a singular matrix for any p ∈ Rn then f is an
isomorphism.

The proof relies on Clarke’s theorem (1974) that f (being Lipschitz) is a
local homeomorphism. Then being proper (= the preimage of every
compact is again compact) f is a (global) homeomorphism.
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Non-necessity of the Weak Conjecture
A tropical polynomial isomorphism f : R2 → R2 is a composition of a
lower-triangular and an upper-triangular isomorphisms

(x , y) 7→ (x , y +min{αx , βx}), α < β,

(x , y) 7→ (x +min{ay , by}, y), a < b.

Then f (x , y) is linear on 4 pieces:

f = (x + a(y + αx), y + αx) if x > 0, y + αx > 0;

f = (x + b(y + αx), y + αx) if x > 0, y + αx < 0;

f = (x + a(y + βx), y + βx) if x < 0, y + βx > 0;

f = (x + b(y + βx), y + βx) if x < 0, y + βx < 0.

∂(0,0)(f ) is the convex hull of the corresponding Jacobian matrices
(

1 + aα a
α 1

)
,

(
1 + bα b
α 1

)
,

(
1 + aβ a
β 1

)
,

(
1 + bβ b
β 1

)
.

The sum of the second and the third matrices is singular when
(β − α)(b − a) = 4 (in particular, one can put β = b = 2, α = a = 0).
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Strong version of the tropical Jacobian conjecture

If a tropical map f : Rn → Rn is an isomorphism then all the Jacobians
Ji have the same sign, say Ji > 0 for all i .

Theorem

If f = (f1, f2) : R2 → R2 is a tropical polynomial map and all Ji > 0 then
f is an isomorphism.

Example
A tropical rational map g : (x , y)→ (|x | − |y |, |x + y | − |x − y |) has all
the positive Jacobians Ji > 0, but g(x , y) = g(−x ,−y) is not an
isomorphism. Modifying g one can construct a tropical polynomial map
R3 → R3 with all positive Ji > 0 being not an isomorphism.
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An algorithm to verify whether a tropical map is an
isomorphism

A point p ∈ Rn is regular for a map f : Rn → Rn if for any x ∈ f−1(p) its
Jacobian Jf (x) 6= 0. By Sard’s lemma the set of regular values is
dense.

Theorem
A necessary and sufficient condition for a tropical map f : Rn → Rn to
be an isomorphism is that all the Jacobians Ji have the same sign and
|f−1(p)| = 1 for at least one regular value p ∈ Rn.

An algorithm yields a partition of Rn = ∪iPi into polyhedra Pi such that
f is linear on each Pi . Then any point p ∈ Rn \ ∪i f (∂Pi) is regular. The
algorithm tests whether |f−1(p)| = 1. All this can be performed
invoking linear programming.
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Tameness of tropical rational plane
automorphisms

A triangle tropical rational plane automorphism has a form
(x , y)→ (x , y +min{ax ,bx}), a,b ∈ Z. A linear tropical rational
automorphism has a form
(x , y)→ (ax + by , cx + dy), a,b, c,d ∈ Z, ad − bc = ±1.

Proposition
The group of tropical rational homogeneous automorphisms is
generated by triangular and linear automorphisms.
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Riemann Hypothesis Analogue for Krawtchouk and

Discrete Chebyshev Polynomials

Nikita Gogin and Mika Hirvensalo

Abstract. We prove that the real parts of all complex zeros of the Krawtchouk poly-
nomials as well as of the Discrete Chebyshev Polynomials of order N = −1 are equal
to − 1

2
.

1. Introduction

For any family F = {fi}i∈I of one-variable complex-valued functions de�ned on a subset
of C, let Z(F) be a set of all complex zeros of all functions in F . For any a ∈ R, %(a)
stands for the vertical line Re(z) = a in the complex plane.

For the Riemann zeta-function ζ(s), the famous Riemann hypothesis (RH) claims
that Z(ζ) ⊂ %( 1

2 ), with the trivial zeros −2N excluded. Analogously, we say that RH is
valid for a family F (or that family F has the RH-property) with parameter a if Z(F) ⊂
%(a). We will show that RH is valid with a = − 1

2 for the families of the Krawtchouk

polynomials K
(N)
r and Discrete Chebyshev polynomials D

(N)
r when N = −1. We will

denote these families Kr(−1) and DCh(−1) respectively.

2. Preliminaries

2.1. On Krawtchouk polynomials

For general information about Krawtchouk polynomials, we refer to [1, 2], but here
underline only two important facts:

1. The generating function of the Krawtchouk polynomials of order N :

(1 + t)N−z(1− t)z =

∞∑

r=0

K(N)
r (z)tr, (z ∈ C) (1)

2. The recurrent relation for the Krawtchouk polynomials of order N :

(r + 1)K
(N)
r+1(z) = (N − 2z)K(N)

r (z)− (N − r + 1)K
(N)
r−1(z), r ≥ 1 (2)

with the initial terms K
(N)
0 (z) = 1, K

(N)
1 (z) = N − 2z .

2.2. On Discrete Chebyshev polynomials

For the de�nition and properties of Discrete Chebyshev polynomials D
(N)
r , we refer to

[2], and here point out only that

1. A closed form of their generating function is known [3] .
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2. The recurrent relation for the Discrete Chebyshev polynomials of order N :

r2D(N)
r (z) = (2r − 1)(N − 2z)D

(N)
r−1(z)− (N + r)(N − r + 2)D

(N)
r−2(z) , r ≥ 2 (3)

with the initial terms D
(N)
0 (z) = 1, D

(N)
1 (z) = N − 2z .

2.3. On tridiagonal matrices

Tridiagonal matrices are treated more generally in [5, 6], but here we want to point out
the following:

1. A tridiagonal (n× n)-matrix is of form

A =




m1 u1 0 0 0 · · · 0
l1 m2 u2 0 0 · · · 0
0 l2 m3 u3 0 · · · 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · mn−1 un−1
0 0 0 0 · · · ln−1 mn



, (4)

which is more compactly written as

A =




∗ u1 u2 . . . un−1
m1 m2 . . . mn−1 mn

l1 l2 . . . ln−1 ∗


 (5)

or even more compactly as A = [u,m, l] , where m = (m1,m2, . . . ,mn−1,mn) ,
u = (u1, u2, . . . , un−1), l = (l1, l2, . . . , ln−1) represent the main diagonal and the
upper (resp. low) subgiagonals in A.

2. Determinant |A|(n) can be found [5, 6] by recurrent formulas

|A|(k) = mk|A|(k−1) − uk−1lk−1|A|(k−2), (6)

1 ≤ k ≤ n, with |A|(−1) = 0, |A|(0) = 1.
3. Jacobi theorem on tridiagonal matrices [5, 6]

Theorem 1 (Jacobi). If in a (real) tridiagonal matrix A = [u,m, l] has m = 0 and
uklk < 0,∀k, 1 ≤ k ≤ n−1 then A is diagonally similar to a skew-symmetric matrix
S = D−1AD, where

D = diag(dk), d1 = 1, dk = sgn(uk)

√√√√
i=k−1∏

i=1

abs
( li
ui

)
, 2 ≤ k ≤ n− 1. (7)

3. Determinant form for the Krawtchouk and Chebyshev polynomials

Theorem 2. 1.

K
(N)
k (z) =

(−1)k

k!
∆

(Kr)
N,k (z), (8)

where

∆
(Kr)
N,k (z) = det




2z −N 1 0 0 0 · · · 0
N − 2 2z −N 2 0 0 · · ·

0 N − 3 2z −N 3 0 · · · 0
...

...
...

...
. . .

...
...

0 0 0 N − (k − 1) · · · 2z −N k − 1
0 0 0 0 · · · N 2z −N




k×k

, k ≥ 1.

(9)
i. e, the diagonals of this tridiagonal matrix are as follows :

u = (j)1≤j≤k−1, m = (2z −N)1≤j≤k, l = (N −mod(j + 1, k))1≤j≤k−1 , k ≥ 2 (10)
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2.

D
(N)
k (z) =

1

(k + 1)(k!)3
∆

(D)
N,k(z), (11)

where

∆
(D)
N,k(z) = det




2(N − 2z) N 0 0 0 . . . 0
6(N + 2) 9(N − 2z) 4(N − 1) 0 0 . . . 0

0 12(N + 3) 20(N − 2z) 9(N − 2) 0 . . . 0
0 0 20(N + 4) 35(N − 2z) 16(N − 3) . . . 0
. . . . . . . . . . . . . . . . . .




k×k
(12)

i. e, the diagonals of this tridiagonal matrix are as follows :

u = (j2(N−j+1))1≤j≤(k−1),m = (N−2z)((j+1)(2j−1))1≤j≤k, l = ((j+1)(j+2)(N+1+j))1≤j≤(k−1)
(13)

Proof. 1. For k=0 and k=1 the equality 9 is evident. For r ≥ 2 let for a time ar =
(−1)r

r! ∆
(Kr)
N,r (z) where we omitted variable z. Then applying to determinant ∆

(Kr)
N,r (z)

in ar formulae 6 we get after some elementary calculations the recurrent relation
for these polynomials: (r + 1)ar+1 = (N − 2z)ar − (N − r + 1)ar−1, r ≥ 1. This is

is exactly equation (2). Hence ak = K
(N)
k (z) for all k.

2. The proof is analogous to the previous one with ak = ∆
(D)
N,k and recurrence 3.

�

4. Analogue of RH for the Krawtchouk and Discrete Chebyshev

Polynomials

Theorem 3. 1. Z(Kr(−1)) ⊂ %(− 1
2 ).

2. Z(DCh(−1)) ⊂ %(− 1
2 ).

Proof. 1. For N = −1 the tridiagonal matrix in equality 9 becomes:

∆
(K)
−1,k(z) = det




2z + 1 1 0 0 0 0 . . . 0
−3 2z + 1 2 0 0 0 . . . 0
0 −4 2z + 1 3 0 0 . . . 0
0 0 −5 2z + 1 4 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .




k×k

, k ≥ 1.

(14)

Since Z(K
(N)
k (z)) = Z(∆

(K)
N,k(z)) we are interested in the roots of equation

∆
(K)
−1,k(z) = 0 (15)

which is equivalent to

det




−w 1 0 0 0 0 . . . 0
−3 −w 2 0 0 0 . . . 0
0 −4 −w 3 0 0 . . . 0
0 0 −5 −w 4 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .




= 0 (16)

with a new variable w so that z = −1−w
2 .

It is easily seen that the roots of 16 are exactly the eigenvalues of a tridiagonal
matrix with zero-(main)diagonal which due to Jacobi theorem is similar to some
skew-symmetric matrix. Hence all the values of w being the eigenvalues of a skew-
symmetric matrix are pure imaginary and hence the real parts of all values of z are

equal to − 1
2 , i. e. Z(K

(N)
k (z)) = Z(∆

(K)
N,k(z) ⊂ %(− 1

2 )
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2. For N = −1 the tridiagonal matrix in equality (11) becomes:

∆
(D)
−1,k(z) = det




2(−1− 2z) −1 0 0 0 · · · 0
6(−1 + 2) 9(−1− 2z) 4(−1− 1) 0 0 · · · 0

0 12(−1 + 3) 20(−1− 2z) 9(−1− 2) 0 · · · 0
0 0 20(−1 + 4) 35(−1− 2z) 16(−1− 3) · · · 0
· · · · · · · · · · · · · · · · · ·




k×k

,

(17)
so here similary to the previous item of the proof, we get (after some elementary
calculations) equation

det




−w 1/9 0 0 0 0 . . . 0
−6/2 −w 8/20 0 0 0 . . . 0

0 −24/9 −w 27/35 0 0 . . . 0
0 0 −60/20 −w 64/54 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .




= 0 (18)

where again z = −1−w
2 . Equation 18 implies that the values w are the eigenvalues

of a matrix similar to a skew-symmetric matrix, hence all these values are pure
imaginary and hence the real part of variable z is always equal to − 1

2 .
�

Conclusion

We have shown that a family of mathematically interesting polynomials satisfy the RH
property. Analogous results have been presented earlier (eg. [4]), but our methods are far
more straightforward and hence of larger interest.
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How many roots of a system of random Lau-

rent polynomials are real?

B. Kazarnovskii

In 1943 Mark Kac proved that the expected number of zeros of a random
real polynomial of degree N asymptotically equals 2

π logN ; see [Ka]. Laurent poly-
nomial in (C \ 0)n is called a real Laurent polynomial if its values on a compact
subtorus of complex torus (C\0)n are real. A zero of such polynomial on a compact
subtorus is called "real zero". It turns out that the average fraction of real zeros
of a random real Laurent polynomial of increasing degree N converges to not 0
but to 1/

√
3 (> 0.5 !); see for example [ADG]. We prove that the phenomenon of

nonzero fraction of real roots remains valid in many variables.
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Eigenvalues and Eigenvectors for the Composition

of Lorentz Boosts in Concise Form

Mikhail Kharinov

Abstract. This paper considers the formal eigenvalue/eigenvector problem for
Lorentz transformation L in the real four-dimensional spacetime R4. Accord-
ing to the problem statement, it is required to �nd a quartet of linearly inde-
pendent eigenvectors for the composition L = L1L2 of the boosts L1 and L2.
To analytically �nd the eigenvalues, a fourth-degree polynomial characteristic
equation is obtained and solved. The a priori expected concise expressions for
the eigenvectors are presented.

Introduction

This work and [1] complete the phase of the study of general Lorentz transfor-
mations, begun in [2] and continued in [3]. In [2], a special case of Lorentz boost
composition was not considered. In [3], the expression for the eigenvectors of the
boost composition turned out to be too cumbersome. The latter disadvantage is
overcome in this paper.

The Lorentz transformations L are de�ned as a linear homogeneous transfor-
mation of the spacetime vectors u, v that preserves the real inner product (u, v̄)
of one conjugated vector v̄ ≡ 2(v, i0) − v by another vector u:

(L{u}, L{v}) = (u, v̄),

where i0 is the unit vector of unit length
√

(i0, i0) ≡ 1 along the time axis.

For brevity, only one option of ±L{u} and ±L{ū} is treated.

The transformation L involves Lorentz boost L as self-adjoint transform i.e.
in an inner product L is transferred from one vector to another. So, for any u, v
(L{u}, v) = (u, L{v}).

The problem is to obtain the quartet of eigenvectors ck for the transformation
L1L2:

L1L2{ck} = ξkck ⇔ L2{ck} = ξkL−1
1 {ck}, (1)
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2 Mikhail Kharinov

where ξk is the real eigenvalue and the eigenvector serial number k ranges from 0
to 3. For simpler calculations, it is better to treat the equation located in (1) on
the right.

1. General statements

To solve the equation (1), the easily provable general considerations are very useful.
They are as follows:

1. The desired quartet of eigenvectors is always exist.
2. If ξ is an eigenvalue, then1

ξ is also an eigenvalue.

3. If an eigenvalue ξ is di�erent from 1, then it corresponds to a lightwise eigen-
vector c having a zero pseudo�length: ξ ̸= 1 ⇒ (c, c̄) = 0.

From these statements it is easy to establish without paper calculations that
the quartet of eigenvalues consists of two units and a pair of mutually inverse
values: 1, 1, ξ and 1

ξ .

The characteristic equation for ξ is:

(ξ − 1)2(ξ2 − 2ξ cosh χ + 1) = 0, (2)

where the scalar parameter χ is de�ned in accordance with famous cosine rule:

cosh
χ

2
= cosh

θ1

2
cosh

θ2

2
+ (n1, n2) sinh

θ1

2
sinh

θ2

2
(3)

and the scalar parameters θ1 and θ2 are the rapidities, such that the velocities v1,
v2 divided by scalar speed of light c are expressed as v1/c = n1 tanh θ1, v2/c =
n2 tanh θ2.

Note that (3) refers to the half hyperbolic angles χ
2 ,

θ1

2 and θ2

2 , while the
famous velocity addition is expressed via whole hyperbolic angles θ, θ1 and θ2

[4, 5].

From the above and concomitant considerations, we can conclude that the
eigenvectors c0, c1, c2, c3 form a system of pseudo-orthogonal vectors, such that
(c0, c̄0) = (c0, c̄2) = (c0, c̄3) = (c1, c̄1) = (c1, c̄2) = (c1, c̄3) = (c2, c̄3) = 0.

2. Eigenvectors

The eigenvectors c0, c1, c2, c3 for the composition L1L2 of Lorentz boosts L1, L2

and the corresponding eigenvalues are listed in Table 1.

In Table 1 n1 and n2 are the unit spatial vectors along the considered inter-
secting velocities, such that (n1, n1) = (n2, n2) = 1 and (n1, i0) = (n2, i0) = 0. The
cross product [n1, n2] is directed along the Wigner rotational axis ν [6], so that

[n1, n2] = ν
√

1 − (n1, n2)2. The spatial part of the eigenvectors c0 and c1 depends
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Notation Eigenvector Eigenvalue
c0 i0 − d ξ=eχ eχ

c1 i0 − d ξ=e−χ e−χ

c2 i0 − n1
coth

θ1
2 +(n1,n2) coth

θ2
2

1−(n1,n2)2
+ n2

coth
θ2
2 +(n1,n2) coth

θ1
2

1−(n1,n2)2
1

c3 [n1, n2] 1
Table 1. Eigenvectors for the composition of Lorentz boosts L1L2

on the eigenvalue ξ and, up to the sign, coincides with the unit vector dξ that is
de�ned as a function of eigenvalue ξ in the form:

dξ =
n1

√
ξ sinh θ1

2 + n2 sinh θ2

2√
ξ cosh θ1

2 − cosh θ2

2

. (4)

The spatial parts d ξ=eχ and d ξ=e−χ of the eigenvectors c0 and c1 are obtained
by substituting into (4) the values ξ = eχ and ξ = e−χ, respectively.

Thus, in the context of the eigenvalue/eigenvector problem, the composition
of Lorentz boosts is as elementary as a single Lorentz boost. In both cases, the
solution boils down to stretching of one basis eigenvector and reverse decreasing
of the second basis eigenvector with the remaining basis eigenvectors unchanged.

A ready-made solution of the eigenvalue/eigenvector problem for the compo-
sition of any rotation with a boost, as well as the expressions for representing the
composition L1L2 of the boosts L1, L2 as a composition of the Wigner rotation
and boost is given in [2, 3].

Conclusion

The relations (2)�(4) seem perfectly concise and quite simple to be widely pre-
sented in reference books to all whom it may concern. But these are missing. The
only obstacle to obtaining the above formulae is cumbersome calculations. Two
things are important to overcome this obstacle. To simplify the formulae it is use-
ful, �rstly, to use hyperbolic geometry, as prescribed in [4, 5], and secondly, to
carry out calculations in terms of quaternions [7].

This paper presents a solution to the eigenvalue/eigenvector problem in the
vein of [4, 5] in coordinate�free way using the conventional cross product of four-
dimensional vectors. In fact, the formulae (2)�(4) turned out to be easier to obtain
in terms of the quaternion algebra equipped with quaternionic multiplication [8].

It's remarkable that a modern cross product of vectors is best de�ned in
quaternions and generalized to the case of three arguments [9]. A triple cross
product is especially convenient for describing Lorentz transformations, which are
represented by a linear combination of orthogonal transforms and are described
by triple products of variable vector and constant vector parameters [2, 3].
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4 Mikhail Kharinov

Among normalized algebras with a multiplicative unit, quaternions expand
to octonions. In this case, a cross product of vectors is also generalized to the
eight-dimensional case [8, 9, 10, 11]. Along the way, a generalization of Lorentz
transformations to eight-dimensional spacetime is anticipated. Probably in the
future it will be extremely interesting to generalize the laws of motion from the
conditions of their invariance with respect to generalized Lorentz transformations.

The concise representation and description of the Lorentz transformations via
eigenvectors may be useful for researchers who will be engaged in the mentioned
generalization.

This work was performed within the framework of the budgetary theme 0060-
2019-0011 (Fundamentals and technologies of big data for sociocyberphysical sys-
tems).
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Di�erential equations and Newton polyhedra

Askold Khovanskii

Abstract. Our main theorem provides a new result on nonintegrability of
linear di�erential equations in �nite terms. Its statement uses geometry of
convex polytopes. It is much stronger all known results of similar type. In
particular it implies the classical criterium for solvability of such equations
by quadratures. Its proof is based on classical ideas due to Liouville, Ritt
and Rozenlicht and on arguments from Newton polyhedra theory and toric
geometry.

Keywords. Integrability in �nite terms, solvability by quadratures, linear dif-
ferential equation, Newton polyhedron, toric geometry.

Introduction

Picard�Vessiot theorem (1910) provides a necessary and su�cient condition for
solvability of linear di�erential equations of order n by generalized quadratures
in terms of its Galois group (see [5], [6]). It is based on the di�erential Galois
theory and is rather involved. J. Liouville in 1839 found an elementary criterium
for such solvability for n = 2. J.F. Ritt simpli�ed and clari�ed Liouville's argu-
ments ([1], 1948). In 1973 M. Rosenlicht proved a similar criterium for arbitrary n.
Rosenlicht arguments in many ways resemble Liouville's�Ritt's arguments, but he
relies on the valuation theory and his proof is not elementary. (see [2], [3] and [4]).

Working on comments on Ritt's book I understood that the elementary
Liouville's�Ritt's method based on developing solutions in Puiseux series as func-
tions of a parameter works smoothly for arbitrary n and proves the same criterium
(see [7], [8]).

