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Introduction
Modern applications of quantum mechanics renewed interest in the
properties of the set of density matrices of finite size.
The state space PN of an N-level quantum system consists of
N × N Hermitean, normalized semi-positive matrices,
PN = { X ∈ MN (C) | X = X † , X ≥ 0 , Tr X = 1 } .
The studies of the state space PN include various points of view,
among them
- study of PN within convex geometry;
- study of topological properties of PN ;
- study of differential-geometrical structures on PN .
We present the underlying stratified structure of PN (cf. 1 ). The
goal of research - to calculate the general metric on the whole
stratified space.
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Stratified structure of the state space

Classical mechanics can be formulated in terms of time
evolution of physical systems living in a manifold and of
functions defined on such a manifold
An algebraic formulation that works both in classical and
quantum mechanics consists in studying the time evolution of
states of a C*-algebra (whose self-adjoint elements we may
interpret as the observables of our system) space of classical
mechanics
An interesting question is to investigate whether the state
space S(A) of a C*-algebra A admits a differentiable
structure, in some generalized sense.

Stratified structure of the state space
The aim of paper2 is to show that the state space of an
arbitrary finite-dimensional C*-algebra is indeed a “good”
singular space: it is a stratified space in the sense of Whitney
whose structure can be described rather explicitly
Whitney stratified spaces are a class of singular spaces that
are as close as possible to smooth manifolds.
When working with such spaces, many issues can be
addressed by working them out separately on each stratum,
reducing many problems to questions about smooth manifolds
The notion of stratified space is supposed to be a notion of
topological space that is not necessarily a manifold, but which
is filtered into “strata” that are.
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Stratified spaces - decomposition of a topological space

Definition
Let I be a set. An I -decomposition of a topological space X is a
locally finite collection of disjoint locally closed subsets Si ⊂ X ,
one for each i ∈ I , such that
S
(1) X = i∈I Si ,
(2) Si ∩ Sj ̸= ∅ implies Si ⊂ Sj .
The sets {Si } are called pieces of the decomposition, and a
topological space X equipped with an I -decomposition will be
called an I -decomposed space.

Stratified spaces - decomposition of a topological space
“locally finite” - every point has a neighborhood which
intersects only finitely many pieces
a set S ⊂ X is “locally closed” if it is the intersection of an
open and a closed subset of X .
Condition (2) is the so-called frontier condition, saying that if
a piece Si intersects the closure of Sj , it must lie in the
frontier Sj ⧹Sj .
An example is the decomposition of Mn (C ) into subsets of
matrices of fixed rank. It follows that any subset of Mn (C ) is
a decomposed space, in particular the set of density matrices
of a finite-dimensional C ∗ -algebra is a decomposed space. In
this example, I is totally ordered and the least element, the
unique closed piece of the decomposition, is given by rank 1
density matrices, i.e. pure states.

Stratification
Definition
Let X be a closed subset of a smooth manifold M. An
I -decomposition of X is called a Whitney stratification provided
each Si is a smooth embedded submanifold of M and, for all i ≤ j,
Whitney’s condition (B) is satisfied:
(B) suppose (xk ) is a sequence of points of Sj and (yk ) a sequence
of points of Si , both converging to some y ∈ Si , and let ℓk be
the line through xk and yk in some local chart on M. If (ℓk )
converges to some limiting line ℓ and the tangent spaces
Txk Sj converge to some limiting space τ in the Grassmann
bundle of TM, then ℓ ⊂ τ .
We will say that X is a (Whitney) stratified space, and call the sets
{Si } strata of the stratification.

Stratified spaces - decomposition of a topological space
There are three admissible partitions of PN
by the adjoint SU(N) orbits
by the corresponding orbit types
by the subsets of density matrices with fixed ranks
Only the last decomposition determines the Whitney stratification.
Based on this observation, we establish the connection to our
recent paper 3 , devoted to the study of the Bures-Fisher metric for
rank deficient states, which are non-maximal dimensional strata of
the Whitney stratification.
to derive the Bures metric on each strata PN,k .
In detail: the Bures metric for qubit (N = 2) and qutrit
(N = 3) in different strata .
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Geometry of quantum state space
The geometry of the set of density matrices depends on the metric
used.
The simplest possible choices exhibit some drawbacks:
the trace metric, defined by the trace distance
q
DTr (ρ, σ) = ||ρ − σ||1 := Tr|ρ − σ| = Tr (ρ − σ)2 ,
is monotone, but not Riemannian, while
the Hilbert–Schmidt metric, induced by the Hilbert–Schmidt
scalar product, ⟨A|B⟩ = TrA† B and related to the H–S
distance,
q
DHS (ρ, σ) = ||ρ − σ||2 := Tr[(ρ − σ)2 ] ,
is Riemannian but not monotone.
Other possible metrics and distances in the space of mixed
quantum states?

