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Two body problem
The energy integral

𝑇 − 𝑈 =
ṙ2

2
− 1

𝑟
= ℎ

𝑟 ≤ −2

ℎ
, ℎ < 0.

Adding the angular momentum integral

r× ṙ = J = 𝑟2𝜃
yields

2

𝑟
+ ℎ− 𝑐2

𝑟2
≥ 0

or {︃
𝑟min ≤ 𝑟 ≤ 𝑟max if ℎ < 0,

𝑟 > 𝑟min if ℎ ≥ 0

Cartesian relative or baricentric coordinate system
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CR3BP
𝑦

𝑥

𝑟
𝑟1

𝑟2
1 − 𝜇 𝜇

1 − 𝜇𝜇

Jacobi’s integral:

�̇�2+�̇�2+�̇�2−(𝑥2+𝑦2)−2

(︂
1 − 𝜇

𝑟1
+
𝜇

𝑟2

)︂
+𝐶 = 0,

𝑟1 =
√︀

(𝑥+ 𝜇)2 + 𝑦2 + 𝑧2,

𝑟2 =
√︀

(𝑥+ 𝜇− 1)2 + 𝑦2 + 𝑧2

C = 5.0
C = 3.570
C = 3.451
C = 3.090
C = 3.01𝐿1

𝐿2𝐿3

𝐿4
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CR3BP, II
Rotating frame:
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General 𝑁BP, Scale symmetry

If the functions r𝑖(𝑡), v𝑖(𝑡), 𝑖 = 1, . . . , 𝑁 is solution, then next solution is also
valid

𝜌𝑖(𝑡) = 𝜆r𝑖(𝜆
−3/2𝑡)

�̇�𝑖(𝑡) = 𝜆−1/2v𝑖(𝜆
−3/2𝑡).

For this solution
ℎ′ = 𝜆−1ℎ

𝐽 ′ = 𝜆1/2𝐽,
𝐼 ′ = 𝜆2𝐼,

This symmetry allow us to limit ourselves to only three values of constant
energy, for example, ℎ = −1/2, 0, 1/2.
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General 3BP, Jacobi coordinates
In this case the dimension of configuration space can be reduced to 3.
To do this let us factorize the space by transfers and rotations
R6 → R4 : R6/T.

m1

Q1

Q2

m3

r1

r2 m2
r3

O

α

Q1 = r2 − r1,
Q2 = r3 − 𝑚1r1+𝑚2r2

𝑚1+𝑚2
,

𝑇 = 1
2(𝑚1ṙ

2
1 +𝑚2ṙ

2
2 +𝑚3ṙ

2
3) = 1

2

(︁
𝜇1Q̇

2
1 + 𝜇2Q̇

2
2

)︁
,

𝐿 = 𝑇 (Q̇1, Q̇2) + 𝑈(Q1,Q2),

𝐽 = 𝜇1Q1 × Q̇1 + 𝜇2Q2 × Q̇2.

Here 𝜇1 = 𝑚1𝑚2/(𝑚1 +𝑚2), 𝜇2 = 𝑚3(𝑚1 +𝑚2)/(𝑚1 +𝑚2 +𝑚3).
6 / 19



2𝐷 General 3BP, Hopf transformation
Factorizing by rotations:

𝜉1 = 1
2𝜇1|Q1|2 − 1

2𝜇2|Q2|2,
𝜉2 + 𝑖𝜉3 =

√
𝜇1𝜇2Q1Q̄2.

(𝜉1, 𝜉2, 𝜉3) ∈ X – 3-dimensional space.
Each element of the space X is a class of oriented congruent triangles, it is
called form space. In this space, the length of the vector (𝜉1, 𝜉2, 𝜉3) is equal to
the moment of inertia:

𝐼 = 𝑚1|r1|2 +𝑚2|r2|2 +𝑚3|r3|2 =
𝑚1𝑚2𝑟

2
12 +𝑚1𝑚3𝑟

2
13 +𝑚2𝑚3𝑟

2
23

𝑀
= 𝜇1|Q1|2 + 𝜇2|Q2|2 =

√︀
𝜉21 + 𝜉22 + 𝜉23 .