Recently I returned back to this problem and found simple and powerful
arguments which relate Liouville's�Ritt's approach and Rosenlicht's approach and
strongly generalize them. Besides the classical ideas these arguments use Newton
polyhedra theory and toric geometry.

The work was partially supported by the Canadian Grant No. 156833-17.
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1. Di�erential polynomial and its Newton polytope

Let K be a di�erential �eld. A di�erential polynomial over K is a polynomial in
y and its derivatives y′, . . . , y(n−1), where n ≥ 1 over K. One associates with a
di�erential polynomial a usual polynomial over K in n ordered variables x1, . . . , xn

where x1 corresponds to y, x2 corresponds to y′ and so on.

De�nition 1. The Newton polytope ∆(P ) of a di�erential polynomial P (y, y′, . . . , y(n−1))
over K is the Newton polytope of the corresponding algebraic polynomial P over
K in the ordered variables x1, . . . , xn.

For example the Newton polytopes of the di�erential polynomials P1 = y′ −b
and P2 = y′ − ay (where a, b ∈ K and a ̸= 0, b ̸= 0) are correspondingly the
segments OA and AB where O = (0, 0), A = (0, 1) and B = (1, 0).

The polytope ∆(P ) is contained in Rn with real coordinates (m1, . . . , mn)
whose integral points correspond to monomials xm1

1 · · · · · xmn
n . In Rn we �x the

standard inner product (such that ⟨ei, ej⟩ = δi,j where e1, . . . , en is the standard
bases in Rn).

De�nition 2. An edge E ⊂ ∆(P ) is horizontal if the inner product with the vector
en is a constant k on E. Monomials belonging to such horizontal edge have the
same degree k in xn (corresponding to y(n−1)).

The inner product identi�es Rn with (Rn)∗. For pointing out that we consider
a point in Rn as a covector we will denote its coordinates by (p1, . . . , pn).

De�nition 3. A main cone C ⊂ (Rn)∗ = Rn is the cone de�ned by the following
inequalities: p1 ≤ p2 ≤ · · · ≤ pn.

The dual cone F⊥ to a face F of a convex polytope ∆ is the set of covectors
v such that the linear function l(x) = ⟨v, x⟩ attains its minima on ∆ exactly at
the face F . The cone F⊥ has dimension n − dimF and it is open in the relative
topology of the (n − dimF )-dimensional space containing F⊥.

De�nition 4. An edge E ⊂ ∆ ⊂ Rn is compatible with the main cone if its dual
cone E⊥ has nonempty intersection with the main cone.

Let us consider the case n = 2. In this case the main cone C ⊂ (R2)∗ = R2

is given by p1 ≤ p2.

Example 1. Let ∆ ⊂ R2 be a segment E. The dual cone E⊥ is the line passing
through the origin and orthogonal to E. It intersects C by a ray or by the line
p1 = p2. Thus E is always compatible with the main cone. If E is not horizontal
the main theorem (see below) is applicable. Thus it is applicable for the extension
by integral y′ = b and for the extension by exponent of integral y′ = ay.

Example 2. Let ∆ ⊂ R2 be a polygon A side E of the polygon ∆ is compatible with
the main cone if and only if its inward-pointed normal (p1, p2) belongs to the main
cone C, i.e. p1 ≤ p2. In other words the inward-pointed normal has to satisfy the
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following conditions: 1) p1 > 0 then p2/p1 ≥ 1; 2) if p1 = 0 then p2 > 0; 3) if
p1 < 0 then p2/p1 ≤ −1.

Note that an edge whose inward-pointed normal satis�es 2) is horizontal. The
main theorem (see below) is not applicable to such edge.

2. Algebraic simpli�cation of solutions and characteristic polynomial

De�nition 5. A di�erential polynomial P over K is of Rosenlicht type if it has a
unique monomial of the highest degree N = deg P and this monomial is ayN . An
equation P (y, t′, . . . , y(N)) = 0 of arbitrary orderN over K is of Rosenlicht type
is P is a Rosenlicht type polynomial over K.

De�nition 6. An extension K1 ⊃ K has an algebraic simpli�cation property for
solutions of Rosenlicht type equations if the following condition holds: if there is
a solution y ∈ K1 of a Rosenlicht type equation P = 0 over K then there is an
algebraic over K solution of the same equation p = 0.

De�nition 7. Let y be a transcendental over K element such that the a di�erential
�eld K⟨y⟩ is a �nite �eld extension of K. A characteristic polynomial of y over
K is an irreducible di�erential polynomial P over the algebraic closure K of K
such that P (y, y′, . . . ) = 0. The polytope ∆(y) over K is the Newton polytope of
the characteristic polynomial of y over K.

De�nition 8. The polytope ∆(y) ⊂ Rn over K allows degeneration if it contains
an edge E which is not horizontal and which is compatible with the main cone
C ⊂ (Rn)∗ = Rn.

De�nition 9. An extension K1 ⊃ K allows degeneration if K1 is the algebraic
closure of a di�erential �eld K⟨y⟩ obtained by adding to K a transcendental over
K element y and all its derivatives such that the polytope ∆(y) over K allows
degeneration.

An extension F ⊃ K allows a chain of degenerations if there is a chain of
di�erential �elds

K = K0 ⊂ K1 ⊂ · · · ⊂ Kk (1)

such that for every i = 1, . . . , k the extension Ki ⊃ Ki−1 allows degeneration and
Kk contains F .

3. Results

Theorem 1 (Main Theorem). If K1 ⊃ K allows degeneration then it has the alge-
braic simpli�cation property for solutions of Rosenlicht type equations over K.

The proof of Main Theorem is based on classical ideas due to Liouville,
Ritt and Rozenlicht and on arguments from Newton polyhedra theory and toric
geometry.
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Theorem 2. If F ⊃ K allows a chain of degeneration then it has the algebraic
simpli�cation property for solutions of Rosenlicht type equations over K.

Proof. Theorem 2 can be proven by induction using Theorem 1 as a step of induc-
tion. �
Theorem 3. If a homogeneous linear di�erential equation over K has a nonzero
solution in an extension F ⊃ K which allows a chain of degenerations then the
equation has a solution whose logarithmic derivative is algebraic over K.

Proof. The logarithmic derivative of a nonzero solution of a homogeneous linear
di�erential equation satis�es the corresponding generalized Riccaty equation (see
for example [7]) which is a Rosenlicht type equation over K. Thus Theorem 3
follows from Theorem 2. �
Theorem 4. If a homogeneous linear di�erential equation over K has a solution
y in an extension F ⊃ K which allows a chain of degenerations then y is repre-
sentable in generalized quadratures over K.

Proof. Using a solution of the homogeneous linear di�erential equation one can
reduce the order of the equation. Using this procedure and the proof of Theorem 3
one can prove Theorem 4. �
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Decomposition of a Quantum System Into
Subsystems in Finite Quantum Mechanics

Vladimir V. Kornyak

Abstract. Any Hilbert space with composite dimension can be factorized into
a tensor product of smaller Hilbert spaces. This allows to decompose a quan-
tum system into subsystems. We propose a simple tractable model for a con-
structive study of decompositions of quantum systems.

1. Introduction

Mereology is the study of the relations of part to whole and the relations of part
to part within a whole. Quantum mereology studies such issues as the bipartite
decomposition of a quantum system into a “system” and “environment”, the in-
teraction of a distinguished “system” and an “observer”, the emergence of space
and time from quantum entanglement, and other fundamental questions in quan-
tum mechanics [1, 2]. The general scheme is as follows. The whole is an isolated
quantum system1 in a given pure state undergoing a given unitary (Schrödinger)
evolution. Then, in a way chosen according to certain criteria, the system is de-
composed into a tensor product of subsystems. By reducing the “universe” density
matrix, we obtain mixed states for subsystems and can study the energies and en-
tanglement measures associated with subsystems, and their time evolution. For the
corresponding computations, involving rather tedious combinatorics, we develop a
model based on a finite formulation of quantum mechanics.

2. Factorization of a Hilbert Space

Tensor product of Hilbert spaces. The (global) Hilbert space H of a K-component
quantum system is the tensor product of the (local) Hilbert spaces Hk of the
components:

H =
K
⊗
k=1
Hk . (1)

If dimH = N and dimHk = dk, then N =
∏K
k=1 dk. For any d-dimensional

Hilbert space, we denote the ith orthonormal basis element by |i〉, that is, |0〉 =

1Obviously, in the exact sense, isolated systems do not exist (or they are fundamentally unob-
servable), with the possible exception of the Universe as a whole.

129



2 Vladimir V. Kornyak

(1, 0, . . .)
>, |1〉 = (0, 1, 0, . . .)

>, . . . , |d− 1〉 = (0, 0, . . . , 1)
>. Tensor monomials of

local basis elements form an orthonormal basis in the global Hilbert space:

|i〉 = |i1〉⊗ · · · ⊗ |ik〉⊗ · · · ⊗ |iK〉 , (2)

where |i〉 ∈ H, |ik〉 ∈ Hk and

i = i1

K∏

m=2

dm + . . .+ ik

K∏

m=k+1

dm + . . .+ iK . (3)

Tensor decomposition of a Hilbert space. We can reverse the procedure, since (2)
is a one-to-one correspondence — the sequence i1, . . . , iK is uniquely recovered
from i using formula (3).

Starting with an orthonormal basis in an N -dimensional Hilbert space H
and a decomposition N = d1 · · · dK , we can construct a particular isomorphism
between H and the tensor product of local spaces of the corresponding dimensions.

When constructing an isomorphism, we must take into account the freedom
in the choice of bases in Hilbert spaces. Any two orthonormal bases are related by
a unitary transformation. Using the properties of the tensor product, we can write

U |ψ〉 = U1 |ψ1〉⊗ · · · ⊗UK |ψK〉 = (U1⊗ · · ·⊗UK) (|ψ1〉⊗ · · · ⊗ |ψK〉)
=⇒ (U1⊗ · · ·⊗UK)

−1
U |ψ〉 = |ψ1〉⊗ · · · ⊗ |ψK〉 ,

where |ψ〉 ∈ H, |ψk〉 ∈ Hk; U, Uk are unitary transformations in the corresponding
spaces. We see that local transformations can be absorbed by the global transfor-
mation U ,2 so in general we have

U |ψ〉 = |ψ1〉⊗ · · · ⊗ |ψK〉 .

Thus, to specify a factorization of a Hilbert space H we need a decomposition of
dimH and a unitary transformation that fixes a basis in H.

3. Finite Version of Quantum Mechanics

We use a version of quantum theory [3–5] in which the groups of unitary evolutions
are replaced by linear representations of finite groups, and the field of complex
numbers is replaced by its dense constructive subfields that naturally arise from
the natural numbers and roots of unity.

2Moreover, local transformations are irrelevant for our purposes, since taking partial traces is
invariant under them.
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Permutation Hilbert space. The fact that any linear (hence unitary) representa-
tion of a finite group is a subrepresentation of some permutation representation
implies that the formalism of quantum mechanics can be completely3 reproduced
based on permutations of some set

Ω = {e1, . . . , eN } ∼= {1, . . . ,N} (4)

of primary (“ontic”) objects on which a permutation group G ≤ SN acts.
The Hilbert space on the set Ω, necessary for calculating quantum probabili-

ties, can be most economically constructed on the basis of two primitive concepts:
(a) natural numbers N = {0, 1, . . .}, abstraction of counting, and (b) roots of unity,
abstraction of periodicity.

To construct a field F sufficient for all calculations in the quantum formalism,
in particular, for splitting any representation of any subgroup of G into irreducible
components, we can proceed as follows. We extend the semiring N to the ring N [ζ`],
where ζ` is the `th primitive root of unity, and ` is the least common multiple of
the orders (periods) of the elements of G. The algebraic integer ζ` can be written
in complex form as ζ` = e2πi/`. Finally, constructing the field of fractions of the
ring N [ζ`], we arrive at the cyclotomic extension of the rationals

F = Q
(

e2πi/`
)
.

For ` > 2, the field F , being a dense subfield of C, is physically (empirically)
indistinguishable from the field of complex numbers.

Treating the set Ω as a basis, we obtain an N -dimensional Hilbert space HN
over the field F . The action of G on Ω determines the permutation representation
P in HN by the matrices

P(g)i,j = δig,j ,

where ig denotes the (right) action of g ∈ G on i ∈ Ω.
Decomposition of permutation representation. The permutation representation
of any group G has the trivial one-dimensional subrepresentation in the space
spanned by the all-ones vector

|ω〉 = (1, 1, . . . , 1︸ ︷︷ ︸
N

)>.

The complement to the trivial subrepresentation is called the standard representa-
tion. The operator of projection onto the (N − 1)-dimensional standard space H?
has the form

P? = 1N −
|ω〉〈ω|
N .

Quantum mechanical behavior (interference, etc.) manifests itself precisely in the
standard representation. Banks made a profound observation [6] that the projec-
tion of classical permutation evolutions in the whole HN leads to truly quantum
evolutions in the subspace H? and demonstrated that the choice G = SN , where N
3Modulo empirically insignificant elements of traditional formalism such as infinities of various
kinds.
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is the number of fundamental (Planck) elements,4 makes it possible to reproduce
finite dimensional approximations to all known models of theoretical physics.
Quantum states as projections of natural vectors. SN is a rational-representation
group, i.e., its every irreducible representation (the standard representation is one
of them) is realizable over Q. This means that to describe evolutions in H?, it
is sufficient to consider only vectors with rational components.5 Taking into ac-
count that a quantum state is a ray in vector space, it is easy to show that any
quantum state in H? can be obtained by projection of vectors from HN with
natural components. These natural vectors are integer points of the nonnegative
orthant: |n〉 = (n1, . . . , nN )

> ∈ NN ⊂ HN . To build constructive models, one
need to select a finite subset in NN . Natural vectors whose coordinates belong to
the set {0, 1, . . . ,m} ,m ≥ 2, will be called mth order vectors. Quantum states
described by collinear vectors are equivalent. To eliminate this redundancy, we
can pre-project the natural vectors onto S

N−1

+ , the part of the unit sphere in the
nonnegative orthant. The total number of quantum states defined by vectors of
the mth order is not less than

2N − 2 . (5)

The area of S
N−1

+ is equal to

NπN/2
2NΓ(N/2 + 1)

≈
√
N
π

( eπ

2N
)N/2

. (6)

A rough comparison of the exponentially growing — as can be seen from (5) —
number of quantum states with the rapidly decreasing area (6) shows that for large
N , the mth order vectors represent a significant part of quantum states.
Ontic vectors. We call 2nd order vectors ontic vectors. These vectors are attractive
for both ontological and computational reasons. The ontic vector |q〉 can be written
as a bit string of length N . Interpreting this string as a characteristic function,
one can identify the ontic vector with the corresponding nontrivial subset of the
set of ontic elements (4): q ⊂ Ω. The complete set of ontic vectors is

Q = 2Ω \ {∅,Ω} , |Q| = 2N − 2 .

The inner product of ontic vectors |q〉 and |r〉 in the space HN has the
form 〈q | r〉 = 〈q&r〉, where & is the bitwise AND for bit strings, and 〈 · 〉 is the
number of ones in a bit string (population number or Hamming weight). For the
inner product of normalized projections of |q〉 and |r〉 onto H?, we have

S(q, r) ≡ 〈q |P?| r〉√
〈q |P?| q〉 〈r |P?| r〉

=
N〈q& r〉 −〈q〉 〈r〉√
〈q〉 〈∼q〉 〈r〉 〈∼r〉

,

4The number N is estimated as ∼ Exp(Exp(20)) and ∼ Exp(Exp(123)) for 1 cm3 of matter
and for the entire Universe, respectively.
5Complex numbers (nontrivial elements of cyclotomic extensions) can be required only when a
representation of a proper subgroup of SN must be split into irreducible components.
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where ∼ denotes bitwise inversion. The obvious identities 〈∼a〉 = N − 〈a〉 and
〈a& b〉+ 〈a& ∼b〉 = 〈a〉 imply the folowing symmetry with respect to transposi-
tions of subsets of the ontic set and their complements

S(q, r) = −S(∼q, r) = −S(q,∼r) = S(∼q,∼r) .

4. Decomposition of a Quantum System

Since any mixed state of a quantum system can be obtained from a pure state in
a larger Hilbert space by taking a partial trace, it is natural to assume that at a
fundamental level the state of an isolated system must be pure.6

The original permutation basis in the spaceHN , i.e., the set Ω, will be referred
as the ontic basis. In this basis, the pure density matrix in H? associated with the
ontic state |q〉 ∈ HN has the form

ρoq =
P? |q〉〈q|P?
〈q |P?| q〉

=
1

N
(|q〉 − α |ω〉) (〈q| − α 〈ω|)

α (1− α)
, (7)

where α =
〈q〉
N is the population density. There is an obvious duality: the expression

for the density matrix ρo∼q is obtained from (7) by replacements q → ∼q and
α→ 1− α.
Energy basis. In continuous QM, the evolution of an isolated system is described
by the one-parameter unitary group Ut = e−iHt generated by the Hamiltonian
H whose eigenvalues are called energy eigenvalues. In finite QM, the evolution
is described by a unitary representation of a cyclic group U(g)

t generated by an
element g ∈ G, where t is an integer parameter. In our case, the generator of
evolution is some matrix P(g) from the permutation representation of G in HN .
We call the energy basis an orthonormal basis in which the matrix P(g) is diagonal.

Any permutation can be written as a product of disjoint cycles. It is easy to

show that the total number of cycles of length ` in the whole group SN is
N !

`
,

and, therefore, the expected number of `-cycles in a single permutation is
1

`
. That

is, high-frequency (high-energy) evolutions are more common.
The `-cycle matrix has the form

C` =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
...

1 0 0 · · · 0


 .

6This belief is expressed by the metaphor “the Church of the Larger Hilbert Space” (J.A. Smolin).
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The diagonal form of this matrix is

F`C`F
−1
` =




1 0 0 · · · 0
0 ζ` 0 · · · 0
0 0 ζ2

` · · · 0
...

...
...

...
...

0 0 0 · · · ζ`−1
`



,

where ζ` = e2πi/` is the `th primitive root of unity, and

F` =
1√
`




1 1 1 · · · 1

1 ζ−1
` ζ−2

` · · · ζ
−(`−1)
`

1 ζ−2
` ζ−4

` · · · ζ
−2(`−1)
`

...
...

... · · ·
...

1 ζ
−(`−1)
` ζ

−2(`−1)
` · · · ζ

−(`−1)(`−1)
`




is the Fourier transform matrix. F` is both unitary and symmetric, therefore
F−1
` = F ∗` . In general, the matrix of the permutation representation of an element

g ∈ SN is the direct sum of cyclic matrices P(g) =

M⊕

m=1

C`m , and the corresponding

diagonalizing matrix is F =
M⊕

m=1

F`m , which is the transition matrix from the ontic

basis to the energy basis. The density matrix in the energy basis can be calculated
from (7) by the formula

ρeq = FρoqF
−1.

Decomposition of a quantum state. If the basis of a space H is fixed, then the
procedure for the decomposition of a quantum system in the state ρ is reduced to
the following:

1. The factorization of dimH is chosen: dimH = d1 · . . . · dK .
2. Subsystems are identified with subsets A of the set of points

X = {1, . . . ,K} . (8)

3. The basis elements of H are identified with the tensor monomials from the
tensor product (1) in accordance with (2) and using formula (3).

4. The density matrix of the subsystem A is calculated by taking the trace over
the complement: ρA = trX\A ρ.

Having density matrices of subsystems, it is possible to calculate the physical
characteristics describing subsystems, and interactions and quantum correlations
between them: energies, entropies, mutual information and other entanglement
measures.
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5. Entanglement Measures
Quantitatively, quantum correlations are described by measures of entanglement,
which are based on the concept of entropy. The most commonly used in physics
is the von Neumann entropy S1(ρ) = − tr(ρ log ρ) . Also often used are entropies
from the Rényi family

Sα(ρ) =
1

1− α log tr(ρα) , α ≥ 0, α 6= 1.

The common feature of the von Neumann and Rényi entropies is their additiv-
ity on combinations of independent probability distributions determined by the
eigenvalues of the density matrices. The von Neumann entropy is preferred be-
cause it additionally satisfies a stronger requirement, the chain rule for conditional
entropies.

In our calculations, we use the 2nd Rényi entropy (also called the collision
entropy) S2(ρ) = − log tr

(
ρ2
)
for the following reasons:

• It is easy to calculate: tr
(
ρ2
)

=
n∑
i=1

ρ2
ii + 2

n−1∑
i=1

n∑
j=i+1

|ρij |2 .
• The Born rule is the only fundamental source of probability in quantum

theory. The value tr
(
ρ2
)
coincides with the Born probability: “the system

observes itself.”
• The value tr

(
ρ2
)
is the Frobenius inner square of the density matrix. The

Frobenius (Hilbert-Schmidt) inner product is the most natural metric struc-
ture on matrices.