Geometry of quantum state space

An issue of establishing of Riemannian structures on the
quantum counterparts of space of probability measures
became a subject of recent investigations.
Determination of quantum analogues of a well-known, natural
Riemannian metric, the so-called Fisher metric.
Explicit formulae for the Bures metric are known for special
cases: e.g. Dittmann has derived several explicit formulae on
the manifold of finite-dimensional nonsingular density
matrices.
But: owing to the nontrivial differential geometry of the state
space PN , studies of its Riemannian structures require a
refined analysis for the non maximal rank density matrices.

Geometry of quantum state space

Let PN,k ⊂ MN (C) be a manifold which consists of
normalized N × N density matrices of rank k .
According to Dittmann (1995), every PN,k admits the Bures
metric gB and hence one can consider subspace of fixed rank
as the Riemannian manifold (PN,k , gB ) .
S
The union DN := N
k=1 PN,k is not a manifold, but a convex
subset of affine space of all normalized Hermitian matrices.

Fidelity and Bures distance
We will analyse the metric on PN , originated from the
distance function d(ϱ1 , ϱ2 ) between density matrices
ϱ1 , ϱ2 ∈ PN , which is known under different names:
- Fisher (in statistics)
- Bures (classical and quantum information theory)
- Wasserstein metric (optimal transport)

d(ϱ1 , ϱ2 ) :=

q
p
Tr ϱ1 + Tr ϱ2 − 2 F (ρ1 , ρ2 ) ,

where the fidelity is defined as
h q√
√ i2
F (ρ1 , ρ2 ) = Tr
ρA ρB ρA .
This distance function corresponds to the Bures metric which
belongs to the special class of the so-called monotone
Riemannian metrics.
It is minimal among all monotone metrics and its extension to
pure states is exactly the Fubini–Study metric.

Definition through the purification of a mixed state

A mixed quantum state can be either understood as a
statistical mixture of pure quantum states, or as being part of
a higher-dimensional, pure state – a purification of the mixed
state.
For every mixed state ρA ∈ HA , it is possible to find a pure
state |ψ⟩ in a larger system HA ⊗ HB such that when we
trace out the purification system HB , we recover the original
state: ρA = TrB |ψ⟩ ⟨ψ|.

Fidelity and Bures distance through purification

• Fidelity • The fidelity between the density operators ϱ1 and ϱ2
is definite by the maximum over all possible purifications ψϱ1 and
ψϱ1 of states
F (ϱ1 , ϱ2 ) =

max

over purification

|⟨ψϱ1 | ψϱ2 ⟩|

• Bures metric • Bures distance is defined as
d(ϱ1 , ϱ2 ) =

min

over purification

||ψϱ1 − ψϱ2 || ,

where the minimum is again taken over all possible purifications
|ψϱ1 ⟩ and - |ψϱ2 ⟩, of the states ϱ1 and ϱ2 .

Bures vs. Hilbert-Schmidt distance for a qubit
It is instructive to compare the geometry induced by the Bures and
the Hilbert-Schmidt metric. 4
Any N = 2 density matrix ρ may be expressed in the Bloch
representation

1
ρ = I + ⃗τ · ⃗σ
2
where ⃗σ denotes a vector of three Pauli matrices, {σx , σy , σz },
while the Bloch vector ⃗τ = {x, y , z} belongs to R3 .
With respect to the HS metric the set of mixed states M2
forms the Bloch ball B 3 with the set of all pure states at its
boundary, called Bloch sphere.
The H–S distance between any mixed states of a qubit is
proportional to the Euclidean distance inside the ball, so the
H–S metric induces the flat geometry in M2 .
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Bures vs. Hilbert-Schmidt distance for a qubit

Figure: Geometry of the set of the mixed states for N = 2: a) – the
3-ball embedded in R3 induced by the Hilbert-Schmidt distance, b) –
hemisphere of S3 embedded in R4 , (shown as a cross-section of R 4 taken
at y = 0), induced by the Bures distance. The maximally mixed state ρ∗
is located at the center of the ball (a), and at the hyper-pole of S3 (b).
The set of pure states is represented by the Bloch sphere S2 (a) and by
the Uhlmann equator S2 ∈ S3 (b). The cross-section of M2 with the
plane z = 0 produces a full circle in the equatorial plane (a), or a half of
a hyper-meridian joining the states ρW and ρE (b).