Kinetic energy 𝑇 and angular momentum 𝐽 (conjugate to 𝛼):

𝑇 =
4𝐽2 + 𝜉21 + 𝜉22 + 𝜉23

8
√︀
𝜉21 + 𝜉22 + 𝜉23

,

𝐽 = 𝜇1Q1 × Q̇1 + 𝜇2Q2 × Q̇2,

=
√︀
𝜉21 + 𝜉22 + 𝜉23

𝑑𝜆

𝑑𝑡
+

𝜉2
𝑑𝜉3
𝑑𝑡

− 𝜉3
𝑑𝜉2
𝑑𝑡

2(
√︀
𝜉21 + 𝜉22 + 𝜉23 + 𝜉1) 7 / 19



2𝐷 General 3BP, Region of Possible Motion

Hamiltonian

𝐻 = 𝑇 − 𝑈 =
4𝐽2 + 𝜉21 + 𝜉22 + 𝜉23

8
√︀
𝜉21 + 𝜉22 + 𝜉23

− 𝑈(𝜉1, 𝜉2, 𝜉3) = ℎ

𝑈(𝜉1, 𝜉2, 𝜉3) =

3∑︁
𝑖,𝑗=1,𝑖<𝑗

𝑚𝑖𝑚𝑗

𝑟𝑖𝑗
=

1
4
√︀
𝜉21 + 𝜉22 + 𝜉23

𝑊 (𝜙, 𝜃),

The surface of zero velocity (in 𝜉1𝜉2𝜉3-space):

𝑈(𝜉1, 𝜉2, 𝜉3) + ℎ− 𝐽2

2
√︀
𝜉21 + 𝜉22 + 𝜉23

= 0.
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Zero velocity surfaces (2𝐷 General Three-Body Problem)

1 2 3

4 5
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2𝐷 General 3BP, Inner Surface

By Sundman’s theorem

𝐽 > 0 ⇒ 𝐼 ≥ 𝐼0.
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3𝐷 General 3BP, What to Do?

We want to reduce 3𝐷 motion to just considered 2𝐷 case.

Let us remember the node elimination.

y

x

z

O

u = u1 + u2

u1u2

Blue plane is invariable Laplacian plane,
u – total angular momentum.
Red and green planes are the planes of
osculating orbits of body 1 and body 2
with angular momenta u1 and u2

respectively.

u = u1 + u2, therefore the vectors u, u1 and u2 are linear dependent, so they
lie in one plane; and the red and green planes are intersected with blue plane
by the same line orthogonal to all three vectors.
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Levi-Civita reduction

O
Invariable
plane

x Node lineξ

Three-body plane

P0

P1 P2

ζ

KK
k

z

ψ
η

y

i

j

ϑ

Let us separate the motion of three
body plane from motion in this plane.
I. The three body plane are defined
by angle 𝜓 (angle from abscissa axis in
invariable plane to node of three body
plane) and angle 𝜗 (the inclination of
three body plane to invariable plane).
Some kind of oblique variables.

II. The coordinates 𝑥𝑖, 𝑦𝑖 in the three body plane 𝑂𝑥𝑦. Lagrangian coordinates
of the system are:

𝜗, 𝜓,

𝑥𝑖, 𝑦𝑖, 𝑖 = 0, 1, 2
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Levi-Civita reduction, II

𝑥𝑖 = 𝑥b𝑖 cos𝜓 + 𝑦b𝑖 sin𝜓,
𝑦𝑖 = −(𝑥b𝑖 sin𝜓 − 𝑦b𝑖 cos𝜓) cos 𝜃 + 𝑧b𝑖 sin 𝜃,
𝑧𝑖 = (𝑥b𝑖 sin𝜓 − 𝑦b𝑖 cos𝜓) sin 𝜃 + 𝑧b𝑖 cos 𝜃.