6. Illustrative Calculation

1 2 3 4 5 6 7 8 9 10 11
Subsystem size |A|

0

1

2

3

4

5

6

En
tr

op
y 
S

2(
ρ A

)

d= 2 |X|= 12 N= d
|X|

= 4096 〈
q1
〉
= 2032〈

q2
〉
= 2037〈

q3
〉
= 2037〈

q4
〉
= 2029〈

q5
〉
= 2050〈

q6
〉
= 2053〈

q7
〉
= 2058〈

q8
〉
= 2112〈

q9
〉
= 2035〈

q10
〉
= 2040
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The figure presents the values of entropy S2(ρA) computed in the ontic basis for
the decomposition N = 212. Data for subsystems of all possible sizes, computed
for ten randomly generated ontic vectors, demonstrate the following features:
• Weak dependence on the quantum state: visually, all graphs are almost iden-

tical. Note that this behavior arises for a sufficiently large number of the
decomposition components (8). In this case, |X| = 12.
• Symmetry S2(ρA) = S2

(
ρX\A

)
is a manifestation of the Schmidt bipartite

decomposition of a pure state: both matrices ρA and ρX\A have identical sets
of nonzero eigenvalues.
• For |A| noticeably smaller than |X| /2, the reduced state is close to the
maximally mixed state: S2(ρ

A
) ≈ |A| log d. In our example, d = 2.
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Using Tropical Algebra to Solve a Minimax

Optimization Problem in Project Scheduling

Nikolai Krivulin

Abstract. We apply tropical optimization techniques to derive a complete
analytical solution to a time-constrained project scheduling problem.

1. Time-Constrained Project Scheduling Problem

Consider a project that involves n activities (jobs, tasks, operations) to be per-
formed in parallel, subject to a set of temporal constraints, including the release
time and deadline constraints, as well as start-start and start-finish relationships.
The scheduling problem is to find an optimal schedule that minimizes the maxi-
mum deviation of the start time of all activities.

For each activity i = 1, . . . , n, we denote the start times by xi and the
finish time by yi. Given release times gi that specify the earliest allowed time for
activities to start and deadlines fi that define the latest time for activities to finish,
the release time and deadline constraints take the form of the inequalities

gi ≤ xi, yi ≤ fi, i = 1, . . . , n.

The start-start constraints indicate the minimum allowed time lag between
the start of one activity and the start of another. Given parameters bij , the start-
start constraints are represented as

max
1≤j≤n

(bij + xj) ≤ xi, i = 1, . . . , n.

The start-finish constraints determine the minimum allowed time lag between
the start of one activity and the finish of another. Given parameters aij , the start-
finish constraints are represented as

max
1≤j≤n

(cij + xj) ≤ yi, i = 1, . . . , n.

Considering the deadlines yi ≤ fi, these constraints can be replaced by

max
1≤j≤n

(cij + xj) ≤ fi, i = 1, . . . , n.
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If some parameters gi, bij and cij are not defined, we set them equal to −∞.

The maximum deviation of the start time of activities is defined as the interval
between the earliest and the latest start times of activities and is given by

max
1≤i≤n

xi − min
1≤i≤n

xi = max
1≤i≤n

xi + max
1≤i≤n

(−xi).

The scheduling problem with the parameters gi, hi, bij and cij given for all
i, j = 1, . . . , n, is to find start times xi that solve the minimax problem

min
x1,...,xn

max
1≤i≤n

xi + max
1≤i≤n

(−xi),

s.t. max
1≤j≤n

(bij + xj) ≤ xi, max
1≤j≤n

(cij + xj) ≤ fi,

gi ≤ xi, i = 1, . . . , n.

(1)

We observe that problem (1) can be represented as a linear program, and then
a numerical solution of the problem can be obtained using one of the computa-
tional algorithms available in linear programming. To derive a complete analytical
solution to the problem, we formulate it in terms of tropical algebra and apply
methods and results of tropical optimization.

2. Elements of Tropical Algebra

Let X be a set that is equipped with two distinct elements: zero 0 and identity 1,
and closed under associative and commutative binary operations: addition ⊕ and
and multiplication ⊗. Addition is idempotent which means that x ⊕ x = x for all
x ∈ X. Multiplication distributes over addition and is invertible which provides
each nonzero x ∈ X with an inverse x−1 ∈ X such that x ⊗ x−1 = 1. Finally, the
set X is assumed to be totally ordered by an order relation consistent with that
induced by idempotent addition using the rule: x ≤ y if and only if x ⊕ y = y.

The algebraic system (X, ⊕, ⊗, 0, 1) is usually referred to as the idempotent
semifield. In what follows, the multiplication sign is omitted to save writing.

As an example, one can consider the real semifield (R∪{−∞}, max, +, −∞, 0),
which is usually called the max-plus algebra. In this semifield, the operations are
defined as ⊕ = max and ⊗ = +, and the neutral elements as 0 = −∞ and 1 = 0.
For any x ∈ R, the multiplicative inverse is equal to the opposite number −x in
the standard representation. The power xy coincides with the usual product x×y.
The order relation ≤ corresponds to the natural linear order on R.

The scalar operations ⊕ and ⊗ are extended to vectors and matrices over
X in the usual way. All vectors are assumed column vectors unless transposed. A
matrix (vector) with all entries equal to 0 is the zero matrix (vector). A vector that
has no zero elements is called regular. Any matrix without zero columns is called
column-regular. A vector with all elements equal to 1 is denoted by 1 = (1, . . . , 1)T .
Multiplicative conjugate transposition of a nonzero vector x = (xi) yields the row
vector x− = (x−

i ), where x−
i = x−1

i if xi 6= 0 and x−
i = 0 otherwise.
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A square matrix that has all diagonal elements equal to 1 and off-diagonal to
0, is the identity matrix denoted by I. The power notation is defined as follows:
A0 = I, Ap = AAp−1 for any square matrix A and integer p > 0.

The trace of a square matrix A = (aij) of order n is given by

tr(A) = a11 ⊕ · · · ⊕ ann =

n⊕

i=1

aii.

A tropical analogue of the matrix determinant is defined as

Tr(A) = trA ⊕ · · · ⊕ trAn =
n⊕

m=1

trAm.

If the condition Tr(A) ≤ 1 holds, the Kleene star matrix is calculated as

A∗ = I ⊕ A ⊕ · · · ⊕ An−1 =
n−1⊕

m=0

Am.

For any matrix A = (aij) and vector x = (xi), tropical norms are given by

‖A‖ = 1TA1 =
⊕

i,j

aij , ‖x‖ = 1Tx = xT1 =
⊕

i

xi,

which coincide in max-plus algebra with the maximum entries of A and x.

3. Algebraic Solution of Scheduling Problem

We now present a complete analytical solution of the scheduling problem of inter-
est, obtained in the framework of tropical algebra [1]. Other related examples of
applications of tropical optimization can be found, e.g., in [2, 3, 4, 5].

Consider the minimax optimization problem at (1) and represent the problem
in scalar form in terms of max-plus algebra to write

min
x1,...,xn

⊕

1≤i≤n

xi

⊕

1≤j≤n

x−1
j ,

s.t.
⊕

1≤j≤n

bijxj ≤ xi,
⊕

1≤j≤n

cijxj ≤ fi,

gi ≤ xi, i = 1, . . . , n.

(2)

With the following matrix-vector notation:

B = (bij), C = (cij), x = (xi), g = (gi), f = (fi),

problem (2) takes the vector form

min
x

x−11Tx,

s.t. Bx ≤ x, Cx ≤ f ,

g ≤ x.

(3)

139



4 Nikolai Krivulin

Application of tropical optimization techniques developed in [2, 3, 4, 5] leads
to the next result, which offers a complete analytical solution to problem (3).

Lemma 1. Let B be a matrix with Tr(B) ≤ 1 and C a column-regular matrix. Let

g be a vector and f a regular vector such that f−CB∗g ≤ 1.

Then, the minimum of the objective function in problem (3) is equal to

θ = ‖B∗‖ ⊕
⊕

0≤i+j≤n−2

‖f−CBi‖‖Bjg‖,

and all regular solutions are given in parametric form by

x = Gu, g ≤ u ≤ (f−CG)−,

where u is a vector of parameters and

G = B∗ ⊕
⊕

0≤i+j≤n−2

θ−1Bi11TBj .

This work was supported in part by the Russian Foundation for Basic Re-
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Constrained rank-one matrix factorization using

tropical mathematics

N. Krivulin and E. Romanova

Introduction

Constrained matrix factorization finds wide use in various areas of data analysis [1],
such as recommendation systems and image processing. In many applications it is
essential to use the factorization by matrices of unit rank (rank-one factorization)
[2, 3], which involves the approximation of matrices by products of column and
row vectors.

We consider a problem of constrained factorization that can be formulated
as the minimization problem

min
x,y

d(A,xy−),

s. t. a ≤ x ≤ b, c ≤ y ≤ d,
(1)

where d is an approximation error, A is a given matrix under factorization, x
is a column vector, y− is the row vector obtained from a column vector y by
transposing and replacing each nonzero element by its inverse, and a, b, c, d are
given column vectors.

In this paper we assume the matrix A to be positive and take the Chebyshev
distance in the logarithmic scale as an error function d. To find all solutions of the
minimization problem we apply methods of tropical (idempotent) mathematics,
which deals with the theory and applications of idempotent semifields. We extend
the solutions obtained under different assumptions in [4, 5] for an unconstrained
rank-one factorization problem to constrained problem (1), where the matrix A
can contain missing elements. We start with necessary definitions and notations
of tropical mathematics. Next, we formulate and solve a constrained tropical op-
timization problem under different assumptions. Finally, the obtained solution is
applied to the constrained factorization problem in question.

This work was supported in part by the Russian Foundation for Basic Research, Grant No.

20-010-00145.
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1. Tropical algebra

We begin with a short overview of basic definitions, notations and preliminary
results of tropical mathematics from [6, 7], which are used for the formulation and
solution of a tropical optimization problem in the next section. Further details on
tropical mathematics can be found, for example, in [8, 9, 10].

Consider a nonempty set X equipped with addition ⊕ and multiplication ⊗,
which are both associative and commutative, and have respective neutral elements,
zero 0 and identity 1. The addition ⊕ is idempotent, which means that x ⊕ x = x
for all x ∈ X. The multiplication is distributive over the addition and is invertible,
implying that each nonzero x ∈ X has its inverse x−1 such that x ⊗ x−1 = 1.
Together with the operations ⊕ and ⊗, and their neutral elements, the set X forms
the algebraic system, which is usually referred to as the idempotent semifield. In
what follows we omit the multiplication sign for the sake of brevity.

The addition induces on X a partial order such that the relation x ≤ y holds
if and only if x ⊕ y = y. The partial order is considered as extendable to a total
order, and so we assume the semifield to be linearly ordered. Further the relation
symbols and optimization problems are considered in the sense of this order.

Below, we use a real idempotent semifield, which is commonly called max-
algebra. This semifield is defined on the set of non-negative real numbers and has
maximum in the role of addition, and usual arithmetic multiplication in the role
of multiplication. Neutral elements coincide with the usual arithmetic 0 and 1.
The relation ≤ agrees with the natural linear order on the set of non-negative real
numbers. The concepts of the inverse and the power are conventional.

Let X
m×n be the set of matrices over X, with m rows and n columns. A

matrix with all zero elements is the zero matrix 0. A square matrix with 1 on the
diagonal and 0 elsewhere is identity matrix I. In the case of max-algebra, zero and
identity matrices have the usual form. Any matrix without zero columns (rows) is
called column (row)-regular.

Matrix addition and multiplication and multiplication by scalars follow the
standard entry-wise formulas with the arithmetic operations replaced by ⊕ and ⊗.

The multiplicative conjugate transposition of a nonzero matrix A = (aij) ∈
X

m×n yields the matrix A− = (a−
ij) ∈ X

n×m with the elements a−
ij = a−1

ji if

aji 6= 0, and a−
ij = 0 otherwise.

Consider a square matrix A = (aij) ∈ X
n×n. The trace of the matrix A is

calculated as trA = a11 ⊕ · · · ⊕ ann.
The spectral radius of a matrix A is the scalar λ = trA ⊕ · · · ⊕ tr1/n(An).
For a square matrix A we define the matrix A∗ = I ⊕ · · · ⊕ An−1.
The set of column vectors of order n is denoted by X

n. Any vector without
zero elements is called regular. In max-algebra, the regularity of a vector means
that the vector is positive.

The multiplicative conjugate transposition of a nonzero column vector x =
(xi) yields the row vector x− = (x−

i ), where x−
i = x−1

i if xi 6= 0, and x−
i = 0

otherwise.
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2. Tropical optimization problem

We consider a problem of tropical optimization with constraints, which is used
below in factorization of matrices. Given a matrix A ∈ X

m×n and vectors a,
b ∈ X

m, c, d ∈ X
n, the problem is to find all regular vectors x ∈ X

m and y ∈ X
n

that achieve the minimum

min
x,y

x−Ay ⊕ y−A−x,

s. t. a ≤ x ≤ b, c ≤ y ≤ d.
(2)

The following result gives a complete solution in an explicit vector form to
problem (2) for any nonzero matrix.

Theorem 1. Suppose that A is a nonzero matrix and µ is a spectral radius of the

matrix AA−. Let a and c be vectors, b and d be regular vectors such that b−a ≤ 1

and d−c ≤ 1. Denote r = (m + n)/2 and define a scalar

θ = µ1/2 ⊕
⌈r⌉⊕

k=1

(
b−A(A−A)k−1c ⊕ d−A−(AA−)k−1a

)1/(2k−1) ⊕

⊕
⌊r⌋⊕

k=1

(
b−(AA−)ka ⊕ d−(A−A)kc

)1/(2k)
. (3)

Then, the minimum in problem (2) is equal to θ and all regular solutions are

given by

x = (θ−2AA−)∗v ⊕ θ−1A(θ−2A−A)∗w = (θ−2AA−)∗(v ⊕ θ−1Aw),

y = θ−1A−(θ−2AA−)∗v ⊕ (θ−2A−A)∗w = (θ−2A−A)∗(θ−1A−v ⊕ w),

where v and w are vectors that satisfy the conditions

a ≤v ≤ ((b− ⊕ θ−1d−A−)(θ−2AA−)∗)−,

c ≤w ≤ ((θ−1b−A ⊕ d−)(θ−2A−A)∗)−.

In the case of a column-regular matrix, a complete solution of problem (2)
can be obtained in a different form as follows.

Theorem 2. Suppose that A is a column-regular matrix and µ is a spectral radius

of the matrix AA−. Let a and c be vectors, b and d be regular vectors such that

b−a ≤ 1 and d−c ≤ 1. Then, the minimum in problem (2) is equal to (3) and all

regular solutions are given by

x = (θ−2AA−)∗u, a ⊕ θ−1Ac ≤ u ≤ ((b− ⊕ θ−1d−A−)(θ−2AA−)∗)−,

θ−1A−x ⊕ c ≤ y ≤ (θ−1x−A ⊕ d−)−.
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If the matrix A does not contain zero rows, a complete solution can be written
in the following form.

Theorem 3. Suppose that A is a row-regular matrix and µ is a spectral radius of

the matrix AA−. Let a and c be vectors, b and d be regular vectors such that

b−a ≤ 1 and d−c ≤ 1. Then, the minimum in problem (2) is equal to (3) and all

regular solutions are given by

y = (θ−2A−A)∗u, c ⊕ θ−1A−a ≤ u ≤ ((d− ⊕ θ−1b−A)(θ−2A−A)∗)−,

θ−1Ay ⊕ a ≤ x ≤ (θ−1y−A− ⊕ b−)−.

3. Application to matrix factorization

Let A = (aij) be a positive matrix with missing elements. First, we fill the missing
elements of A with zeroes and consider problem (1), where x = (xi) is a column
vector and y− = (y−1

i ) is a row vector. We define the function d as the log-
Chebyshev distance between the matrix A and the rank-one matrix xy−. With
the logarithm of a base greater than 1, which is monotone increasing, we have

max
i,j:aij 6=0

| log aij − log xiy
−1
j | = log max

i,j:aij 6=0
max(x−1

i aijyj , xia
−1
ij y−1

j ).

Since logarithm is monotonic, the minimization of the logarithmic function
is equivalent to minimizing the argument of this function. After eliminating the
logarithm, we rewrite the objective function in terms of max-algebra to obtain

⊕

i,j:aij 6=0

(x−1
i aijyj ⊕ xia

−1
ij y−1

j ) = x−Ay ⊕ y−A−x.

Thus, we can reduce the constrained problem of factorization of the positive
matrix A to that of the form

min
x,y

x−Ay ⊕ y−A−x,

s. t. a ≤ x ≤ b, c ≤ y ≤ d.

As a result, we obtain the problem in the form of (2), which has complete
solutions given by theorems 1, 2, and 3. In the application of the solutions to the
factorization problem, the minimal error is calculated as the logarithm of (3).
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Using Tropical Algebra for Evaluating Consumer

Preferences for Hotels in Marketing Research

Nikolai Krivulin, Prinkov Alexey and Igor Gladkikh

1. Evaluation of Preferences for Hotels in Marketing Research

We consider the problem of evaluating the ratings (priorities, weights) of criteria
used by customers to choose a hotel to stay. The criteria include hotel location,
price, type of guests, breakfast included, room equipment, courtesy of staff.

A survey of 202 respondents of both genders aged 17 to 26 is being conducted.
Each respondent compares the criteria in pairs to estimate their relative impor-
tance and evaluates the ratings and ranks of the criteria directly. The purpose of
the research is to obtain the absolute ratings of criteria from the results of pairwise
comparisons and then determine the ranks of alternatives.

To solve the problem, we apply an approach based on the application of
tropical algebra. The obtained results are compared with the results of application
of the principal eigenvector method by T. Saaty and the geometric means method
as well as with the results of direct evaluation of criteria.

2. The Problem of Pairwise Comparisons and Its Solution

Let A = (aij) be a pairwise comparison matrix of n alternatives, where the ele-
ment aij > 0 indicates that alternative i is aij times more preferred than j. The
elements of A satisfy the property aij = 1/aji, which means that the matrix A is
symmetrically reciprocal. Given a pairwise comparison matrix A, the problem is
to determine the vector x of absolute ratings of alternatives.

A pairwise comparison matrix A is consistent if it has the transitive property
aij = aikakj for all i, j, k. For any consistent matrix A, there exists a positive vector
x = (xi) that determines the elements of A by the condition aij = xi/xj and thus
is a solution to the problem of evaluating absolute ratings of alternatives.

In real-world problems, the pairwise comparison matrices are usually not con-
sistent. In this case, the initial inconsistent matrix is replaced by an approximate
consistent matrix, and its vector of absolute ratings is taken as a solution.
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The principal eigenvector method by T. Saaty is a wide used heuristic tech-
nique that offers a solution in the form of the eigenvector of the pairwise compar-
ison matrix, corresponding to the maximum eigenvalue of the matrix.

The approximation methods solve the problem of minimizing an error of the
approximation of a pairwise comparisons matrix A = (aij) by a consistent matrix
X = (xi/xj). If the error is measured on a logarithmic scale, then a solution can
be obtained in analytical form. Specifically, the approximation with the Euclidean
norm in logarithmic scale leads to the method of geometric means, where the
elements of the vector of absolute ratings are calculated as geometric means of
the elements in rows of the matrix A. Approximation of the matrix A in the
log-Chebyshev metric is reduced to the minimization problem without logarithm

min
x>0

max
1≤i,j≤n

aijxj/xi. (1)

Both methods of the principal eigenvector and the geometric means provide
a unique solution vector (up to a positive factor). The solution based on the log-
Chebyshev approximation may be nonunique. If there is a set S of different solution
vectors, it is natural to define some “best” and “worst” solutions that most and least
differentiate the alternatives with the maximum and minimum ratings. These best
and worst differentiating solutions can be found by solving the following problems:

max
x∈S

max
1≤i≤n

xi × max
1≤j≤n

x−1
j , min

x∈S
max

1≤i≤n
xi × max

1≤j≤n
x−1

j . (2)

To solve problems (1) and (2), we apply methods of tropical optimization,
which allow obtaining analytical solutions in an explicit form [1, 2, 3].

3. Algebraic Solution of the Pairwise Comparison Problem

Tropical (idempotent) mathematics [4, 5, 6] deals with the theory and applica-
tions of algebraic systems with idempotent operations. A typical example of the
algebraic system under study is the max-algebra, which is the set of non-negative
reals R+ = {x ∈ R|x ≥ 0}, where addition is denoted by the symbol ⊕ and defined
as x ⊕ y = max{x, y}, whereas multiplication is denoted and defined as usual.

Vector and matrix operations are performed according to standard rules with
the arithmetic addition replaced by ⊕. The zero vector is denoted by 0 and has
the standard form. For a nonzero column vector x = (xj) the conjugate transpose

is the row vector x− = (x−
j ), where x−

j = x−1
j if xj 6= 0, and x−

j = 0 otherwise.

For the vector 1 = (1, . . . , 1)T , the conjugate transpose is 1− = 1T .
The conjugate transpose of a matrix A = (aij) is the matrix A− = (a−

ij),

where a−
ij = a−1

ji if aji 6= 0, and a−
ij = 0 otherwise. The identity matrix is denoted

by I and has the usual form. A nonnegative integer power of a square matrix A
is defined for all natural p by the conditions A0 = I, Ap = Ap−1A = AAp−1.

The trace of a matrix A = (aij) of order n is given by trA = a11 ⊕· · ·⊕ann.

The spectral radius of the matrix A is the scalar λ = trA ⊕ · · · ⊕ tr1/n(An). If
λ ≤ 1, then the Kleene star matrix is given by A∗ = I ⊕ A ⊕ · · · ⊕ An−1.
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In terms of max-algebra, the approximation problem at (1) becomes

min
x>0

x−Ax. (3)

All solutions of problem (3) are given in parametric form by

x = Bu, u > 0, B = (λ−1A)∗,

where λ is the spectral radius of the pairwise comparison matrix A.
The obtained solution is unique (up to a positive factor) if all columns bj in

the matrix B are collinear. Otherwise, problems (2) are solved to find the most
and least differentiating solutions. The best differentiating solution is given by

x1 = B(I ⊕ B−
lkB)u1, u1 > 0,

where Blk is obtained from B = (bij) by zeroing all elements except blk with

k = arg max
j

1T bjb
−
j 1, l = arg max

i
b−1
ik .