Bures metric on rank deficiency states

Let ϱ be an element of PN,k , where PN,k is a set comprising
of normalized N × N density matrices of rank k . For a given ϱ
consider the equation
ϱ Gϱ + Gϱ ϱ = dϱ
for an unknown 1-form Gϱ .
The solution determines the Bures metric on PN,k as

5

gB = (dϱ , Gϱ ) .
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Explicit solutions - qubit
• Qubit Bures metric for rank(ϱ) = 2 states •
g2k=2 =

(dr1 )2 (dr2 )2
(r1 − r2 )2
+
+ 2|Ω12 |2
2r1
2r2
r1 + r2

where Ω is given in terms of left invariant 1-forms ω1 and ω2 on
the coset SU(2)/U(1):
ı
Ω12 = (ω1 − ıω2 )
2
Using expressions for 1-forms in terms of the Euler angles
ω1 = sin β cos γdα − sin γdβ

ω2 = sin β sin γdα + cos γdβ

and taking into account that r1 + r2 = 1 we have
g2k=2 =


1 2 2
1
2
2
2
r
(dr
)
+
sin
β(dα)
+
(dβ)
,
2(1 − r 2 )
2

where r = r1 − r2 .

Explicit solutions - qubit

• Qubit Bures metric for rank(ϱ) = 1 states •
For pure qubit states the metric reads
g2k=1 = 2|Ω12 |2 =


1 2
sin β(dα)2 + (dβ)2 .
2

Explicit solutions - qutrit

• Bures metric for rank(ϱ) = 3 qutrit states •
Fixed rank decomposition for qutrit state space
P3 = P33 ∪ P23 ∪ P13 ,
For the generic non-singular set of density matrices dim(P3 ) = 8
k=3
gB

Explicit solutions
• Bures metric for rank(ϱ) = 3 qutrit states •
We use the Euler parameterization,
U=e

ıα
λ
2 3

V (α, β, γ) exp (iθλ5 ) V (a, b, c) exp (iϕλ8 ) ,

where the left and right factors V denote two copies of the SU(2)
group embedded in SU(3) :


 a 
 c 
b
V (a, b, c) = exp i λ3 exp i λ2 exp i λ3 .
2
2
2
The decomposition angles Ω3 = {α, β, γ, a, b, c, θ, ϕ} take values
from the intervals
α, a ∈ [0, 2π];
θ ∈ [0, π/2];

β, b ∈ [0, π];
√
ϕ ∈ [0, 3π] .

γ, c ∈ [0, 4π];

Explicit solutions - qutrit
• Bures metric for rank(ϱ) = 2 qutrit states •

gBk=1 =


(r1 − r2 )2
(dr1 )2 (dr2 )2
+
+2
|Ω12 |2 +2 r1 |Ω13 |2 + r2 |Ω23 |2
2r1
2r2
r1 + r2

Here Ω12 , Ω13 and Ω23 are the components of the Cartan
left-invariant form
8
ıX
ωa λa
U † dU =
2
a=1

on the coset

SU(3)/T 2 .

Ω12 = ω1 − ıω2 ,

Ω13 = ω4 − ıω5 ,

Ω23 = ω6 − ıω7 ,

Explicit solutions

• Bures metric for rank(ϱ) = 1 qutrit states •

gBk=2 =
=


(dr1 )2
+ (1 + r1 ) |Ω12 |2 + |Ω13 |2
2r1

(dr1 )2
+ (1 + r1 ) ω12 + ω22 + ω42 + ω52
2r1

Now Ω12 and Ω13 denote the components of the Cartan form
U † dU evaluated at the coset SU(3)/S(U(2) × U(1)) .