v = (�̇�𝑖 − 𝑦𝑖�̇� cos𝜗)i + (�̇�𝑖 + 𝑥𝑖�̇� cos𝜗)j + (�̇�𝑖�̇�− 𝑥𝑖�̇� sin𝜗)k

𝑇 = 𝒯 + T : 𝒯 =
1

2

3∑︀
𝑖=1

𝑚𝑖

{︁
(�̇�𝑖 − 𝑦𝑖�̇� cos𝜗)2 + (�̇�𝑖 + 𝑥𝑖�̇� cos𝜗)2

}︁
,

T =
1

2

3∑︀
𝑖=1

𝑚𝑖

{︁
(𝑦𝑖�̇�− 𝑥𝑖�̇� sin𝜗)2

}︁
.
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Levi-Civita reduction, III
Conjugate momenta:

𝑋𝑖 =
𝜕𝒯
𝜕�̇�𝑖

= 𝑚𝑖(�̇�𝑖 − 𝑦𝑖�̇� cos𝜗),

𝑌𝑖 =
𝜕𝒯
𝜕�̇�𝑖

= 𝑚𝑖(�̇�𝑖 + 𝑥𝑖�̇� cos𝜗),

Θ =
𝜕T

𝜕�̇�
= �̇�

∑︀
𝑖𝑚𝑖𝑦

2
𝑖 + �̇� sin𝜗

∑︀
𝑖𝑚𝑖𝑥𝑖𝑦𝑖

Ψ =
𝜕𝒯
𝜕�̇�

+
𝜕T

𝜕�̇�
.

Θ = 0, Ψ = 𝐽.

𝒯 =
1

2

∑︁
𝑖

1

𝑚𝑖
(𝑋2

𝑖 + 𝑌 2
𝑖 ),

T =
1

2

∑︁
𝑖

𝑚𝑖𝑦
2
𝑖 𝐽

2 sin2 𝜗/𝐷(𝑥𝑖, 𝑦𝑖)

𝑈 = 𝑈(𝑥𝑖, 𝑦𝑖)
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Jacobi coordinate in the 3-body plane

𝑇𝑞 =
𝜇1
2

(�̇�1
2
𝑥 + �̇�1

2
𝑦) +

𝜇2
2

(�̇�2
2
𝑥 + �̇�2

2
𝑦) +

(︀
𝜇1𝑄1

2
𝑦 + 𝜇2𝑄2

2
𝑦

)︀
𝜃2

+
(︁(︀
𝜇1𝑄1

2
𝑥 + 𝜇2𝑄2

2
𝑥

)︀
sin2 𝜃 +

(︁𝜇1
2

(𝑄1
2
𝑥 +𝑄1

2
𝑦) +

𝜇2
2

(𝑄2
2
𝑥 +𝑄2

2
𝑦)
)︁

cos2 𝜃
)︁
�̇�2

− 2𝜃�̇� sin 𝜃
(︀
𝜇1𝑄1𝑥𝑄1𝑦 + 𝜇2𝑄2𝑥𝑄2𝑦

)︀
�̇�
(︁
𝜇1

(︁
𝑄1𝑥�̇�1𝑦 − �̇�1𝑥𝑄1𝑦

)︁
+ 𝜇2

(︁
𝑄2𝑥�̇�2𝑦 − �̇�2𝑥𝑄2𝑦

)︁)︁
cos 𝜃

Q1,Q2 → 𝜉1, 𝜉2, 𝜉3
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Sundman inequality

The energy integral of planar three body problem give us the inequality for
possible motion (in form space):

𝐻 = 𝑇 − 𝑈 =
4𝐽2 + 𝜉21 + 𝜉22 + 𝜉23

8
√︀
𝜉21 + 𝜉22 + 𝜉23

− 𝑈(𝜉1, 𝜉2, 𝜉3) ≤ ℎ

This is the same as Sundman enequality:

𝐽2

2𝐼
− 𝑈(𝜉1, 𝜉2, 𝜉3) ≤ ℎ

However, the Sundman inequality holds in three-dimensional space as well, but
the inequality is strong in the planar problem only.
For points in possible motion region this inequality is hold.
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Levi-Civita reduction

THANKS
for

YOUR ATTENTION!!!
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