The worst differentiating solution is defined as

x2 = (∆−111T ⊕ λ−1A)∗u2, u2 > 0, ∆ = 1TB1 = 1T (λ−1A)∗1.

4. Statistical Analysis of Numerical Results

To evaluate feasibility and accuracy of the algebraic solution based on the log-
Chebyshev approximation, a statistical analysis is performed on the numerical
results of rating criteria to choose a hotel for all respondents. The data under
study include ratings of criteria obtained from the pairwise comparison matrices
by applying the methods of the principal eigenvector, geometric means and log-
Chebyshev approximation. The vectors of ratings provided by the methods are
used to determine corresponding ranks of criteria, which are compared to one
another and to the ranks given directly by respondents. As a preliminary result of
the analysis, the next table demonstrates the number of complete matches of the
ranking for every pair of methods including the direct ranking.

Direct Saaty Geometric
Log-Chebyshev

Best
Log-Chebyshev

Worst
Direct 202
Saaty 56 202

Geometric 56 184 202
Log-Chebyshev

Best 59 124 124 202
Log-Chebyshev

Worst 56 123 125 130 202

Further research consists of correlation analysis, range and scatter plot anal-
ysis, cluster and classification analysis for both ratings and ranks obtained. The
comparison of results shows that all methods based on pairwise comparison data
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lead to close results. The method of geometric means and the Saaty method of
principal eigenvector give almost the same ranking for the data available from the
respondents. The log-Chebyshev approximation provides similar results that are
more close to the direct ranking by respondents than the other two methods.

This work was supported in part by the Russian Foundation for Basic Re-
search grant number 20-010-00145.
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Linearizability property of Lie symmetry algebra

Dmitry Lyakhov, KAUST

April 2021

1 Abstract

An algebraic framework is proposed for determining if a scalar ordinary dif-
ferential equation could be mapped into a linear one. We call this property
linearizability or exact linearization. The problem is split into two parts: (I)
obtain a certificate which ensures the existence of a linearizing mapping and
(II) construct the determining system for it. The complexity bottleneck of this
technique is the completion to a standard basis (Riquier basis of symmetry in-
finitesimals for problem (I)) and the Thomas Decomposition of the nonlinear
determining system of the linearizing mapping for problem (II). In both cases,
the numbers of dependent and independent variables remain fixed which defines
an upper complexity bound of the corresponding algorithms. The main differ-
ence is the transformation of the infinitesimal symmetry generators by means
of Bluman-Kumei equations. We prove a theorem on the construction of finite-
dimensional linearizing systems, which is important in theory and application.
Moreover, we illustrate our approach with several examples which admit exact
linearization by point or contact transformations.

1
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Algebraic classification of matrix algorithms

Gennadi Malaschonok

Abstract. The widespread use of supercomputers for solving practical prob-
lems with numerical matrices of large sizes requires a revision of the matrix
algorithms that are used today. The Galois classification for dividing all ma-
trix algorithms into three classes is discussed. The special role of recursive
matrix algorithms is emphasized. These algorithms provide a natural way to
isolate independent large-block subproblems for parallel computations on a
supercomputer.

1. Introduction

The theory of matrices and matrix algorithms that was created for the computing
technology of past generations needs to be revised. This has been repeatedly stated
by Jack Dongarra, who is rightfully considered the father of supercomputing. He
calls for the search for a new computing paradigm. We can cite as an example [1].

We propose to consider several proposals that could form the basis of such a
new paradigm.

Earlier we dealt with "small matrices" and computers with shared memory.
Now we need to learn how to deal with (A) "large matrices" and (B) supercomput-
ers that have distributed memory. Each individual processor of a supercomputer
has memory available only to its cores. In addition, (C) in large computing clusters,
while solving a problem, individual processors are likely to fail.

The main problem is the loss of the correct solution to the problem due to
the accumulation of computational error. Overcoming this difficulty is possible in
only one of two ways.

(I) You can increase the bit width of the machine word in which numbers are
stored. For this purpose, you can, for example, use the Java BigDecimal class.

(II) It is possible to find an exact solution to the problem for some tasks. For
this purpose, you can, for example, use the Java BigInteger class.
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2. Galois classification of matrix algorithms
In connection with such a revision of matrix algorithms, it is necessary to take
into account the algebraic features of the algorithms.

We will consider rational numbers (or their complexification) as input data.
Then, as a result of calculations in the solution, one can obtain either rational
numbers (Q) or numbers that are expressed in radicals (ER), or algebraic numbers,
that are not expressed in radicals (AR).

Let’s call these three classes of matrix algorithms MAi (i = 1, 2, 3). Or oth-
erwise, we can talk about a Q, ER and AR classes of matrix algorithms. We
propose to call it the Galois classification, since it has a direct connection with
the calculation of the roots of a polynomial. Class MA1 is similar to the class of
linear algebraic equations and has only rational solutions. Class MA2, is similar
to algebraic equations of 2,3 and 4th degree and has solutions that are expressed
in radicals. Class MA3, is similar to equations above the fourth degree and has
solutions that are not expressed in radicals.

Dividing the entire set of matrix problems into these three large groups is a
reasonable first step in creating a modern theory of matrix algorithms.

Indeed, in the first class one can use a large arsenal of algebraic techniques,
including transition to finite fields, rational reconstruction, or use the operation of
exact integer division.

In the second class, such techniques are impossible. But here you can get
a solution without using an iterative process. For example, to reduce the error,
it is enough to switch to calculations with numbers, which have increased digit
capacity.

In the third class of algorithms, there must be an iterative process in which
a solution is achieved with the required accuracy.

3. Block-recursive matrix algorithms
The first non-trivial block-recursive matrix algorithm is Strassen’s algorithm for
matrix multiplication. In recent years, new block-recursive matrix algorithms have
been obtained. The main feature of such algorithms, which is fundamentally im-
portant for supercomputer computing, is the ability to separate large independent
subproblems.

A less important but very useful property of these algorithms is their lower
computational complexity. It usually corresponds to the computational complexity
of the multiplication algorithm. For example, when using Strassen’s algorithm, the
complexity of the entire recursive algorithm will be ∼ nlog27.

In recent years, many research groups have been intensively searching for spe-
cial mechanisms for extracting large independent subproblems from the algorithm.
Here are some of the task-based runtimes known today: OpenMP [2], StarPU [3],
Legion [4], PaRSEC [5], OCR [6], HPX [7], SuperGlue[9], QUARK [10]. A frame-
work for synthesizing distributed-memory parallel programs for block recursive
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algorithms is presented in [8] and is illustrated by synthesizing programs for the
FFT. It has been incorporated into the EXTENT system.

We continue to develop this area for creating an efficien runtime for supercom-
puter. Our DAP-technology [20] – [22] exploits the natural property of separating
independent recursive subproblems in a recursive algorithm.

Today, such recursive algorithms are known in MA1 class: multiplication,
inversion, calculation of the adjoint matrix and determinant, calculation of the
echelon form and kernel of the operator, calculation of the pseudoinverse matrix,
generalized Moore-Penrose inverse, Bruhat decomposition, LEU and LDU expan-
sions. In the MA2 class, a recursive algorithm for QR-decomposition is known.

4. Algorithms in the commutative domain
Computer algebra studies algorithms in various universal algebras, including com-
mutative domains.

As is known, a commutative domain can naturally be immersed in its own
field of quotients. However, operations in the field of quotients, as a rule, are much
more computationally complex. Even in cases where the solution lies in the field
of quotients, an algorithm that does not use arithmetic in the field of quotients,
but presents the numerators and denominators of the desired fractions, may have
less complexity.

If, however, homomorphic images of the field of quotients into finite fields
are used, and then a rational reconstruction of the solution is applied, then here,
too, the computational complexity can be reduced. This is due to the fact that
reconstruction of a separate numerator and denominator has less computational
complexity than reconstruction of a fraction.

Sparse matrices are of particular interest. It is well known that the use of
homomorphic mappings reduces the computational complexity for dense matrices.
However, the picture may be different for sparse matrices. And for some types of
sparse matrices, the use of a homomorphic mapping may not improve, but worsen
the computational complexity.

Thus, we can distinguish a special subset of algorithms in class A. These are
block-recursive algorithms for a commutative domain. They are the most promising
for supercomputing.

5. Conclusion
We propose to revise matrix algorithms in connection with the requirements put
forward by supercomputing, and to base it on the division into three classes:MA1,
MA2, MA3.

For each of these classes, one can further consider their own approaches to
solving supercomputing problems.
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We also note the special position occupied by block-recursive matrix algo-
rithms for solving the problem of allocating large independent subtasks when
computing on a supercomputer, which has memory distributed across separate
processors.

Among block-recursive algorithms of MA1 class, a special place is occupied
by algorithms for commutative domains, which make it possible to further reduce
the computational complexity of an algorithm.
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Dynamical systems with a quadratic right-hand
side

Ali Baddour, Oleg Kroytor, Mikhail Malykh and Leonid Sevastianov

Abstract. Difference schemes for dynamical systems with a quadratic right-
hand side, setting a one-to-one correspondence between initial and final values
(reversible difference schemes), are considered in the report. The results of
computer experiments with these schemes are presented.

Most systems of ordinary differential equations arising in applications cannot
be integrated in a finite form. The idea of finding and classifying all differential
equations that are integrable in a finite form arose in the 19th century, but the very
concept of integrability in a finite form admits a lot of interpretations: from inte-
gration in elementary functions to finding differential equations with the Painlevé
property.

Among these interpretations, in our opinion, of particular interest is the
purely algebraic approach proposed in the early works of Painlevé [1, 2]. In these
works, it is proposed to find and integrate all differential equations, the general
solution of which defines a birational or at least algebraic correspondence between
the initial and final values. All linear differential equations define a linear corre-
spondence between initial and final values. Painlevé sought to prove that among
nonlinear ones, birational correspondences are given only by those that integrate
in Abelian functions and their degenerations or are reduced to linear ones.

This approach seemed to us interesting because it does not require fixing the
list of admissible transcendental functions [3]. The above algebraic property of the
general solution itself singles out a certain class of transcendental functions, which
surprisingly coincides with the set used in classical mechanics.

Since the approach is purely algebraic, it can be easily applied to finite dif-
ferences. Let us first turn to the first-order differential equation

dx

dt
= f(x, t)
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with a rational right-hand side. On the straight line, any birational correspondence
is a Möbius transform, and therefore the Riccati equation

dx

dt
= p(t)x2 + q(t)x+ r(t) (1)

and only the Riccati equation defines the birational correspondence between the
initial and final values x.

According to the finite difference method, the differential equation is replaced
by an algebraic equation connecting the value of the solution of this equation at
time t with the value at t + ∆t. Let us call the first value the initial value and
denote it as x, and the second one call the final value and denote it as x̂. Then
the difference analogue of the Painlevé problem is as follows: find all differential
equations that can be approximated by algebraic equations defining birational
correspondences between x and x̂. Since the group of birational transformations
of the line does not change in any way under the transition to finite differences,
the Riccati equation and only the Riccati equation admits such an approximation,
namely

x̂− x = (pxx̂+ qx+ r)∆t.

Thus, the discrete and continuous cases turn out to be identical [4].
However, when passing to systems of equations, the situation changes radi-

cally. Any system of m differential equations with a quadratic right-hand side is
approximated by a difference scheme defining a birational correspondence between
the initial and final values as points ofm-dimensional projective spaces. To do this,
it is necessary to replace the derivative with a finite difference, and the monomials
xixj on the right-hand side with x̂ixj .

On the other hand, autonomous systems of differential equations with a qua-
dratic right-hand side are a very large class of nonlinear differential equations,
to which all equations describing the motion of the top belong. Back in the 19th
century, four cases were distinguished among them when the motion of the top is
integrated in Abelian or elliptic functions. Therefore, the class of differential equa-
tions admitting an approximation defining a birational correspondence between
initial and final values is much wider than the class of differential equations that
themselves define a birational correspondence between initial and final values.

Here it is necessary to make one more clarification: for Abelian functions to
appear in the theory, Painlevé considered differential equations defining birational
correspondences between initial and final values as points on integral manifolds dis-
tinguished by algebraic integrals. In the finite difference case, we obtain birational
correspondences between the initial and final values as points of the projective
space without regard for the algebraic integrals.

Let us explain what has been said with the simplest example. Dynamic system

ẋ = y, ẏ = 6x2 − a (2)

has an algebraic integral
y2

2
− 4x3 + ax = C1, (3)
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the meaning of which is the total mechanical energy. If the value of C1 is fixed,
then the general solution

x = ℘(t+ C2, 2a,C1), y = ℘′(t+ C2, 2a,C1), (4)

defines a birational correspondence between the initial point (x0, y0) and the fi-
nal point (x1, y1) on the elliptic curve (3). This correspondence does not extend
to a birational transformation of the projective plane xy. Nevertheless, we can
approximate the system (2) by the difference scheme

x̂− x =
ŷ + y

2
∆t, ŷ − y = (6xx̂− a)∆t (5)

which defines a birational correspondence between the points (x, y) and (x̂, ŷ) of
the projective plane. In this case, the integral of motion (3) is not preserved.
Thus, in the transition from a continuous model to a discrete one, the algebraic
integral of motion is not preserved and thanks to this fact we move from the
group of birational transformations of an elliptic curve to the group of Cremona
transformations.

It should be noted that the group of birational transformations of the plane
is very large, and its study was begun in the works of Cremona in the 1860s and
is not finished now even in rough form. Hermite [5] believed that the theory of
birational transformations of curves would be a section in the theory of the Cre-
mona group, which F. Klein considered an annoying mistake, which he considered
necessary to describe in detail in his Lectures on the History of Mathematics [6,
ch. 7]. Now it turns out that Hermite was right after all, and there is a connec-
tion between birational transformations on curves and Cremona transformations,
which manifests itself in the discretization of dynamical systems.

In the study of mechanical autonomous models, it is often noted that there
must be a one-to-one correspondence between the initial and final data (the prop-
erty of model reversibility). Birational correspondence is a special case of one-to-
one correspondence. When passing to difference schemes, any mapping becomes
algebraic; therefore, reversibility is equivalent to the property under discussion. In
this case, it is easy to correct the scheme so that it has t-symmetry.

Since many of the differential equations with a quadratic right-hand side
describe nonlinear oscillators, we decided to investigate the periodicity of approx-
imate solutions in the Sage computer algebra system. For a linear oscillator, this
issue was investigated earlier in [7].

First of all, we fixed the initial value and the natural number n and chose such
a step ∆t that in n steps the solution of system (2) according to the scheme (5)
would exactly return to initial data. It turned out that this is possible for almost
all n, and one n corresponds to several positive values of the step. The resources
do not allow taking n large, but it was possible to observe the convergence of the
product of n and the smallest positive step to the exact period.
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Then we fixed the step ∆t and the square on the phase plane xy. We filled this
square evenly with points, which we used as initial ones for constructing solutions
according to the reversible scheme (5).

In this phase portrait, special lines appeared, which we propose to call equiperi-
odic. Namely, the set of initial points that, for a given step ∆t, give an approximate
solution with a period n, will be called an equiperiodic set of the n-th order. It is
easy to prove that equiperiodic sets are integral for approximate solutions. In the
case of the scheme (5), such a quasiperiodic set is the curve Fn(x, y, dt) = 0. For
small orders, we managed to calculate these curves, they turned out to be ellipti-
cal. Equiperiodic curves for the exact solution of the system (2) are elliptic curves
of the bundle (3). When discretized, this linear family turns into a countable set
of equiperiodic curves F1, F2, . . . . Thus, the integral of motion generates a bundle
of integral curves, which becomes discrete upon discretization.

In conclusion, let us formulate the main results. First, the class of differen-
tial equations approximated by reversible separation schemes is much wider than
the class of differential equations that specify birational correspondences between
initial and final values. Second, the place of birational transformations on alge-
braic integral manifolds in the proposed theory of difference schemes is occupied
by Cremona transformations. Therefore, the previously noted obstacles to the con-
stitution of conservative explicit difference schemes [8] by no meas impoverish the
algebraic properties of difference schemes, but only indicate significant differences
in continuous and discrete theories. The example considered shows that the ques-
tion should be raised not about the inheritance of the algebraic properties of an
exact solution by approximate ones, but about their transformation.
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Lüneburg lens and calculation of special functions
in CAS

Ksaverii Malyshev and Mikhail Malykh

Abstract. The classical Lüneburg lens scattering problem has a solution ex-
pressed in terms of the Whittaker and Heun functions. The difficulties of
finding these functions in CAS Maple are described. The software package
«Fucsh for Sage» for working with Fuchsian singular points of linear differen-
tial equations is presented, in which the Maple results are verified.

Special functions are considered in theoretical and mathematical physics as
solutions of linear ordinary differential equations, usually having singular points.
An example of such classical problem we can investigate the scattering of electro-
magnetic waves by a Lüneburg lens [1]. This problem is reduced to solving of two
ordinary differential equations:

d

dr

1

µ

dun
dr

+

[
k2ε− n(n+ 1)

µr2

]
un = 0, (1)

d

dr

1

ε

dvn
dr

+

[
k2µ− n(n+ 1)

εr2

]
vn = 0. (2)

Here ε, µ are dielectric and magnetic permeability of filling, depending only on
the radius. In particular, for Lüneburg case we have

ε = 2− r2, µ = 1.

In the CAS Maple’2019 [2], particular solutions of these equations, bounded at
zero, are expressed as follows:

un =
1√
r
WhittakerM

(
k

2
,
2n+ 1

4
, kr2

)
,

and
vn = ekr

2/2 HeunC(2k, n+ 1/2,−2, k2,−k2 + 3/4, r2/2)rn+1. (3)
Here WhittakerM is Whittaker’s function, HeunC is confluent Heun’s function [3].
It should be noted that the class of functions ε, µ for which the equations are
simultaneously solvable in Maple’2019 is very small. For Lüneburg case the values
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Figure 1. Function graphs |vn(r)| in Maple’2019, a.) k = 5,
n = 1 (left); b.) k = 7, n = 1 (right).

of these functions, calculated in Maple, are sometimes very big and the graphs
have numerical artifacts.

To compare the results of Maple and the results from independent source we
wrote the routine «Fucsh for Sage» in CAS Sage [4]. This package allows to find
solutions of linear differential equations with Fuchsian singular points in the form
of Frobenius series.

The solutions to the equation (1) are displayed by the Maple quite correctly
even if we have very big values for Whittaker’s function. This was established by
independently calculating them using the Frobenius series in CAS Sage.

The equation (2) has 4 singular points: r = 0, r = ±
√
2, and r =∞. There-

fore, its solutions are expressed in terms of special functions of the Heun class
[3]. The solutions of the equation (2) are bounded in the vicinity of the Fuchsian
singular point r =

√
2 and are real for all real values of r. At the same time, for

arbitrary values of the parameters k and n, the graphs of the functions vn(r) break
off at the singular point r =

√
2. Substitution of the value r =

√
2 into the expres-

sion for vn(r) in Maple gives the result Float(infinity) + Float(infinity)*I,
which is incorrect. In this case, the graph of the function |vn(r)| can be smoothly
extended beyond the singular point (fig. 1, left). It should be noted that it is
possible to continue beyond the singular point, accompanied by a local loss of the
smoothness (fig. 1, right). It is especially important to state the presence of a range
of parameters k and n, in which the graph of the function vn(r) is transmitted
obviously incorrectly even with r <

√
2, fig. 2, left. On the other hand, our pack-

age give the correct values of the functions vn for cases when they are displayed
incorrectly (fig. 2).

Examples of erroneous calculation of special functions in Maple’2019 are pre-
sented. In CAS Sage implements an algorithm for finding these functions in the
form of Frobenius series. The written software package makes it possible to find
solutions to linear ordinary in some cases when their solution is not expressed in
terms of known special functions.
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Figure 2. Function graphs ln |vn(r)| for case k = 40, n = 25 in
Maple (left) and in "Fuchs for Sage" (right).
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Free-fall three-body problem and complexity of �-

nite symbolic sequences

Mylläri Aleksandr, Mylläri Tatiana, Vassiliev Nikolay and Vasilii

Duzhin

Abstract. We study complexity of trajectories free-fall equal-mass three-body

problem. Symbolic sequences are constructed by numerical integration of the

equations of motion. Di�erent measures of complexity are used: Shannon and

Markov entropies, Arnold complexity and others. To analyze complexity of

individual trajectories we use sliding window method: we choose the window

size, select the sub-sequence of this size starting from the beginning and cal-

culate Shannon entropy. We then move one position to the right and repeat

the process. Comparing regions with high and zero entropy values allows us

to dicriminate between periods of active interplay and long ejections.
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On Morse index recovering

Daniil Mamaev and Gaiane Panina

Imagine there is a smooth real-valued function f de�ned in a ball Bd with a
unique critical point at the center of the ball O. Assume that the critical point O is
a Morse one, and hence possesses the Morse index. We shall discuss the following
problem (and arrive at a somewhat counterintuitive solution):
"Up to what extent can one recover the Morse index M by the behaviour of the

function in the ball with a deleted neighborhood of the center Bd \ ϵBd?"
Some simple observations are: (1) In certain cases the Morse index is retrieved

uniquely. For instance, if the gradient of f points outwards at each point at the
boundary sphere ∂Bd, then clearly O is a minimum point, that is, M = 0. (2)
The direction of the gradient �eld on the sphere ∂Bd de�nes a map ∂Bd −→ ∂Bd

whose index is ±1 depending on the parity of M . Therefore, the parity of M is
retrievable.

