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Abstract. By numerical experiments, it is discovered some strictures in dis-
tribution of cubic exponential sums in �nite �elds. It is given a conjecture on
distribution of these sums.

Consider the �eld Fp = Z/pZ of prime order p, its additive character

x 7→ ep(x) = exp(2πix/p), x ∈ Fp,

a one-variable polynomial f over Fp and related [1], [2] character (or exponential)
sum of additive type ∑

x∈Fp

ep
(
f(x)

)
. (1)

By Weil, the fundamental inequality∣∣∣ ∑
x∈Fp

ep
(
f(x)

) ∣∣∣ ≤ (deg f − 1)
√
p

is valid for all the sums whenever p - deg f . That means, the points

Ep(f) =
1

(deg f − 1)
√
p

∑
x∈Fp

ep
(
f(x)

)
(2)

are located in the unit disk D =
{
z ∈ C

∣∣ |z | ≤ 1
}
.

Let f be a one-variable polynomial over Z. By reduction its coe�cients mod p, we
may consider f as a polynomial over any Fp. Then one may look on distribution of
the points Ep(f) (p = 2, 3, 5, 7 . . . ) in the diskD. One may also look on distribution
of the points |Ep(f)| (p = 2, 3, 5, 7 . . . ) in the interval [0, 1]. We have studied
numerically the sums (1) for lot of cubic polynomials f . We have used computer
algebra systems PARI and MAPLE. Our main observations are as follows.
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(I) For any positive x ∈ R, let π(x) be the number of prime p ≤ x. Given a cubic
polynomial f , some positive X ∈ R, and some interval Ω ⊂ [0, 1] consider

1

π(X)
]
{
p ≤ X

∣∣∣ |Ep(f)| ∈ Ω
}
. (3)

We may take Ω = [0, z] with z ∈ [0, 1] to treat (3) as a function of z. We �nd
numerically (for many di�erent f and largeX) very good agreement of the function
(3) with the function

z 7→ 4

π

z∫
0

√
1− x2 dx.

Based on this observation, we conjecture

lim
x→∞

1

π(x)
]
{
p ≤ x

∣∣∣ |Ep(f)| ∈ Ω
}

=
4

π

∫
Ω

√
1− x2 dx

for all cubic polynomials f and all intervals Ω ⊂ [0, 1]. That may be considered as
an analogue of the classical Sato�Tate conjecture on distribution of the Klooster-
man sums. The density on the right-hand side is known also in connection with
the distribution of the numbers of points on elliptic curves.

(II) Let us consider one instructive sample. On the picture below we have plotted
the real coordinate axis, the imaginary coordinate axis, the unit disk D ⊂ C, and
the points Ep(f) ∈ D for the polynomial f(x) = 6x3 + 3x2 + 4x and for all prime
numbers p ≤ 100000.

The points Ep(f) with
f(x) = 6x3 + 3x2 + 4x and

prime p ≤ 100000.
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It is seen that the points Ep(f) are concentrated along 6 lines passing through the
point 0. We see that the points Ep(f) are just concentrated along the limit lines
rather than lie on them. The counterclockwise angles between the lines and the
real axis are πm/3 + πn/9 with m = 0, 1, 2 and n = 1, 2. The points distributed
sporadically are those few Ep(f) that are located far away from the limit lines.

We have found a similar aster-type pictures for many other cubic polynomials
ax3 + bx2 + cx + d over Z. We have no theoretical explanation to this phenome-
non. The number of lines depends on the coe�cients a, b, c. Looking for possible
classi�cation, we may say the polynomial f falls to the class aster-m if we see m
limit lines on the picture. In this sense, the above polynomial f falls to the class
aster-6. Some other classes are given in [3].
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