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Abstract. The conditions on the coefficients of the characteristic polynomial
of the matrix of the linearized Hamiltonian system, under which this poly-
nomial has roots satisfying the resonance equation, are formulated. These
conditions are described as roots of quasi-homogeneous polynomials defined
in the coefficient space.

Introduction

Resonances play an essential role in vibrational systems. Their presence, on the
one hand, leads to complex dynamics, when the energy of vibrations is “pumped”
between several degrees of freedom, whose corresponding frequencies are in res-
onance. On the other hand, the presence of nontrivial solutions of the resonance
equation allows to write additional formal first integrals and, as a consequence,
allows to analyze the stability of the equilibrium position or to integrate asymp-
totically the system of equations of motion reduced to the normal form.

Consider an analytic Hamiltonian system

ẋ =
∂H

∂y
, ẏ = −∂H

∂x
(1)

with n degrees of freedom, where x,y ∈ Rn, near the equilibrium position

x = y = 0.

The Hamilton function H(x,y) expands into a convergent power series

H(x,y) =
∑

Hpqx
pyq

with constant coefficients Hpq, where p,q ≥ 0, |p|+ |q| ≥ 2.
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Introduce a phase vector z = (x,y) ∈ R2n(C2n). Then the linear part of the
system (1) can be written in the form

ż = Bz, B =
1

2


∂2H

∂y∂x

∂2H

∂y∂y

− ∂2H

∂x∂x
− ∂2H

∂x∂y


∣∣∣∣∣∣∣∣
x=y=0

(2)

Let λ1, . . . , λ2n be the eigenvalues of matrix B, which can be reordered as
follows λj+n = −λj , j = 1, . . . , n. Denote by vector λ = (λ1, . . . , λn) the set of
basic eigenvalues of the system (2). For a Hamiltonian system, the characteristic
polynomial f̌(λ) is the polynomial of even powers of λ. Let us call the polynomial
f(µ)

def
= f̌(λ), where µ = λ2, as semi-characteristic:

f(µ) = µn + a1µ
n−1 + a2µ

n−2 + · · ·+ an−1µ+ an. (3)

According to Theorem 12 in [1, § 12] in the case of semi-simple eigenval-
ues there exists a canonical formal transformation that reduces the Hamiltonian
system (1) to its normal form

u̇ = ∂h/∂v, v̇ = −∂h/∂u,

given by the normalized Hamiltonian h(u,v)

h(u,v) =

n∑
j=1

λjujvj +
∑

hpqu
pvq (4)

containing only the resonant terms hpqu
pvq satisfying the resonant equation

⟨p− q,λ⟩ = 0. (5)

Here ⟨p,λ⟩ =
∑
j

= 1npjλj is the scalar product.

The resonant equation (5) has two kinds of solutions, which correspond to
two kinds of resonant terms in the normal form (4):

1. Secular terms of the form hppu
pvp, which are always present in the Hamil-

tonian normal form because of the special structure of the matrix B of the
linearized system (2)

2. Strictly resonant terms, which correspond to nontrivial integer solutions of
the equation

⟨p,λ⟩ = 0. (6)
To investigate the formal stability of the equilibrium position of the Hamil-

tonian system it is necessary to perform a normalization procedure and then ap-
ply Bruno’s theorem [3], the condition of which requires the absence of third- and
fourth-order resonances. The conditions on the coefficients of the polynomial (3) for
two-frequency resonances are effectively formulated in terms of q-discriminants [4].

The problem is the following: formulate conditions on the coefficients aj ,
j = 1, . . . , n, of the semi-characteristic polynomial f(µ) of degree n = 3 and
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n = 4, under which the multifrequency resonance of multiplicity 1 of order 3 or
order 4 takes place.

1. Conditions for a system with three degrees of freedom

The only multifrequency resonance of multiplicity 1 of order 3 corresponds to the
case where the algebraic sum of all three basic eigenvalues λj , j = 1, 2, 3, is equal
to zero. Then in terms of roots µj of the polynomial (3) this condition is written
as

µ1 = A± 2C, where A = µ2 + µ3, C
2 = µ2µ3. (7)

Considering the condition (7) as a polynomial ideal, we compute the Gröbner
elimination basis that excludes the quantities A and C, and obtain the condition
on roots:

3∑
j=1

µ2
j − 2

3∑
1=j<k

µjµk = σ2
1(µ)− 4σ2(µ), (8)

where σk(µ) are elementary symmetric polynomials for which σk(µ) = (−1)kak.
Then the condition on the coefficients of the polynomial (3) takes the form

a21 − 4a2 = 0. (9)

The condition for the existence of multifrequency resonance of multiplicity 1
of order 4 is equivalent to the case of the algebraic sum of 2λ1, λ2, λ3 equals to
zero. Repeating the above calculations, we get a condition on the coefficients of
the polynomial (3) in the form

16 a61 − 264 a41a2 +36 a31a3 +1425 a21a
2
2 − 630 a1a2a3 − 2500 a32 +9261 a23 = 0. (10)

The conditions (9) and (10) are algebraic varieties in the coefficient space
of the polynomial (3) for n = 3, and their left-hand sides are quasi-homogeneous
polynomials from coefficients aj , j = 1, 2, 3. By methods of power geometry one
can obtain a polynomial parametrization of the variety (10):

a1 = 2v (37t− 35) , a2 =
(
456337t2 − 7666t+ 721

)
v2,

a3 = 36 (71t+ 2) (5− 249t)
2
v3.

Note that many works on oscillation theory consider multifrequency reso-
nances of multiplicities 2 and higher. For example, a resonance of order 4 in the
form of commensurable frequencies 2 : 1 : 1 has multiplicity 2 and is defined using
the conditions on two-frequency resonances. The 1 : 1 commensurability is deter-
mined by the discriminant variety D(f) of dimension 2, the 2 : 1 commensurability
is determined by the resonant variety R4(f) of dimension 2, and their intersection
gives the submanifold of dimension 1 on which the above resonance takes place. At
the same time, the condition (10) for the existence of a three-frequency resonance
of multiplicity 1 defines a variety of dimension 2, i. e. it is a more general condition.
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2. Conditions for a system with four degrees of freedom

In this case, the situations of three-frequency and four-frequency resonances should
already be considered separately. We have two three-frequency resonances of orders
3 and 4, and one four-frequency resonance of order 4.

The condition on roots (8) of three-frequency resonance of order 3 for a
polynomial of degree 4 must be satisfied for some one triplet of roots µk, k =
1, . . . , 4. Then we make a product of four factors of the form (7) for each triplet
and add it to the ideal composed of polynomials of the form ak −σk, k = 1, . . . , 4.
Using the Gröbner elimination basis, we exclude the values of µk and obtain a
condition on the coefficients of the form

−4 a51a3 + a41a
2
2 + 4 a41a4 + 34 a31a2a3 − 8 a21a

3
2 − 30 a21a2a4 − 27 a21a

2
3 − 72 a1a22a3

+

16 a42 − 54 a1a3a4 + 72 a22a4 + 108 a2a
2
3 + 81 a24 = 0.

We can do the same to determine the condition on the roots of the polynomial
in the presence of a three-frequency resonance of order 4 for a polynomial of degree
4. The resulting polynomial turns out to be very cumbersome (it contains 153
monomials) and is not given here.

Finally, let us indicate the condition on the coefficients of the polynomial (3)
of the fourth order which, if satisfied, leads to a four-frequency resonance of order
4:

a41 − 8 a21a2 + 16 a22 − 64 a4 = 0.
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