Our main conjecture that in the general case, nothing but the parity of M
can be retrieved. We shall prove the following
Theorem.

For any d and M such that 0 ≤ M, M + 2 ≤ d there exist two smooth functions

f, g : Bd −→ R such that

1. f ≡ g on Bd \ ϵBd.
2. Both f and g have a unique critical point at O, and the Morse indices are M

and M + 2 respectively.

One of the key ideas was to use the Morse-Barannikov framed complex which
provided the combinatorial counterpart of the construction.
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On unique tensor decompositions
Benjamin Lovitz and Fedor Petrov

Abstract. Kruskal’s theorem states that a sum of product tensors consti-
tutes a unique tensor rank decomposition if the so-called k-ranks of the prod-
uct tensors are large. We prove a more general result in which the k-rank
condition of Kruskal’s theorem is weakened to the standard notion of rank,
and the conclusion is relaxed to a statement on the linear dependence of the
product tensors. As a corollary, we prove that if n product tensors form a cir-
cuit, then they have rank greater than one in at most n − 2 subsystems. This
generalizes several recent results in this direction, and is sharp. The proof of
the main result is based on the matroid ear decomposition technique.

For a non-negative integer n we write [n] = {1, 2, . . . , n}.
Let F be a field.
Let U be a vector space over F and let E = {e1, . . . , en} ⊂ U be a finite

multiset.
We say that E is a circuit, if all n elements of E are linearly dependent, but

any n − 1 of them are linearly independent (this is a matroid theory concept).
We say that E splits, if there exists a partition [n] = J1 ⊔ J2 such that J1, J2

are non-empty and

span{ei : i ∈ J1} ∩ span{ei : i ∈ J2} = {0}.

In other words, E splits if it is disconnected as a matroid.
Further, let m > 1 an integer, let V1, . . . , Vm be vector spaces over F. Further

we refer to their tensor product V = V1 ⊗ · · · ⊗ Vm as a multipartite vector space.
A product tensor in V is a non-zero tensor z ∈ V of the form z = z1 ⊗ · · · ⊗ zm,
with zj ∈ Vj for all j ∈ [m]. We refer to the spaces Vj that make up the space V as
subsystems. The tensor rank (or rank) of a tensor v ∈ V, denoted by rank(v), is the
minimum number r for which v is the sum of r product tensors. A decomposition
of v into the sum of r product tensors is called a tensor rank decomposition of v.

A uniqueness of a decomposition of a tensor x as a sum of n product tensors
is understood naturally (up to permuting the summands). If a decomposition of
the tensor x as a sum of n = rank(x) product tensors is unique, it is called the
unique tensor rank decomposition.
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Recall the classical sufficient condition of the uniqueness:

Theorem 1. Let n ⩾ 2 and m ⩾ 3 be integers, V = V1 ⊗· · ·⊗Vm be a multipartite
vector space. Let

E = {xa,1 ⊗ · · · ⊗ xa,m : a ∈ [n]} ⊆ V (1)
be a multiset of product tensors. Assume that positive integers kj, j ∈ [m], be
such that any kj vectors in the set {x1,j , . . . , xn,j} are linearly independent. If
2n ⩽ 1 +

∑m
j=1(kj − 1), then

∑

a∈[n]

xa,1 ⊗ · · · ⊗ xa,m (2)

constitutes a unique tensor rank decomposition.

Theorem 1 was proved for m = 3 and F = R in [3], was later extended to
more than three subsystems by Sidiropoulos and Bro [7], and then to an arbitrary
field by Rhodes [6] (Landsberg’s proof also applies to an arbitrary field [4]).

Our strengthening of Theorem 1 is the following

Theorem 2. Let n ⩾ 2 and m ⩾ 2 be integers, V = V1 ⊗· · ·⊗Vm be a multipartite
vector space. Let E be a multiset of n product tensors (1). Assume that

2|S| ⩽ 1 +
m∑

j=1

(dim span{xa,j : a ∈ S} − 1)

for all sets S ⊂ [n] with |S| ⩾ 2. Then (2) constitutes a unique tensor rank
decomposition.

It is not hard to deduce Theorem 1 from Theorem 2. At fact, Theorem 2
implies and generalises many known sufficient conditions of the tensor rank de-
composition uniqueness. In turn, Theorem 2 follows from the following

Theorem 3. Let n ⩾ 2 and m ⩾ 2 be integers, V = V1 ⊗· · ·⊗Vm be a multipartite
vector space. Let E be a multiset of n product tensors (1). If

dim span E ⩽
m∑

j=1

(dim span{xa,j : a ∈ [n]} − 1) ,

then E splits.

Theorem 2 yields many known results in the tensor rank decomposition area.
In particular, it yields a bound on the number of subsystems j ∈ [m] for

which a circuit of product tensors can have rank greater than one. Our bound
improves recent results in this vein [1, 2], and is sharp.

Corollary. Let n and m be positive integers, and let V = V1 ⊗ · · · ⊗ Vm be a
multipartite vector space over a field F. If a set of product tensors (1) forms a
circuit, then dim span{xa,j : a ∈ [n]} > 1 for at most n − 2 indices j ∈ [m].

Other applications are listed in [5].
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Using Math Partner Environment in Algo-

rithmic Mathematics Course

Sergei Pozdniakov

Abstract. One of the fundamental problems in the formation of computa-
tional thinking is the inclusion of computing on a computer as an element of
human intellectual activity. As a rule, meaningful operations with polynomials
cannot be illustrated with simple examples performed �by hand�. Therefore, it
is advisable to combine the theoretical explanation using tools for performing
operations with polynomials. However, the calculations performed on spe-
ci�c examples do not always correspond to mental operations that re�ect the
essence of the algorithm and allow you to control its execution. The problem
arises of comparing the theoretical model of the algorithm for its implemen-
tation on speci�c examples. The talk shows how the parallel use of several
representations of polynomials solves this problem. The work was supported
by the RFBR grant No. 19-29-14141

Introduction

As shown in [1], a computer experiment does not provide a conceptual under-
standing of the model hidden behind it. So, for example, working with dynamic
geometry, a student can easily check that three medians intersect at one point,
but this fact will not provide the emergence of intelligent mechanisms that can be
used to solve other problems. Knowledge of this fact will be isolated, analogous to
descriptive knowledge in subjects such as geography. Therefore, Papert, explaining
the use of a computer tool in explaining the invariance of the value of an inscribed
angle that subtends the same arc on the circle, is not limited to a computer experi-
ment, but introduces reasoning based on observations of the rotation of a computer
turtle [2].
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1. Algorithms over polynomials

Let us consider the problem of mastering algorithms with polynomials using the
example of an algorithm for decomposing a polynomial into square-free factors.
Despite the fact that the algorithm is quite transparent, it causes di�culties for
students. Let's analyze the source of the di�culties. In the process of explaining
the square-free factorization algorithm, the factorization into irreducible factors [3]
is used, while this algorithm, according to the logic of presentation, precedes the
�full� decomposition algorithms. Students have a cognitive dissonance, they sub-
consciously assume that the factorization into square-free factors is preceded by
the factorization into irreducible factors. The MathPartner program [4] has all the
necessary operations to implement the decomposition algorithm into square-free
factors: the derivative of a polynomial, division of polynomials, �nding the GCD
of polynomials. This allows us to compare the conceptual model of a polynomial in
the form of a complete decomposition into irreducible factors to the canonical rep-
resentation of the polynomial, which does not carry information about the desired
representation. A tabular comparison (see Table 1, 2) of the actions of the steps
of the algorithm on the conceptual model and the results of actions on a speci�c
example removes part of the above contradiction. It becomes clear to students
that the algorithm works with polynomials in expanded form, but they want to
check whether these polynomials really correspond to the factorizations described
in the conceptual model. This can be obtained by adding another column to the
table (for ease of reading this is presented here in Table 3), in which intermediate
polynomials are decomposed into irreducible factors. Using a calculator to work
with polynomials, you can pose problems that require a conceptual answer, but
which can be veri�ed with examples. For example, "explain the meaning of the
GCD(P ;P ′/GCD(P ′;P )) result in terms of factoring a polynomials".

2. Features of using Math Partner

As part of the Algorithmic Mathematics course, Math Partner was used to study
factorization algorithms. In addition to the above-mentioned decomposition algo-
rithm into square-free factors, they were the algorithms of Kronecker, Berlekamp
and Hensel [5]. Note that these algorithms required auxiliary algorithms, such as
the linear representation of the GCD of polynomials or �nding the kernel of a lin-
ear operator. These algorithms themselves are not presented in the Math Partner
program, what may be is good, since the students implemented them in stages,
illustrating the steps with examples. Similarly, the program was used to study
Gröbner bases (Buchberger's algorithm). In this case, the program had an imple-
mentation of the algorithm. This allowed, along with a step-by-step illustration of
Buchberger's algorithm (reduction of polynomials, construction of s-polynomials),
to carry out experiments with the construction of various Gröbner bases, for ex-
ample, by changing the order of variables.
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Algorithm Conceptual model
P (x) P1(x)

k1P2(x)
k2 . . . Pn(x)

kn

P ′(x) P1(x)
k1−1P2(x)

k2−1 . . . Pn(x)
kn−1Q(x)

T (x) = GCD(P (x), P ′(x)) P1(x)
k1−1P2(x)

k2−1 . . . Pn(x)
kn−1

R(x) = P (x)/T (x) P1(x)P2(x) . . . Pn(x)

H(x) = GCD(T (x), R(x))
n∏

i=1,ki 6=1

Pi(x)

R(x)/H(x)

n∏

i=1,ki=1

Pi(x)

Table 1. Conceptual model

Algorithm Computational model (example)
P (x) 3x6 + 7x5 + 18x4 + 19x3 + 21x2 + 8x+ 4
P ′(x) 18x5 + 35x4 + 72x3 + 57x2 + 42x+ 8

T (x) = GCD(P (x), P ′(x)) x2 + x+ 2
R(x) = P (x)/T (x) 3x4 + 4x3 + 8x2 + 3x+ 2

H(x) = GCD(T (x), R(x)) x2 + x+ 2
R(x)/H(x) 3x2 + x+ 1

Table 2. Computational model (example)

Algorithm Checking intermediate steps
P (x) (3x2 + x+ 1)(x2 + x+ 2)2

P ′(x) (x2 + x+ 2)(18x3 + 17x2 + 19x+ 4)
T (x) = GCD(P (x), P ′(x)) x2 + x+ 2

R(x) = P (x)/T (x) (x2 + x+ 2)(3x2 + x+ 1)
H(x) = GCD(T (x), R(x)) x2 + x+ 2

R(x)/H(x) 3x2 + x+ 1
Table 3. Checking intermediate steps

Conclusion

An important characteristic of technical thinking is its three-component structure:
conceptual-�gurative-practical. Traditional teaching of mathematics involves two
components: conceptual and �gurative. Using the MathPartner allows you to add
a practical component that meets the goals of engineering education. The use of
computational capabilities is used here not only and not so much to save time on
calculations with polynomials, but for the parallel use of several representations,
one of which allows you to monitor the internal structure of the polynomial in
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the process of its transformations, the second shows the real form of the polyno-
mial. Using multiple views in parallel shows techniques for shaping computational
thinking - the computer is no longer a "black box".
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On some computational problems

with character sums

N.V. Proskurin

Abstract. For polynomial character sums in �nite �elds, some theoretical
and computational problems similar to the Sato�Tate conjecture are dis-
cussed.

1. Kloosterman sums, elliptic curves and

Sato--Tate measure

Given the �eld Fp = Z/pZ of prime order p and its additive character ep(t) =
exp(2πit/p), t ∈ Fp, let us consider Kloosterman sums

Klp(c) =
∑

t∈F?
p

ep(t
−1 + ct),

where c ∈ Z and summation runs over multiplicative group F?p = Fp \ {0}. The
Kloosterman sums are real satisfying |Klp(c)| ≤ 2

√
p and one may look on dis-

tribution of the points Klp(c) in the interval [−2
√
p , 2
√
p ]. Let π(x) denotes the

number of all prime p ≤ x. It is expected that

lim
x→∞

1

π(x)
]
{
p ≤ x

∣∣∣ Klp(c)
2
√
p
∈ [u, v]

}
=

2

π

v∫

u

√
1− t2 dt

for all intervals [u, v] ⊂ [−1, 1]. The integral in the right-hand side represent Sato-
Tate measure of the interval [u, v]. The same probability measure of the subin-
tervals [u, v] ⊂ [−1, 1] occurs in connection to elliptic curves. By Hasse, given an
elliptic curve Ep over Fp, the number of its points is equal to

p+ 1 +Rp with Rp satisfying |Rp | ≤ 2
√
p.

Let E be an elliptic curve de�ned over Q. For almost all p, its reduction modulo
p is an elliptic curve Ep over Fp and one has Rp as de�ned above. Put Rp = 0 for
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remaining p. The Sato-Tate conjecture states

lim
x→∞

1

π(x)
]
{
p ≤ x

∣∣∣ Rp
2
√
p
∈ [u, v]

}
=

2

π

v∫

u

√
1− t2 dt

for all intervals [u, v] ⊂ [−1, 1]. See [1], [2].

2. Polynomial character sums

Given polynomials f , g over Z and a character1 χp of F?p , let

Sp =
∑

t∈Fp
χp
(
f(t)

)
ep
(
g(t)

)
. (1)

That are known as polynomial character sums. As an example, one has

Klp(c) =
∑

t∈Fp
κp(t

2 − 4c) ep(t)

with prime p 6= 2 and with a unique quadratic character κp of F?p .
Under some general assumptions on f , g, and χp one has Weil estimate

|Sp | ≤ (n+m− 1)
√
p , (2)

where n = deg (g mod p) and m = deg
(

radical (f mod p)
)
.

If f mod p = fs11 . . . fsrr with integers s1, . . . , sr ≥ 1 and irreducible over Fp poly-
nomials f1, . . . , fr, then m = deg(f1 . . . fr). If n = 0 and χp is a character of order
h ≥ 2, then for (2) it is su�cient to assume gcd(h, s1, . . . , sr) = 1.

See [1] for review of general theory and [3] for arithmetic of algebraic curves.

3. Set up

To look for possible analogues of the Sato -Tate type conjectures for the polynomial
character sums (1) involving characters χp of arbitrary order, we suggest [4], [5]
the following construction.

Let w ∈ C be a primitive root of 1 of degree h. Given l ∈ Z, let Ωl,w be the set of

all prime p ≡ 1 (mod h) under the condition: there exists a unique character χp of
order h, such that χp(l) = w. Let πl,w(x) = ]

{
p ∈ Ωl,w

∣∣ p ≤ x
}
for any x ∈ R.

Here p ≡ 1 (mod h) provides existence of order h characters χp of F?p . The unique-
ness can be stated as follows: h is coprime with the index of l relative to any
generator of F?p . For prime h, that means l is not h-th degree in F?p .
Assume, the sums Sp are majorized as in (2). Let D be the circle of radius R =
n+m− 1 with center at 0, that is D =

{
z ∈ C

∣∣ |z | ≤ R
}
.

1To extend χp to all of Fp, we set χp(0) = 0 for non-trivial χp and χp(0) = 1 for trivial one.
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We suggest to treat the measures

lim
x→∞

1

πl,w(x)
]
{
p ∈ Ωl,w

∣∣∣ p ≤ x, Sp/
√
p ∈ V

}
, V ⊂ D,

and their densities as analogues of the ones given in �1.

For some classes of character sums (1), we have explicit equalities for |Sp | instead
of (2). Say, we have |Sp | =

√
p for the Gauss sums and the Jacobi sums. In the

cases like that we should take V to be circular arc ⊂ D =
{
z ∈ C

∣∣ |z | = 1
}
.

4. First sample

With notation in �1 and �2, consider the sums (1) with simplest f and g.

If some of f, g is a polynomial of degree 0 and the second one is a polynomial of
degree 1, say ux + v with u, v ∈ Z, u 6= 0, then Sp = 0 for all prime p excepting
p|u. This is not interesting.
Let deg f = deg g = 0. This case is far from to be trivial. Our polynomials are just
some constants c, d ∈ Z and Sp is the sum of p terms χp(c) ep(d). Assume c 6= 0
to avoid the case Sp = 0. Following �3, we should consider the limit

lim
x→∞

1

πl,w(x)
]
{
p ∈ Ωl,w

∣∣∣ p ≤ x, χp(c) ep(d) ∈ V
}

(3)

as the measure of the circular arc V ⊂
{
z ∈ C

∣∣ |z | = 1
}
. We can prove the limit

in (3) is equal to the sum of limits

lim
x→∞

1

πl,w(x)
]
{
p ∈ Ωl,w

∣∣∣ p ≤ x, χp(c) = v
}

(4)

expanded over all v under the conditions vh = 1 and v ∈ V . Numerical computa-
tion with Maple shows (in some cases) the limit (4) does not depend on v.

5. Gauss sums

With notation in (1), let f(t) = g(t) = t. The sums in (1) occur to be

G(χp) =
∑

t∈Fp
χp(t) ep(t).

That are the Gauss sums. For non-trivial characters χp, one has not only (2) but

|G(χp, ep)| =
√
p

as well. From the point of view given in �3, we should consider the limit

lim
x→∞

1

πl,w(x)
]
{
p ∈ Ωl,w

∣∣∣ p ≤ x, G(χp, ep)/
√
p ∈ V

}

as the measure of the circular arc V ⊂
{
z ∈ C

∣∣ |z | = 1
}
.
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6. Multiplicative sums

Let us consider the sums (1) with zero polynomial g, i. e. the sums

Sp =
∑

z∈Fp
χp
(
f(z)

)
(5)

involving the multiplicative characters only. Looking for the sums convenient for
numerical experiments we �nd the ones (5) with

f(z) = azm + b and a, b,m ∈ Z, ab 6= 0, m ≥ 0.

For such binomial f and any non-trivial character ψ of Fp one has expression∑

z∈Fp
ψ
(
f(z)

)
= ψ(b)

∑

θ

θ(−b/a) J(θ, ψ), (6)

where the summation runs over characters θ of orders dividing gcd(deg f, p − 1)
and J(θ, ψ) are the Jacobi sums,

J(θ, ψ) =
∑

z∈Fp
θ(z)ψ(1− z).

For the formula (6) see [6], ch. 5. There are not more than deg f terms in the right-
hand side. One can evaluate the Jacobi sums in terms of the Gauss ones. Say, if
all the characters θ, ψ and θψ are non-trivial, then J(θ, ψ) = G(θ)G(ψ)/G(θψ).
This observation provides e�ective method of computing the sums (6) with any
coe�cients a, b. It is convenient to use Maple with its number theory package and
primroot command.
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Solution to Factorable Multipoint Boundary Value

Problems for fourth-Order Di�erence Equations

E. Providas and I.N. Parasidis

Abstract. The paper deals with the establishment of solvability criteria and
the construction of the unique solution in closed-form of factorable boundary
value problems for fourth-order linear di�erence equations with constant co-
e�cients subject to multipoint boundary conditions. The method proposed is
a direct matrix procedure which is easily programmable.

Introduction

Many problems in sciences and applied mathematics end to the solution of higher-
order di�erence equations [1]-[3]. The factorization method, in the cases where
it can be applied, seems to be an e�cient tool in solving nonlocal (multipoint)
boundary value problems for di�erence equations [4]-[7]. Here we elaborate on the
factorization and solution of a class of boundary value problems for fourth-order
di�erence equations with multipoint boundary conditions.

Let S be the linear space of all real-valued functions (sequences) yk = y(k), k ∈
N. Consider the fourth-order di�erence equation

uk+4 + b1uk+3 + b2uk+2 + b3uk+1 + b4uk = fk, (1)

where the coe�cients bi ∈ R, i = 1, . . . , 4 with b4 6= 0, fk = f(k) ∈ S is the input
function, and uk = u(k) ∈ S is the unknown function which satis�es (1) and the
nonhomogeneous initial conditions

ui = βi, i = 1, . . . , 4, (2)

where βi,∈ R, i = 1, . . . , 4, or the nonlocal multipoint boundary conditions

µi1u1 + µi2u2 + . . .+ µilul = 0, i = 1, 2, l > 1,

νi1u1 + νi2u2 + ...+ νisus = 0, i = 1, 2, 1 < l ≤ s, (3)

where µ1j , µ2j ∈ R, j = 1, . . . , l and ν1j , ν2j ∈ R, j = 1, . . . , s.
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2 E. Providas and I.N. Parasidis

In Section 1, we examine the factorability of the initial value problem (1), (2)
and derive an exact solution formula. In Section 2, we deal with the decompo-
sitionability and solution in closed-form of the boundary value problem (1), (3).
Finally, we close by quoting some conclusions.

1. Initial value problem

Let the linear operators B : S → S be de�ned by

Buk = uk+4 + b1uk+3 + b2uk+2 + b3uk+1 + b4uk, (4)

with

b3 =
1

2
b1

(
b2 −

1

4
b21

)
, b4 =

1

4

(
b2 −

1

4
b21

)2

, b21 6= 4b2, b1, b2 ∈ R. (5)

Let B̂ : S → S be a restriction of B on

D(B̂) = {uk ∈ S : ui = βi, i = 1, ..., 4}, (6)

where βi ∈ R, i = 1, . . . , 4.
Furthermore, let the linear operator A : S → S be de�ned by

Auk = uk+2 + a1uk+1 + a2uk, (7)

where

a1 =
1

2
b1, a2 =

1

2

(
b2 −

1

4
b21

)
. (8)

Let Â1, Â2 : S → S be two restrictions of A de�ned, respectively, as

Â1yk = yk+2 + a1yk+1 + a2yk,

D(Â1) = {yk ∈ S : y1 = β3 + a1β2 + a2β1, y2 = β4 + a1β3 + a2β2}, (9)

and

Â2uk = uk+2 + a1uk+1 + a2uk,

D(Â2) = {uk ∈ S : ui = βi, i = 1, 2}. (10)

Lemma 1. The operator B̂ is decomposed into

B̂ = Â1Â2. (11)

Let u
(1)
k , u

(2)
k be a fundamental set of solutions of the homogeneous equation

Auk = uk+2 + a1uk+1 + a2uk = 0, (12)

the Casoratian

C0 =

(
u
(1)
1 u

(2)
1

u
(1)
2 u

(2)
2

)
, (13)

and u
(yk)
k , y

(fk)
k be partial solutions of the nonhomogeneous equations

Auk = yk, Ayk = fk, (14)
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respectively, where yk, fk ∈ S.

Theorem 1. The initial value problem

B̂uk = fk, (15)

for every fk ∈ S, admits exactly one solution given by,

uk = Â−1
2 yk = u

(yk)
k −

(
u
(1)
k , u

(2)
k

)
C−1

0

(
β1 − u(yk)

1

β2 − u(yk)
2

)
, (16)

where

yk = Â−1
1 fk = y

(fk)
k − (u

(1)
k , u

(2)
k )C−1

0

(
β3 + a1β2 + a2β1 − y(fk)1

β4 + a1β3 + a2β2 − y(fk)2

)
. (17)

2. Multipoint boundary value problem

Let now B̂m be a restriction of the operator B de�ned on

D(B̂m) = {uk ∈ S :Mul = 0, Nus = 0} (18)

where

M=

(
µ11 µ12 ... µ1l

µ21 µ22 ... µ2l

)
,

N=

(
ν11 ν12 ... ν1s
ν21 ν22 ... ν2s

)

=

(
0 µ11a1 µ11 + µ12a1 µ12 + µ13a1 ... µ1,l−1 + µ1la1 µ1l

0 µ21a1 µ21 + µ22a1 µ22 + µ23a1 ... µ2,l−1 + µ2la1 µ2l

)
,(19)

and

ul =




u1
u2
...
ul


 , us =




u1
u2
...
us


 , (20)

with s = l + 2.

Further, let Âm : S → S be a restriction of A de�ned as

Âmuk = uk+2 + a1uk+1 + a2uk,

D(Âm) = {uk ∈ S :Mul = 0}. (21)

Lemma 2. The operator B̂m is the self-composition

B̂m = Â2
m. (22)
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Let

y(fk) =




y
(fk)
1

y
(fk)
2
...

y
(fk)
l



, u(yk) =




u
(yk)
1

u
(yk)
2
...

u
(yk)
l



, U =




y
(1)
1 y

(2)
1

y
(1)
2 y

(2)
2

...
...

y
(1)
l y

(2)
l



. (23)

Theorem 2. If

detMU 6= 0, (24)

then the operator B̂m is uniquely and everywhere solvable on S and the unique

solution of the nonlocal problem

B̂muk = fk, (25)

for every fk ∈ S, is given by

uk = Â−1
m yk = u

(yk)
k −

(
y
(1)
k y

(2)
k

)
(MU)−1Mu(yk), (26)

where

yk = Â−1
m fk = y

(fk)
k −

(
y
(1)
k y

(2)
k

)
(MU)−1M y(fk). (27)

Example 1. Find the solution of the boundary value problem

uk+4 − 6uk+3 + 13uk+2 − 12uk+1 + 4uk = k, (28)

u1 − 3u2 + u3 = 0,

u1 − 5u2 + 2u3 = 0,

−3u2 + 10u3 − 6u4 + u5 = 0,

−3u2 + 16u3 − 11u4 + 2u5 = 0. (29)

The coe�cients bi, i = 1, . . . , 4, ful�ll (5) and the boundary conditions sat-

isfy (19). Therefore the corresponding operator B̂m : S → S can be factored as
in (22) where a1 = −3 and a2 = 2. Then from Theorem 2 follows that the unique
solution of (28), (29) is

uk = B̂−1
m k = 2k−1(k − 7) +

k3

6
+
k2

2
+

4k

3
+ 5. (30)

Conclusion

A factorization method for obtaining the closed-form solution to a class of fac-
torable multipoint boundary value problems for fourth-order di�erence equations
has been presented. The technique is easy to implement to any Computer Algebra
System (CAS) and is economic and e�cient compared to other existing methods.
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Parallel algorithm for calculating dynamic charac-

teristics automatic control system

Mikhail Rybakov

Abstract. We discuss a parallel algorithm for calculating dynamic character-
istics automatic control system. The developed algorithm will be used as a
library of the computer algebra system (CAS) "Math Partner" [1,3,5].

Introduction

Currently, the number of automated objects in various technical areas is con-
stantly expanding and more and more complex control objects are being auto-
mated. Analysis and calculation of the characteristics of automatic control sys-
tems (ACS) is an important scienti�c - practical problem of high relevance and
great importance in scienti�c research and engineering calculations. It is planned
to develop a parallel algorithm for calculating the dynamic characteristics of au-
tomatic control systems for complex objects. This algorithm will use ready-made
algorithms that are described in scienti�c articles. [2,4,6,7,8,9,10,11]

Statement of the problem

Multichannel automatic control systems are usually called automatic control
systems, which have more than one input control system. Objects that have more
than one controllable value are called multichannel objects or multichannel con-
trol objects. Multichannel systems and objects are called linear and stationary.
Let y1, ..., yp be output variables, u1, ..., um are control parameters, and f1, ..., fl
are disturbing ones. The equations of multichannel stationary linear systems and
objects can be written as the following system:

p∑

j=1

aij(p)yi =

m∑

j=1

bij(p)uj +

l∑

j=1

cij(p)fj , i = 1, ..., p. (1)
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Here aij(p), bij(p), cij(p) denote polynomials of the di�erentiation operator
with constant coe�cients. Passing in both parts of (1). to Laplace images with
zero initial conditions, we obtain a system of algebraic equations:

p∑

j=1

aij(s)Yi(s) =

m∑

j=1

bij(s)Uj(s) +

l∑

j=1

cij(s)Fj(s), i = 1, ..., p, (2)

where Yj(s) = L{yj(t)}, Uj(s) = L{uj(t)}, Fj(s) = L{fj(t)}. To describe multi-
channel systems and objects, as in single-channel systems, transfer functions are
used. The transfer function Wu

ij(s) (in Laplace images) for the j-th control param-
eter and the i-th output is the ratio [11]:

Wu
ij(s) =

Yi(s)

Uj(s)
. (3)

This transfer function can be calculated in the following way: we equate to zero
in system (2) the images of all disturbing in�uences and control parameters, except
for Uj(s). From the resulting system of algebraic equations, we �nd the solution
Yi(s), then, dividing it by Uj(s), we obtain the transfer function. Similarly, the

transfer function W f
ij(s) is determined for the j-th disturbing action and the i-th

output:

W f
ij(s) =

Yi(s)

Fj(s)
. (4)

In the case of multichannel systems, a complete description requires p · m
control transfer functions and p · l disturbance transfer functions. These functions
are written in matrix form:

Wu(s) =



Wu

11(s) ... Wu
1m(s)

... ... ...

Wu
p1(s) ... Wu

pm(s)


 ; (5)

W f (s) =



W f

11(s) ... W f
1l(s)

... ... ...

W f
p1(s) ... W f

pl(s)


 ; (6)

Matrix (5) is called the control transfer function matrix or control transfer
matrix. Matrix (6) is called the perturbation transfer function matrix or distur-
bance transfer matrix.

Let one control parameter be a delta function: uj = δ(t), and the rest of the
control parameters and disturbance are equal to zero. In this case, the solution
of system (2) with zero initial conditions is denoted by wu

1j(t), w
u
2j(t), ..., w

u
pj(t).

These functions are called weighting or impulse transient functions. The function
wu

ij(t) describes the response of the system at the i-output when acting at the
point of application of the j-th control parameter of a single impulse and is called
an impulse transient or weight function for the j-th control parameter and the i-th
output.
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The matrix Wu(t) =



Wu

11(t) ... Wu
1m(t)

... ... ...

Wu
p1(t) ... Wu

pm(t)


, composed of control weighting

functions is called an impulse transitional or control weighting matrix.
The impulse transition or weight matrix for the perturbation is determined in

a similar way: W f (t) =



W f

11(t) ... W f
1l(t)

... ... ...

W f
p1(t) ... W f

pl(t)


 . Here wf

1j(t), w
f
2j(t), ..., w

f
pj(t) is

the solution of system (1), when fj = δ(t), and all other disturbing in�uences and
parameters are equal to zero.

Parallel algorithm

The parallel algorithm consists of 3 steps. The cluster has n processors. We
assume that the processor with number 0 is a root.

Step 1. Direct Laplace transform of a system of di�erential equations describ-
ing a multichannel automatic control system. As a result of the Laplace transform,
we obtain the algebraic system (2) linear equations with polynomial coe�cients.
We use algorithms [8, 11].

Step 2. Solving the algebraic system and calculating the transfer function.
We use parallel algorithms [8, 11].

Step 3. Inverse Laplace transform calculation of the transition function. We
use parallel algorithms [8, 11].

Conclusion

Currently, the CAS 'Math Partner� system has built-in calculated dynamic
characteristics for single-channel ACS. It is assumed that on the basis of this and
using algorithms for solving linear equations with constant system coe�cients in
the CAS �Math Partner�, algorithms will be developed for the following dynamic
characteristics of multichannel ACS:
1) transfer matrix for control;
2) perturbation transfer matrix;
3) weight matrix for control;
4) perturbation weight matrix.

In addition, the CAS �Math Partner� has an interface for solving problems
on the ISP RAS cluster. Using this interface allows you to return the results of
calculations to the user of the CAS �Math Partner� in a familiar graphical form.
We plan to supplement the package of parallel programs and make it possible
to calculate the dynamic characteristics of a large-scale ACS on a cluster with
distributed memory.

188



4 Mikhail Rybakov

References

[1] Malaschonok G.I. Project of Parallel Computer Algebra. // Tambov University Re-
ports. Series: Natural and Technical Sciences. V. 14. Issue 4. 2009. P. 744-748.

[2] Rybakov M.A. Solving systems of linear di�erential equations with constant coe�-
cients by means of Laplase transform. // Tambov University Reports. Series: Natural
and Technical Sciences. V. 14. Issue. 4. 2009. P. 791-792.

[3] Malaschonok G.I. Computer mathematics for computational network. // Tambov Uni-
versity Reports. Series: Natural and Technical Sciences. V. 15. Issue. 1. 2010. P. 322-
327.

[4] Rybakov M.A. Solving systems of linear di�erential equations with a piecewise con-
tinuous right-hand parts by means transformation Laplace. // Tambov University
Reports. Series: Natural and Technical Sciences. V. 15. Issue. 4. 2010. P. 339-341.

[5] Malaschonok G.I. Project of Parallel Computer Algebra. // Tambov University Re-
ports. Series: Natural and Technical Sciences. V. 15. Issue 6. 2010. P. 1724-1729.

[6] Rybakov M.A. On �nding general and partial solutions to an inhomogeneous system of
ordinary linear di�erential equations with constant coe�cients. // Tambov University
Reports. Series: Natural and Technical Sciences. V. 17. Issue. 2. 2012. P. 552-565.

[7] Rybakov M. A. Computing general solutions of systems of ordinary di�erential equa-
tions with constant coe�cients. // International Conference Polynomial Computer
Algebra. St. Peterburg 2012. P. 72-76.

[8] Rybakov M.A. Parallel calculation of the general solution of an inhomogeneous sys-
tem of ordinary linear di�erential equations with constant coe�cients. // Tambov
University Reports. Series: Natural and Technical Sciences. V. 18. Issue. 4. 2013.
P. 1184-1188.

[9] N.A. Malashonok, M.A.Rybakov. Symbolic - Numerical Solution of Systems of Linear
Ordinary Di�erential Equations with Required Accuracy.// Programming and Com-
puter Software, 2013, Vol. 39, No. 3, P. 150-157.

[10] Rybakov M. A. Parallel algorithm for computing of the general solution of the inho-
mogeneous system of the ordinary di�erential equations with constant coe�cients. //
International Conference Polynomial Computer Algebra. St. Peterburg 2013.

[11] Malashonok G. I., Rybakov M. A. Solution of systems of linear di�erential equations
and calculation of dynamic characteristics of control systems in the MathPartner web
service. // Tambov University Reports. Series: Natural and Technical Sciences. V. 19.
Issue. 2. 2014. P. 517-529.

Mikhail Rybakov
Lecturer of the department of functional analysis
Tambov State University named after G. R. Derzhavin
Tambov, Russian Federation
e-mail: mixail08101987@mail.ru

189



On binary solutions to systems of linear equations
over a field of characteristic zero

Alexandr V. Seliverstov

Abstract. Let us consider the generic-case complexity. The machine halts at
every input and gives a meaningful answer at almost every input, but it can
abandon the calculation using explicit notification, that is, there exists the
vague halting state. A generic-case polynomial-time algorithm is proposed to
recognize systems of linear equations without any binary solution, when the
number of equations is close to the number of unknowns.

A sequence is called binary when it belongs to the set {0, 1}∗. Let us consider
the problem whether there exists a binary solution to a system of inhomogeneous
linear equations with integer coefficients. The problem is NP-complete and can be
reduced to its particular case containing only one linear equation [1]. Furthermore,
a binary solution to one linear equation can be found using a pseudopolynomial-
time algorithm [1, 2]. Without any restriction on the coefficients, Horowitz and
Sahni [3] had introduced the meet-in-the-middle approach and gave an exact
O∗(2n/2) time and space algorithm. A few years later, Schroeppel and Shamir [4]
improved the space complexity to O∗(2n/4). There is also known a polynomial
upper bound on the average-case complexity of the multidimensional knapsack
problem [5].

By means of eliminating variables, searching for a binary solution to a system
of m linearly independent linear equations in n unknowns is reduced to a parallel
check whether a binary solution to a subsystem in n−m unknowns can be extended
to a binary solution to the whole system of equations in n unknowns. Hence,
the initial problem is polynomial-time solvable when the difference between the
number of unknowns and the number of linearly independent equations is bounded
by a function of the type n − m = O(log n). Let us consider the case when the
difference between the number of unknowns n and the number of equations m is
bounded by a function of the type n −m = O(

√
n). So, the previously obtained

estimates are improved, although the proposed method is generally useless for one
equation.
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An easy generalization of this problem is searching for binary solutions to
a system of linear equations over an arbitrary field (K, 0, 1,+,−,×, ()−1,=) of
characteristic zero. Let us define 0−1 = 0. In contrast to previous works [5, 6],
we consider not only ordered fields but also arbitrary fields of characteristic zero,
including the field of complex numbers. Let us use either generalized register ma-
chines [7] or BSS-machines over reals [8]. These machines over an algebraic exten-
sion of the field of rational numbers naturally correspond to the idea of symbolic
computations. Every register contains an element of K. The machine also has
index registers containing non-negative integers. The running time is polynomial
when the total number of operations performed by the machine is bounded by a
polynomial in the number of registers containing the input. Initially, this number
is written in the zeroth index register.

A predicate holds almost everywhere when it holds on every instance x sat-
isfying an inequality of the type f(x) 6= 0, where f denotes a nonzero polynomial.
This restriction is more rigorous than any upper bound on the measure. Let us
consider so-called generic generalized register machines over K. The machine halts
at every input and gives a meaningful answer at almost every input, but it can
abandon the calculation using explicit notification, that is, there exists the vague
halting state [6]. More precisely, a generalized register machine over K is called
generic when two conditions hold: (1) the machine halts at every input and (2) for
every positive integer k and for almost all inputs, each of which occupies exactly k
registers, the machine accepts or rejects the input, but does not halt in the vague
state. Generic machines that compute non-trivial output in registers are defined
similarly. If the machine halts in the vague state, then the output recorded in
the registers is considered meaningless. Note that the machine does not make any
error. For detailed description of generic computation on classical computational
models refer to [9, 10].

Without loss of generality, let us consider systems of linear equations of the
type xj = `j(1, x1, · · · , xn−m), where j > n −m and every `j(x0, x1, · · · , xn−m)
denotes a linear form over K.
Theorem 1. Given two positive integers n and m satisfying the inequality

2n ≥ (n−m+ 1)(n−m+ 2).

For almost every m-tuple of linear forms `j(x0, · · · , xn−m), where j > n−m, there
exist a set of coefficients λk such that the equality

n−m∑

k=1

λkxk(xk − x0) +
n∑

j=n−m+1

λj`j(`j − x0) = x20

holds. Moreover, for every n there exists a polynomial of degree at most 2n in
coefficients of all the linear forms `j such that if the set of coefficients λj does not
exist, then the polynomial vanishes.

Proof. The quest is a solution to an inhomogeneous system of linear equations in n
unknowns λ1, . . . , λn. The system contains only one inhomogeneous equation. Let

191



On binary solutions to systems of linear equations over a field 3

us denote by r the number of all the equations, i.e., r = 1
2 (n−m+1)(n−m+2) ≤ n.

The sufficient condition for the solvability is the full rank of a r × n matrix.
If r = n, then it is sufficient that the determinant does not vanish. If r < n,

then it is sufficient that some r × r minor does not vanish. For example, let us
pick up the leading principal minor. In any case, it is a polynomial of degree r in
matrix entries. Every entry is a polynomial of degree at most two in coefficients of
some `j . Thus, the minor is a polynomial of degree at most 2r ≤ 2n. To complete
the proof, we only need to show that this polynomial does not vanish identically,
cf. [6]. �

Theorem 2. There exists a polynomial time generic generalized register machine
over K such that for all positive integers n and m satisfying the inequality

2n ≥ (n−m+ 1)(n−m+ 2),

and for almost every m-tuple of linear forms `j(x0, · · · , xn−m), where j > n−m,
if the machine accepts the input, then there exists no binary solution to the system
of all equations of the type xj = `j(1, x1, · · · , xn−m). Moreover, for every n there
exists a polynomial of degree at most 2n in coefficients of all the linear forms `j
such that if the machine halts in vagues halting state, then the polynomial vanishes.

Proof. If 2n < (n−m+ 1)(n−m+ 2), then the machine rejects the input. Else,
in accordance with Theorem 1, some polynomial time generic machine calculates
numbers λ1, . . . , λn such that the equality

n−m∑

k=1

λkxk(xk − 1) +
n∑

j=n−m+1

λj`j(`j − 1) = 1

holds. On the other hand, if there exists a binary solution to the system of all the
equations xj = `j(1, x1, · · · , xn−m), then the left-hand polynomial vanishes at the
binary solution. Therefore, an affirmative answer confirms that there is no binary
solution to the system. Otherwise, the machine halts in the vague halting state.
The estimate for the degree of a polynomial that vanishes in these cases coincides
with the estimate from Theorem 1. �

Remark. Over the field of rational numbers, not only the arithmetic complexity
but also the bit complexity is polynomial because the rank can be easily com-
puted [1]. So, there is a polynomial-time generic-case algorithm. Moreover, the
rank of a sparse matrix can be computed faster [11]. On the other hand, the rank
can be computed in O(log2 n) operations over an arbitrary field using a polynomial
number of processors [12].
Acknowledgments. The reported study was funded by RFBR according to the
research project no. 18-29-13037.
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Non-Free Categories.
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Abstract

The following topics are treated: categorical structures on logical cal-
culi; sequential calculus L(A) for Intuitionistic Multiplicative Linear Logic
(IMLL) and Symmetric Monoidal Closed Categories (SMCC); interpreta-
tions of logical calculi in categorical models; axiomatizations (identities
represented by commutative diagrams) and varieties of categories; ax-
iomatization by “critical pairs” in case of SMCC; concrete models (more
or less exotic: semimodules over semirings, finite pointed sets, game-
theoretic models); the Triple-Dual Conjecture; intermediate categorical
equivalences on L(A); proof-theoretical methods applied to the study of
arbitrary natural transformations.
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On stratification of state space by orbit types
and hierarchy of classicality indicators

Vahagn Abgaryan, Arsen Khvedelidze and Astghik Torosyan

The representation of finite-dimensional quantum systems in a phase space
[1] inevitably leads to the problem of negativity of probability distributions defined
over the phase space [2]. This negativity is a sign of manifestation of “quantumness”
of a system and can be used to define quantitative characteristics of states [3]. Fol-
lowing this idea and basing on the algebraic method of construction of the Wigner
functions of N−level quantum systems [4, 5], we introduce the global indicator of
classicality QN [6, 7, 8] defined as a relative volume of a subspace P

(+)
N ⊂ PN of

the state space PN , where the Wigner quasiprobability distribution is positive. In
the present report we analyse a refined hierarchy of measures of classicality corre-
sponding to a natural stratification of state space PN by the unitary orbit types.
The adjoint action of SU(N) group on density matrices % ∈ PN ,

g · % = g%g† , g ∈ SU(N) , (1)

induces the state space decomposition into the strata:

PN =
⋃

orbit types
P[Hα] . (2)

The components of decomposition (2) are determined by the isotropy group H% of
a point % ∈ PN ,

P[Hα] :=
{
% ∈ PN | H% is conjugate to Hα

}
. (3)

Having in mind the above stratification, it is natural to define global indicator of
classicality QN [Hα] of states over a given stratum as the ratio:

QN [Hα] =
Vol

(
P

(+)
[Hα]

)

Vol
(
P[Hα]

) , (4)

where P
(+)
[Hα] is the subset of stratum P[Hα] where the Wigner quasiprobabil-

ity distribution is non-negative. In the definition (4) the volumes are evaluated
with respect to the Riemannian metric on P[Hα] induced by the stratification em-
bedding. In order to exemplify the introduced indicator of classicality, a detailed
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evaluation of the corresponding Q3 over all strata of qutrit state space is given.
Aiming to analyse dependency of Q3[Hα] on the Riemannian volume measure on
state space PN , the Hilbert-Schmidt and two monotone [9, 10], the Bures and the
Bogoliubov-Kubo-Mori metrics [11] have been used.
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The integration of decomposition
/ factorization method in abstract operator
equations in CAS software Mathematica

K.D. Tsilika

Abstract. This paper suggests the integration of a new, universal decompo-
sition method for the class of abstract operator equations B1x = f in CAS
software Mathematica, in order to have the exact solutions in an arbitrary
Banach space. The application of the analytical solution method in numerical
examples is a tedious, complicated and time-consuming task. Combining the
algorithmic structure of the theoretical solution method and the symbolic ca-
pabilities of an established CAS software, the formation of the exact solutions
of ordinary or partial integro-di�erential equations with nonlocal and initial
boundary conditions becomes an easy task.

Introduction

We investigate the problem B1x = f where operator B1 can be written as a
product of two other correct operators B0, B i.e. B1 = B0B. The methodology
for the formation of the unique solution is developed based on previous work of
[1, 2, 3, 4, 5].

Theorem. LetX and Z be Banach spaces, Z ⊆ X, the vectorsG = (g1, ..., gm),

G0 = (g
(0)
1 , ..., g

(0)
m ), S0 = (s

(0)
1 , ..., s

(0)
m ) ∈ Xm, the components of the vectors

F = col(F1, ..., Fm) and Φ = col(Φ1, ...,Φm) belong to X∗ and Z∗, respectively,
and the operators B0, B,B1 : X → X be de�ned by

B0x = A0x−G0Φ(x) = f, D(B0) = D(A0) ⊂ Z, (1)

Bx = Ax−GF (Ax) = f, D(B) = D(A), (2)

B1x = A0Ax− S0F (Ax)−G0Φ(Ax) = f, D(B1) = D(A0A), (3)

where A0 and A are linear correct operators on X and G ∈ D(A0)m. Then the
following statements are satis�ed:
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(i) If

S0 ∈ R(B0)m and S0 = B0G = A0G−G0Φ(G), (4)

then the operator B1 can be decomposed in B1 = B0B.
(ii) If in addition the components of the vector F = col(F1, ..., Fm) are linearly
independent elements of X∗ and since the operator B1 can be decomposed in
B1 = B0B, then (4) is ful�lled.
(iii) If the operator B1 can be decomposed in B1 = B0B then B1 is correct if and
only if the operators B0 and B are correct which means that

detL0 = det[Im − Φ(A−10 G0)] 6= 0 and detL = det[Im − F (G)] 6= 0. (5)

(iv) If the operator B1 has the decomposition in B1 = B0B and is correct, then
the unique solution of (3) is

x = B−11 f = A−1A−10 f +A−1GL−1F (A−10 f) (6)

+
[
A−1A−10 G0 +A−1GL−1F (A−10 G0)

]
L−10 Φ(A−10 f).

1. The Solution Algorithm

In Mathematica' s environment, we program the solution method in 3 steps.
Step 1. Obtain a description of the problem. De�ne the functions and the

operators f, F,Φ, Go, So, G,A
−1, A−1o involved in the abstract operator equation

B1x = f , with B1 de�ned as in (3).
Step 2. Check the correctness criteria for B0, and B as given in (5).
Step 3. If the operator B1 has the decomposition B1 = B0B and is correct,

then the unique solution of (3) is (6).

2. Working with Operators in Mathematica

Think of an expression like f[x] as being formed by applying an operator f to the
expression x. An expression like f[g[x]] is the result of composing the operators f
and g, and applying the result to x. In Mathematica, we set f to be a pure function
by the following formula ([6]):
f = (3 + #)&
Input: f[a], f[b]
Output: 3 + a, 3 + b

3. Performance and Code E�ciency

The core part of the code for the automated solving of (3) is given in the �gures
below. For the abstract operator equations of examples 1,2 we present the input
needed to de�ne the problem, the input to check the correctness of B0, and B, and
the input that generates the unique solution (see �gures 1, 2 correspondingly).
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Figure 1. Mathematica codes for solving Example 1

Example 1. Let B1 : C[0, π] → C[0, π] the operator corresponding to the
problem:

x′′′(t)− sin t

∫ π

0

t2x′′(t)dt− cos t

∫ π/2

0

(t+ 1)x′′(t)dt = sin 2t, (7)

x(0) + x(π) = 0, x′(0) + 3x′(π) = 0, x′′(0) + x′′(π) = 0,

Example 2. Let Π = {(t, s) ∈ R2 : 0 ≤ t, s ≤ 1}. An operator B1 : C(Π) →
C(Π) corresponds to the problem:

x′′ts(t, s)− t3s
∫ 1

0

∫ 1

0

s2x′t(t, s)dtds− ts2
∫ 1

0

∫ 1

0

tx′t(t, s)dtds = 5t2 + s, (8)

x′t, x
′′
ts ∈ C(Π), x(0, s) = s2

∫ 1

0

∫ 1

0

x(t, s)dtds,

x′t(t, 0) = t

∫ 1

0

∫ 1

0

sx′t(t, s)dtds,

Conclusion

The proposed algorithmic problem solving follows a new, universal decomposition
method and is reproducible in Mathematica for any abstract operator equation of
the kind of (3), with appropriate adjustments concerning operators and functions.
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Figure 2. Mathematica codes for solving Example 2
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Exceptional Uniform Polytopes
of the E6, E7 and E8 Symmetry Types

Victor Migrin and Nikolai Vavilov

Abstract. The goal of this project is to review the structure and geometry
of the nine Gosset—Elte uniform polytopes in dimensions 6 through 8, of
exceptional symmetry types E6, E7 and E8. These polytopes were extensively
studied by Coxeter, Conway, Sloane, Moody, Patera, McMullen, and many
other remarkable mathematicians. We develop a new easier approach towards
their combinatorial and geometric properties. In particular, we propose a new
way to describe the faces of these polytopes, and their adjacencies, inscribed
subpolytopes, compounds, independent subsets, foldings, and the like. Our
main tools — weight diagrams, description of root subsystems and conjugacy
classes of the Weyl group — are elementary and standard in the representation
theory of algebraic groups. But we believe their specific use in the study of
polytopes might be new, and considerably simplifies computations. As an
illustration of our methods that seems to be new, we calculate the cycle indices
for the actions of the Weyl groups on the faces of these polytopes. With
our tools, this can be done by hand in the easier cases, such as the Schläfli
and Hesse polytopes for E6 and E7. Nevertheless, the senior polytopes and
the case of E8 require the use of computers anyway, even after all possible
simplifications. Since our actual new results are mostly of technical and/or
computational nature, the talk itself will be mostly expository, explaining the
background and the basic ideas of our approach, and presenting much easier
proofs of the classical results.

Introduction

Marcel Berger [11], p. 39–40, attributes to René Thom the division of mathematical
structures into

The second named author was supported by the “Basis” Foundation grant 20-7-1-27-1. The actual
polynomial and numerical computations behind the present work were performed with the help
of Mathematica 11.3.
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• rich = rigid, that become progressively scarce in higher dimensions, orders,
ranks, etc., and

• poor = soft that abound in higher sizes, and that eventually become im-
possible to classify.

One of the classical examples of this phenomenon are regular polytopes and
their kin, such as semiregular and other strictly uniform polytopes. They abound in
dimension 2, are still quite freakish in dimension 3, and then eventually crystallise
to very few possible shapes that self-reproduce throughout all dimensions.

Essentially everything that is of earnest mathematical interest takes place
in dimensions 3 through 8, and is closely related to quaternions, octonions1, ex-
ceptional root systems H3, D4, F4, H4, D5, E6, E7 and E8, see, in particular ,
[2, 3, 12, 18, 21, 22, 24, 25, 26, 27, 28, 29, 30, 41, 42, 51, 55, 63, 64, 66, 67, 72,
73, 78, 79, 80, 82, 85, 88, 89, 93, 94, 106, 107], see also [8, 14, 10, 20, 31, 33, 37,
43, 46, 47, 48, 56, 57, 58, 59, 60, 68, 69, 76, 77] for applications and more gen-
eral contexts2. We highly recommend the reference book by Peter McMullen and
Egon Schulte [75], and especially the recent book by McMullen [74], which contain
systematic bibliographies.

The second-named author became genuinely interested in these matters in
the process of his work with Alexander Luzgarev on the explicit equations defining
the exceptional Chevalley groups of types E6, E7 and E8, see, in particular, [4, 61,
98, 101, 102, 103, 104], and references therein.

There, the polynomial equations themselves and/or the occurring monomials
would correspond to the faces of the Schläfli, Hesse and Gosset polytopes, and
their kin, with some weird coincidences and kinky symmetries.

Thus, for instance, the highest Weyl orbit of equations on the orbit of the
highest weight vector consists of

• 27 Borel—Freudenthal equations defining the projective octave plane E6/P1

for (E6, $1);
• 126 Freudenthal equations defining the 27-dimensional Freudenthal variety

E7/P7 for (E7, $7);
• 270 quadratic equations in the adjoint representation (E6, $2);
• 756 quadratic equations in the adjoint representation (E7, $1);
• 2160 quadratic equations in the adjoint representation (E8, $8);

1Even professional mathematicians seldom realise that the fact that in dimension n = 3 the
regular tetrahedron can be vertex embedded in a cube is just another expression of the existence
of quaternions, and that the next dimension, where the same happens, is n = 7, see [23].
2There are also hundreds of papers of related interest in physics, crystallography, chemistry and
biology journals. We browsed through a few dozens of those. The upside of it is that mostly they
are highly repetitive. It comes with a penalty, though: nobody cares. Our overall impression can
be summarised by the identity 9 · 6 · 8 = 192 that we’ve found at the top of page 11207 in [52]. In
another paper the number of roots in E7 is listed as 128 instead of 126. That’s about everything
you wanted to know about those papers. They can be used as raw experimental material, which
may contain amusing observations, but otherwise precarious.
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and similar results for other orbits. In the two senior cases the explanation of these
numbers in terms of the embeddings A7 ⊆ E7 and D8 ⊆ E8 were not immediate
to us, and required separate explanation, see [99]. They are now, in terms of the
faces of the corresponding Gosset—Elte polytopes!

This is why, after encountering the same exceptional symmetries in his recent
research on higher symbols and presentations of the exceptional Chevalley groups
in the framework of his “Basis” project, he felt committed, rather than merely
involved.

The current talk is based on the Diploma project by the first-named author
under the supervision of the second-named author, whose idea was to reconsider
and recast the theory of exceptional uniform polytopes from scratch, with the tools
standard in the structure theory and the representation theory of algebraic groups
alone.

1. Semiregular polytopes
Here we very briefly describe the place of the Gosset—Elte polytopes in a general
context.

1.1. Regular polytopes
For regular polytopes their symmetry group acts transitively on flags (a vertex,
an edge containing this vertex, a 2-face containing this edge, etc.). Their are three
series of classical regular polytopes that are present in all dimensions n ≥ 2 and
constructed by obvious generic procedures from the smaller-dimensional ones.

• Cones: simplices3 αn = {3. . . . , 3} with n+1 vertices = the weight polytopes
of the vector representation (An, $1);

• Suspensions: hyperoctahedra βn = {3, . . . , 3, 4} with 2n vertices = or-
thoplexes = cross-polytopes = the weight polytopes of the vector representation
(Dl, $1);

• Products: hypercubes γn = {4, 3, . . . , 3} with 2n vertices = the weight
polytopes of the spin representation (Bl, $n).

In dimension 2 regularity is a very weak requirement and there are regular
polygons {m} with an arbitrary number of vertices m. Their Weyl groups are di-
hedral groups Dm, denoted in this context as I2(m). The junior of these symmetry
types have separate names

I2(2) = A1 + A1, I2(3) = A2, I2(4) = B2 = C2, I2(5) = H2, I2(6) = G2.

• As we all know, in dimension n = 3 there are two such exceptional regular
polytopes, the 12-cell = dodecahedron {5, 3} and its dual the 20-cell = icosahedron
{3, 5} of symmetry type H3. Collectively, the 5 regular polyhedra of dimension
n = 3 are called Platonic solids.

3As everybody knows, complices are made of simplices.
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• Through 1850–1852 Ludwig Schläfli discovered three exceptional regular
polytopes in dimension n = 4, the 24-cell {3, 4, 3}, the 600-cell {3, 3, 5}, and the
120-cell {5, 3, 3}. For us they are the (self-dual) root polytope of type F4 — or,
what is the same, of type D4; the root polytope of type H4; and its dual. However,
his opus magnum was not published until 1901, and was partially rediscovered by
several mathematicians in the meantime.

That’s about it. Starting with dimension n ≥ 5 regular polytopes become
exceedingly dull, they are all classical. This means that to get further fascinating
examples one has to relax the transitivity condition.

1.2. Uniform polytopes
The regularity condition is too rigid, one has to slack it. One of the most exoteric
generalisations is due to Coxeter.

• A polytope is called uniform if its symmetry group is vertex transitive and
its facets (= the faces of codimension 1) are themselves uniform.

• A uniform polytope is called semiregular if its facets are regular . This
is Gosset’s definition. Elte would define semiregularity inductively and allow the
facets themselves to be semiregular .

• A classification of semiregular polyhedra of dimension n = 3 was obtained
by Johannes Kepler in 1596–1620. The 13 such semiregular polyhedra, different
from Platonic solids, prisms and anti-prisms, are called Archimedean solids.

The two most interesting Archimedean solids in our context are the cuboc-
tahedron r{4, 3}, and the icosidodecahedron r{5, 3}, which are the root polytopes
of types A3 and H3, respectively.

• In 1900 Thorold Gosset published a list of 7 semiregular polytopes, 3 in
dimension n = 4 and one in dimensions n = 5, 6, 7, 8 each, the four remarkable
semiregular polytopes of symmetry types D5, E6, E7 and E8, the Clebsch polytope
121, the Schläfli polytope 221, the Hesse polytope 321, and the Gosset polytope
421.

• In 1912 Emanuel Elte rediscovered those, relaxed the notion of semiregu-
larity, and constructed further exceptional polytopes of symmetry types E6, E7

and E8, the Elte polytopes 122, 231, 132, 241 in Coxeter notation.
In the next section we start discussing these polytopes in more details.

Comment 1. Without additional regularity assumptions on faces, vertex transitiv-
ity itself imposes essentially no restrictions on the symmetry type. Laszlo Babai
[5] has proven that essentially any finite group is the full symmetry group of some
vertex regular polytope. The only exceptions are [most of] the abelian ones and
[some of] those that have an abelian subgroup of index 2,
Comment 2. On the other hand, in dimension n = 3 regularity of faces alone with-
out some kind of vertex transitivity or the like produces scores of warped polytopes
with low symmetry, whose classification becomes an exacting problem of metric
geometry. The classification of such solids, known as Johnson solids, is highly
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non-trivial, and the completeness of the Norman Johnson list of 92 such convex
polytopes [50] was only established by Viktor Zalgaller [108] in 1967, compare [44]
for a comprehensive historical account.

In dimensions d ≥ 5, a similar classification up to isomorphism was completed
by Gerd and Roswitha Blind before 1980. There, nothing unexpected occurs, just
the regular and semiregular solids, pyramids and bipyramids. Morally , this tells
us that in dimensions n ≥ 5 there are no regular-faced polytopes, apart from the
semi-regular ones.

But for n = 4 regular-faced polytopes thrive outlandishly. Namely, truncating
the regular 600-cell by ≤ 24 icosahedral pyramids at non-adjacent vertices, Math-
ieu Dutour Sikirić and Wendy Myrvold in [34] produce as many as 314 248 344
isomorphism classes of polytopes whose facets are regular tetrahedra and icosahe-
dra4.
Comment 3. There are a number of constructions that allow to create new uniform
polytopes of the same symmetry type from the old ones, most notably the Wythoff
constructions proposed byWillemWythoff in 1918. These constructions admit very
natural interpretations from the viewpoint of representation theory, but we cannot
discuss them here.
Comment 4. Another possible generalisation is to renounce convexity, allow self-
intersections, hidden faces5, etc. Such stellated polytopes, in particular, theKepler—
Poinsot star polyhedra, polytope compounds, and the like were studied at least
since Luca Paciolis’s De Divina Proportione, 1509.
Comment 5. Even while considering graphs and other face complexes of the excep-
tional semiregular polytopes purely combinatorially, one should bear in mind that
they come from actual geometric polytopes in Euclidean spaces. Abstract semireg-
ular polytopes are not nearly as symmetric. In fact, even in the case of polytopes
all of whose facets are isomorphic, one can construct examples with arbitrarily
large number of orbits on flags, or even on smaller dimensional faces, see [85].

1.3. The status of the classification of semiregular polytopes
Most laymen — initially including ourselves! — believe that the combinatorial
structure of the Gosset polytopes was known to Gosset and Elte more than a
century ago and that the classification of semiregular polytopes in all dimensions
was completed by Coxeter not later than 1948.

Both claims are outrageous oversimplifications!
It is a fact that Coxeter made absolutely amazing discoveries, and was instru-

mental in reviving the interest in the subject. However, in what regards higher-
dimensional uniform polytopes, the proofs in the books [26, 29] are far from be-
ing conclusive. Therein, neither the tables of the (non-convex) uniform polytopes

4John Stembridge observed: “It is a general principle that unique or canonical objects are easier
to construct than those that require choices to be made”, [91].
5. . . and hidden sides!
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themselves, nor the description of the faces of the exceptional polytopes and their
adjacency, are consummate.

In fact, we do not believe that even the completeness of the Gosset list has
been rigorously validated before the 1990-ies. Even for n = 4 the first accepted
proof was only published in 1988 by Petr Makarov6 [63, 64]. Whereas the com-
pleteness of the Gosset list in dimensions d ≥ 5 was only established by Gerd and
Roswitha Blind [12] in 1991, as a spin-off of their classification of the regular-faced
polytopes.

The above referred to convex polytopes. One can imagine the mess with the
rest! Thus, in 2018 Peter McMullen [73] has found 6 new regular compounds in
dimension 4. Five of them are vertex-embedded in the 120-cell and consisting,
respectively, of

• 720 copies of the 4-simplex,
• 120 copies of the 4-simplex7,
• 75 copies of the 4-hyperoctaheder,
• 75 copies of the 4-hypercube,
• 25 copies of the 24-cell.
• The last example is the dual of the previous example, consisting of 25 copies

of the 24-cell vertex-embedded in the 600-cell.
We believe that the first definitive classification of such polytopes was ob-

tained not by Coxeter in 1948, but rather 70+ years later by McMullen [74].
The same applies to the combinatorial structure of these polytopes. Gosset

himself has not given a complete combinatorial description of the polytopes, just
their facets and some incidence properties of the following type: a (d− 3)-face of
the d-dimensional polytope is contained in two (d − 1)-hyperoctahedra and one
(d− 1)-simplex, etc.

The detailed proofs of such a description announced by Coxeter in 1940–
1948 were never published before 1988–1992, by Coxeter himself, Conway, Sloane,
Moody, and Patera, see [28, 22, 79], with some circumstantials being clarified long
after that.

2. Roots, weights and symmetries
2.1. Basic notation
In all that concerns root systems, including the numbering of simple roots, we
follow Bourbaki [15], see also [49]. In particular, Φ is a reduced irreducible root
system of rank l, whereas W = W (Φ) is its Weyl group. For a root α ∈ Φ we
denote by wα ∈W the corresponding root reflection.

6Not to be confused with his father Vitaly Makarov, famous for his work on regular polytopes
in Lobachevsky spaces.
7A different configuration from the one listed by Coxeter in [26].

208



Exceptional polytopes 7

The Weyl groups of senior exceptional types have the following orders

|W (E6)| = 51840 = 72 · 6! = 27 · 34 · 5,
|W (E7)| = 2903040 = 72 · 8! = 210 · 34 · 5 · 7,
|W (E8)| = 696729600 = 192 · 10! = 214 · 35 · 52 · 7.

We fix an order on Φ, and let Π = {α1, . . . , αl} be the corresponding set of
fundamental roots, Φ+ and Φ− be the corresponding sets of positive and negative
roots, respectively. Usually we denote the fundamental root reflection wαi

simply
by wi. The Weyl group is generated already by the fundamental reflections, W =
〈w1, . . . , wl〉.

Let Π be the extended fundamental system of Φ. It is obtained by appending
to Π the root α0 = −δ, where δ is the maximal root of Φ with respect to the
fundamental system Π. Recall that in the Dynkin form the maximal roots of E6,
E7 and E8 are depicted as

12321
2

, 234321
2

, 2465432
3

.

For two root systems ∆ and Σ we denote by ∆ + Σ their orthogonal sum. In
particular, k∆ = ∆ + . . . + ∆ is the orthogonal sum of k isomorphic summands.
It is sometimes convenient to consider also the empty root system A0 = ∅ of rank
0. Recall that D1 = D0 = ∅.

Here, we are only interested in the simply laced systems, in which case the
roots are usually normalised so that (α, α) = 2.

Further, we denote by Q(Φ) the root lattice, generated by α1, . . . , al, and by
P (Φ) the [dual] weight lattice8 generated by the fundamental weights $1, . . . , $l.
Recall that ($i, αj) = δij .

2.2. Hyperbolic realisation of El
Most of the non-trivial calculations with root systems pertain to the cases Φ =
E6,E7,E8. As in our previous works that relied on massive computations in root
systems, such as [45, 96, 97, 98, 100, 101, 102, 103, 104] we use the hyperbolic
realisation of these systems in the (l+ 1)-dimensional Minkowsky space [65]. This
realisation is considerably more adapted to the large-scale calculations, than the
usual realisations in Euclidean space.

Consider a real vector space U = Rl,1 of dimension l + 1 endowed with a
non-degenerate symmetric inner product ( , ) : U ×U → R of signature (l, 1). Fix
an orthonormal base e0, e1, . . . , el such that (e0, e0) = −1 and (ei, ei) = 1 for all
1 ≤ i ≤ l. We are primarily interested in the case l = 8.

8In the textbooks on lattices and sphere packings the root lattices Q(El) are usually denoted
simply by E6, E7 and E8, whereas the weight lattices P (El) are denoted by E∗

6 and E∗
7. The

lattice P (E8) is unimodular and self-dual, E∗
8 = E8.
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8 Victor Migrin and Nikolai Vavilov

In this realisation, up to sign every element of Φ = E8 has one of the following
forms: 




ei − ej , i > j,

e0 + ei + ej + eh,

2e0 + e1 + . . .+ êi + . . .+ êj + . . .+ e8,

3e0 + e1 + . . .+ 2ei + . . .+ e8,

where indices i, j, h = 1, . . . , 8 are pair-wise distinct, while the hat ˆ over an index
signifies that this index should be omitted.

Fix the following fundamental system Π = {α1, . . . , α8} in Φ = E8:

α1 = e2 − e1, α2 = e0 + e1 + e2 + e3, α3 = e3 − e2, α4 = e4 − e3,

α5 = e5 − e4, α6 = e6 − e5, α7 = e7 − e6, α8 = e8 − e7.

The root system Φ = E7 and its fundamental root system are obtained by
dropping e8 and α8, thereby the last type of roots disappear. The root system
Φ = E6 is obtained by dropping both e8 and e7, or, respectively, both α8 and α7,
thereby the third type of roots reduces to the single root 2e0 + e1 + . . .+ e6.

2.3. Subsystems of root systems
Classification of all subsystems of root systems, including the maximal ones, was
obtained by Borel—de Siebenthal [13] and Dynkin [35], many further details are
produced in [105, 17, 45, 100, 36, 83] Their construction can be described as follows.

• For every r, 1 ≤ r ≤ l, we consider the subsystem ∆r in Φ, generated by
Π \ {αr}, or, in other words, the smallest subsystem containing these roots. It is
the smallest closed set of roots containing both these roots themselves and their
opposites.

Subsystems ∆r are maximal rank subsystems, rk(∆r) = rk(Φ) = l. In general
subsystems ∆r are not necessarily irreducible. Moreover, they are only maximal,
when the coefficient with which αr occurs in α0 is prime9.

• Applying the above procedure to all irreducible components of the systems
∆r and repeating this process until complete satisfaction, we obtain all subsystems
∆ ⊆ Φ of maximal rank.

• Now all subsystems ∆ ⊆ Φ can be obtained as follows. Let Σ ⊆ Φ be a
subsystem of maximal rank, Ξ be its fundamental system. Then the subsystem
of ∆ generated by any subset J ⊆ Ξ is a closed subsystem of Φ and all closed
subsystems of Φ can be obtained this way.

For exceptional systems there are — up to conjugacy by an element of W (Φ) —
the following number of proper subsystems: 20 for E6, 46 for E7 and 76 for E8,

9Otherwise they either coincide with Φ, when the coefficient is 1, or are sub-maximal, when it is
the product of two primes.
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Exceptional polytopes 9

Two subsystems ∆,Σ ⊆ Φ of the same type are almost always conjugate by
an element of W (Φ). All possible exceptions are listed below10.

• Subsystems D2 and 2A1, as also subsystems D3 and A3 are isomorphic, but
not conjugate subsystems of Dl. Moreover, for l ≥ 5 they are not conjugate not only
by an element ofW (Dl), but even by an external automorphism Aut(Dl) = W (Bl).
In fact, for l = 4 they become conjugate by an element of Aut(D4) = W (F4), the
phenomenon known as triality.

•When k1, . . . , kt are all odd, then Dl has two conjugacy classes of subsystems

∆ = Ak1 + . . .+ Ak+t, l = (k1 + 1) + . . .+ (kt + 1),

which are conjugate by an external automorphism.
• In the root system E7 there are two conjugate classes of subsystems of the

following types:

A5 + A1, A5, A3 + 2A1, A3 + A1, 4A1, 3A1.

In turn, in the root system E8 there are two conjugate classes of subsystems of the
following types:

A7, A5 + A1, 2A3, A3 + 2A1, 4A1.

Observe that in the case of E7 these are exactly the pairs of subsystems that were
not conjugate in D6 + A1, whereas in the case of E8 these are exactly the pairs of
subsystems that were not conjugate in D8.

We denote by ∆′ the subsystem of type ∆, that is contained in A7 or, respec-
tively, in A8, and by ∆′′ we denote the one that is not contained there. It should
be noted that in [17] the notation ∆′ and ∆′′ has the opposite meaning!

2.4. Conjugacy classes of the Weyl group
Most of our actual computations depend on an explicit knowledge of the conjugacy
classes of the Weyl groups. An ad hoc description of the conjugacy classes of the
exceptional Weyl groups was given by Sutherland Frame [38, 39]. Roger Carter
[16, 17] proposed a conceptual explanation. Roughly the situation can be described
as follows.

• Most — but by no means all! — of the conjugacy classes of the Weyl group
W (Φ) are represented by the class C(∆) of Coxeter elements

cox∆ = wβ1 . . . wβr ,

where β1, . . . , βr are the fundamental roots of a subsystem ∆ ≤ Φ.
• There are precisely two cases when for two non-conjugate subsystems

∆,Σ ⊆ Φ their Coxeter classes C(∆) and C(Σ) coincide in W (Φ). The only one
of interest for us11 is C(D5 + A3) = C(A7 + A1) in E8.

10For multiply laced systems one should also distinguish long root embeddings and short root
embedding.
11The other one, C(B2 + 2A1) = C(A3 + A1) occurs in a multiply laced root system F4.

211



10 Victor Migrin and Nikolai Vavilov

• However, the converse is far from being true. Other conjugacy classes come
from Carter graphs, which are essentially bipartite Dynkin diagrams with cycles.
The vertices of a Carter diagram C are partitioned into two sets C = C1 t C2,
both consisting of pairwise orthogonal roots, and the remaining conjugacy classes
are represented as products of two involutions w = w1w2, where wi, i = 1, 2, is
the product of all root reflections wα, α ∈ Ci.

There is one new indecomposable Carter graph with cycles for D4 and D5

each; 2 for D6 and E6 each, 5 for E8 and 10 for E8.
Overall, with Carter graphs coming from smaller ranks and their sums with

small rank Coxeter elements, this gives 4 non-Coxeter classes for E6; 13 such classes
for E7; and 36 such classes for E8, which by manual computations already produces
some strain.

• A further remarkable conceptual advance was made by Rafael Stekolshchik
[90], who has modified Carter’s list by observing that Carter graphs with long
cycles are equivalent to Carter graphs containing only cycles of length 4. In other
words, the graphs with cycles of length 6 in the original Carter’s list (in our case
one for D6, one for E7 and two for E8), can be reduced to other forms, more
suitable for actual computations.

• Yet another remarkable conceptual advance was not made by Eugenii
Dynkin and Andrei Minchenko [36]. They introduced a marvelous combinatorial
tool, enhanced Dynkin diagrams, to explain the inclusions among root subsystems,
but failed to notice their connection with the description of the conjugacy classes
of the Weyl group12.

In fact, all Carter diagrams, both in the original form and Stekolshchik form,
can be readily accounted for by the enhanced Dynkin diagrams, which are as
follows.

• The 8 vertex graph consisting of three squares with common edge, for E6.
• The 11 vertex graph, consisting of the 4 vertices and the 6 edge midpoints

of a tetrahedron + its centre joined to the vertices, for E7.
• The 4× 4 net on a torus13, for E8.

In this form, the contents of this and previous subsections should be in Bourbaki,
Chapter 6 1

2 , but it isn’t!

2.5. Weight diagrams
Our major tool are weight diagrams, which are a standard tool in the represen-
tation theory of Lie algebras and algebraic groups, see [86, 95, 96, 97, 98] for the
details and many further references. There are two usual ways to render excep-
tional polytopes as 2D pictures.

12The same graphs also occur in a completely different context, as graphs with certain extremal
properties for their eigenvalues, in [70, 71].
13Exceptional behaviour of this net was observed by Vladimir Kornyak [53]. The second author
immediately observed the connection with triality and F4, but failed to notice the relation to E8!
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Figure 1. Weight diagram (E6, $1)

• The usual “publicity photo” of E8, as reproduced in hundreds of places
[26, 6, 7, 14, 40, 54, 62, 92], are beautiful, but completely unsuitable for actual
computations. The orthogonal projections to smaller dimensions, usually, 2D, 3D
or 4D, which try to keep vertices distinct and faithfully depict all edges become a
complete mess. Already for the root polytope of type E8 with 240 vertices there are
as many as 6720 edges, which makes the corresponding picture completely unfit
for human calculations.

• The McMullen projections [74] are terribly much handier, but they give
a very schematic picture, where some of the vertices represent actual vertices,
whereas some other represent higher dimensional faces, sometimes the whole facet!
As a result, you should be able to use several of those in conjunction, in the
same calculation. To visualise the whole symmetry of a multidimensional object
with these pictures is possible, as Peter McMullen himself amply and brilliantly
illustrates, but it requires some serious mental exercise.

We chose the middle way. The pictures we use to visualise the polytopes
are a blend of Schreier graphs depicting the cosets of the Weyl group modulo a
parabolic subgroup, or weight diagrams common in representation theory of alge-
braic groups and related fields. Both are much more schematic and shorthand than
the usual Coxeter like projections, and at the same time much more faithful and
informative than McMullen diagrams. One such picture serves as a genuine short-
hand reproduction of the whole multidimensional object. With moderate practice,
all properties of this multidimensional object can be read off from such a picture
purely combinatorially.

Roughly, the difference is as follows. All polytopes we consider can be scaled
so that all of their vertices are integral weights = lattice points of P (Φ). We depict
all vertices of the polytope, but [as a first approximation] only draw the edges that
correspond to the fundamental roots, marking them accordingly.

The corresponding weight graph is obtained when you draw the edges corre-
sponding to all positive roots, instead of drawing just the ones that correspond to
the fundamental ones. The missing edges can be easily restored as those paths in
these graphs, for which the multiplicities of marks coincide with the coefficients in
the linear expansion of a given root with respect to the fundamental ones.
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Figure 2. Weight diagram (E7, $7)

Such similar pictures can be interpreted in a number of ways. Purely com-
binatorially, for uniform polytopes these pictures are Schreier graphs of the coset
spaces W (Φ)/W (∆), where for type (Φ, $i) the subsystem ∆ is the sub-maximal
rank subsystem of Φ generated by Π \ {αi}.

What makes these pictures useful is that in the interesting cases they are
intimately related to the actual geometry of weights and constitute part of what
is known as weight diagrams, or crystal graphs in representation theory.

For the three microweight polytopes — the Clebsch one, the Schläfli one and
the Hesse one — all of their vertices are extremal weights of the corresponding rep-
resentation. Moreover, the action of a root reflection consists in subtracting/adding
the corresponding root. Thus, in these cases we get a genuine picture that fully
captures all properties of the corresponding. These are precisely the (E6, $1) and
(E7, $7), reproduced in dozens of texts, including [95, 86, 96, 97, 101, 103].

For the three root polytopes — of which only the one corresponding to E8 is
semiregular — the usual way is to draw the weight diagrams as crystal graphs.
Below we reproduce half of the picture of the Gosset polytope (E8, $8), the dia-
grams of the adjoint representations (E6, $2) and (E7, $7) are part of it, and are
reproduced in [86, 97]. The pictures of the senior polytopes such as (E8, $1) or
(E8, $2) are too large anyway, to be used for manual computations.
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Figure 3. Weight diagram (E8, $8)

3. Yet another look at the structure of the Gosset—Elte polytopes

In the talk we will show how to reconstruct all usual properties of the exceptional
uniform polytopes from the weight diagrams, tables of roots, root subsystems, and
conjugacy classes.
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3.1. The treasury of exceptional polytopes

In the first place, we are interested in the 8 — or 9, depending on how you count
them — classical Gosset—Elte polytopes in dimensions 6, 7 and 8. But they are
closely related also to some further related Voronoi and Delaunay polytopes of
exceptional lattices, further polytopes associated with the Weyl orbits on weights,
etc. Here is the beginning of the list.

Dimension 6:

• 221 with 27 vertices — Schläfli polytope of type (E6, $1) = Delaunay poly-
tope for Q(E6). Or, dually, 212 of type (E6, $6).

• 122 with 72 vertices — the root polytope for E6 of type (E6, $2) = the
contact polytope for Q(E6).

There are many further extremely interesting related examples, which are not
themselves on the Gosset—Elte list, but closely related to those, like, for instance:

• Diplo-Schläfli polytope with 54 vertices = the convex hull of two dual
Schläfli polytopes 221 and 212 = Voronoi polytope for Q(E6).

• Voronoi polytope for P (E6) with 720 vertices.

Dimension 7:

• 321 with 56 vertices = Hesse polytope of type (E7, $7) = the contact
polytope for P (E7).

• 231 with 126 vertices = the root polytope for E7 of type (E7, $1) = the
contact polytope for Q(E7).

• 132 with 576 vertices = Voronoi polytope of P (E7) of type (E7, $2).

Dimension 8

• 421 with 240 vertices = Gosset polytope of type (E8, $8) = the contact
polytope for Q(E8).

• 241 with 2160 vertices = the deep hole polytope for Q(E8) of type (E8, $1).

• 142 with 17280 vertices = the shallow hole polytope for Q(E8) of type
(E8, $2).

The terminology for E8 is borrowed from the book by Conway and Sloane
[21]. The 240 roots of E8 are the lattice points of norm 2. A hole is a point of R8,
whose distance to Q(E8) is a local maximum. The 2160 deep holes near the origin
are halves of the lattice points of norm 4. The 17540 lattice points of norm 8 fall
into two orbits under the action of W (E8), or which 240 are twice the roots, and
17280 are 3 times the shallow holes near the origin.

That’s not the complete list even of the most interesting uniform exceptional
polytopes, but that gives you some idea.
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3.2. Structure of exceptional polytopes
We start with repeating with our methods all results on the structure, number
and adjacency of faces of the above polytopes. With our tools, such a description
becomes immediate.

For instance, look at Figure 1. Since the polytope is uniform, the highest
weight $1 = the left-most node of the diagram, is incident to faces of all types,
which thus correspond to parabolic root subsystems containing α1.

Since from $1 there are unique descending paths of lengths 1, 2 and 3, and
the roots susbystems they generate have types A1, A2 and A3, respectively. This
means that there are only one type of the faces of dimensions 2 and 3 each, and
they are triangles and tetrahedra.

Their number can be easily computed as well. Since the Weyl group W (E6)
acts transitively on roots, the number of edges equals 6·|E+

6 |. Alternatively,W (E6)
acts transitively on vertices, and there are 16 vertices at distance 1 from a given
one in the weight graph. Thus, the number of edges equals 27 ·16/2 = 36 ·6 = 216.

Obviously, in dimension 4 something funny happens. Namely, there are two
different ways to embed A3 = 〈α1, α3, α4〉 intoA4. One is to proceed with α2, and
this cannot be further embedded into A5, and another one is to proceed with α5,
which can then be embedded into A5 by further adjoining α6. Both ways produce
faces of type A4, which are 4-simplices, but they form two distinct orbits.

Finally, there are two types of facets. There are 5-simplices α5, 72 of them,
that correspond to the roots of E6, and there are 5-hyperoctahedra β5, that cor-
respond to the 27 pairs of non-comparable weights.

This accounts for the distinction between two types of 4-dimensional faces.
Indeed, α5 has 6 facets, which gives 72 · 6 = 432, whereas β5 has 32 facets, which
gives 27 · 32 = 864. This means that 432 of the 4-faces are common faces of an
α5 and a β5, whereas the 216 remaining ones are shared by two β5. Clearly, they
form two distinct Weyl orbits.

Of course, the case of (E6, $1) is by far the simplest one. Nevertheless, for all
other cases the types of faces, their incidence numbers, etc. can be easily recuper-
ated within half an hour by such similar means, perhaps with some little help of
the tables of root subsystems, orders of the Weyl group, and the like. For that one
even does not need the whole Schreier graph W (Φ)/W (∆)/the whole the weight
diagram (Φ, $i), just the neighbourhood of the highest weight.

3.3. Colourings of the exceptional polytopes
Coxeter discovered that instead of duality one should rather consider triality. The
exceptional polytopes come in triples, the facets of each one of them corresponding
to the vertices of the other two. As we already know, in dimension 6 the facets of
221 correspond to the 27 vertices of 212 and to the 72 vertices of 122.

Dually — or should one say trially in this case? — the facets of the root
polytope of E6 are all of them Clebsch polytopes = 5-demicubes, but they come in
two denominations, the positive half spin and the negative half spin, 54 = 27 + 27,
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the positive ones corresponding to the vertices of (E6, $1) and the negative ones
— to the vertices of the dual polytope (E6, $6).

The 5-demicube has 16 facets α4 and 10 facets β4 and any two adjacent 5-
demicubes of the same parity intersect in α4, whereas two adjacent demicubes of
different parities intersect in β4. In particular, (E6, $2) has two types of α4 faces:
the positive and the negative ones.

An easy calculation using Figure 1 and arguments of the above type shows
that the cycle index of the action on the vertices of (E6, $1) is

Z27[x1, . . . x12] =
1

51840

(
x27

1 + 36x15
1 x

6
2 + 270x7

1x
10
2 + 240x9

1x
6
3 + 585x3

1x
12
2 +

1440x3
1x

3
2x

4
3x6 + 1620x5

1x2x
5
4 + 2160x3

1x
3
2x

4
3x6 + 560x9

3 + 3780x1x
3
2x

5
4+

5184x2
1x

5
5 + 1440x3

1x
3
2x

3
6 + 540x3

1x
6
4 + 1440x5

3x
2
6 + 5184x2x

3
5x10+

6480x3x
4
6 + 6480x1x2x

3
8 + 4320x1x

2
4x6x12 + 4320x3x

2
12 + 5760x3

9

)

Observe the presence of all rotation axes of orders 5, 8, 10 and 12, which are
already possible for crystals14 of dimensions 4 and 5, as also the appearance of a
rotation axis of order 9, that first occurs in dimension 6.

However, since all elements ofW (E6) are real (= conjugate to their inverses),
the action on (E6, $6) is exactly the same. This means that to calculate the cycle
index of the action of W (E6) on the facets of (E6, $2), one only has to replace the
variables in the above formula by their squares. In particular, there are

350 661 193 456

essentially different colourings of the facets of root polytope of type E6 in 2 colours;

1 121 791 681 317 791 814 588

such colourings in 3 colours15, etc.
It’s nothing special that such things can be easily done nowadays. What seems

to be a bit special, is that this calculation was essentially done by us manually
within a couple of evenings16.

By hand, we have performed similar computations also for the Hesse polytope
321 with 56 vertices, which by triality gives the colourings of the 56 facets of type
221 of the root polytope 231. But we decided that to calculate the cycle index on
the 576 simplicial facets would be a bit too much of a good thing.

Of course, performing similar calculations by hand for the 123 — not to say
for 214 and 124 — would require much more leisure, and should be rather relegated
to a computer. For the polytope 412 it was indeed implemented by David Madore,

14The root polytope of type E6 folds to icosidodecahedron in dimension 3, which inherits part
of these symmetries, but that’s not crystallographic.
15We were a bit surprised — oftentimes even for a professional mathematician it is hard to
develop the gut feeling of what polynomial growth means.
16Samuel Wagstaff: "Multiply 2071723 × 5363222357 by hand. Feel the joy.”
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Exceptional polytopes 17

and can be found at his home page [62]. Computer realisations for other small
cases are straightforward17.

4. Whither from here?
Currently, we proceed to describing further structural properties of the excep-
tional polytopes, various generalisations, and applications of the above, such as,
for instance:

• Classification of vertex embeddings in exceptional polytopes [1].
• Classification of d-codes and maximal independent sets [32].
• Explicit description of foldings E6 −→ H3, E8 −→ H4, and the like, [52].
• Classification of exceptional compounds. In particular, it seems quite plau-

sible that the new 4D compounds discovered by Peter McMullen [73, 74] all come
from the folding E8 −→ H4.

• Exceptional virtual polytopes [84].
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