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Differential case
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Why elliptic functions?

At PCA'14, we started with a puzzle: why are finitely integrable
dynamical systems integrable in elliptic functions?

Painlevé’s answer: any dynamical system that defines a birational
correspondence between initial and final values on algebraic integral
varieties is integrable in classical transcendental functions, usually
in elliptic ones.
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Differential case
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Transformation given by the initial problem

Let us consider the initial problem

p7i f@), th=0=10 (1)
on the segment [0, At] of the real axis ¢. For brevity, we will use
vector notation, meaning by r the list (z1,...,z,).

In standard approach, t is a variable, but xg is a constant vector. In
Painlevé approach rg is a list of symbolic variables, but At is a
given constant or a parameter.

From such viewpoint, the initial problem give us the correspondence
of the affine space A™ between the initial value of the variable ¢
and the value of ¢ at t = At.

Using notation, which is standard for difference scheme theory, we
will denote initial value as r without index 0 and final value as t.
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Differential case
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The function z(x)

For some initial values r, the procedure for analytic continuation of
the solution obtained in the Cauchy theorem along a segment does
not encounter singular points other than poles, and in this case the
final value of ¢ is uniquely determined by the initial value of .
However, if the path encounters a branch point, then the final value
depends on the way it is passed.

Therefore, in general case, the final value § is a multivalued
function of the initial value of r and the transformation given by the
initial problem is also multivalued.
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Differential case
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What are classical transcendental functions?

Let the system of odes have several independent algebraic integrals
of motion, that is,

hl(}:) = Cl, e ,hT(}:) = CT.

They define integral manifolds of dimension n — r, which is
invariant with respect to the transformation given by the initial
problem.

Definition (Painlevé)

If, for any choice of At > 0, the restriction of the transformation
given by the Cauchy problem to the integral manifolds is a
birational transformation of these manifolds, then we will say that
the dynamic system of odes integrates in classical transcendental
functions. )
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Differential case
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Jacobi oscillator

Jacobi oscillator, i.e., dynamical system
p=qr, §=—pr, 7= —k’pq, (2)
has two quadratic integrals
P+ =c and Ep?P+ri=c (3)

which define an elliptic curve in the space pgr. On this curve,
Jacobi system can be described by the quadrature

=t+c3 (4)

| Je=i
Vier = p?)(e2 — k2p?)

and thus is integrable in terms of elliptic Jacobi functions.
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Differential case
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Why the restriction?

Using the addition theorem for Jacobi elliptic functions, we can
express p, q,r rationally through their values at ¢ = 0 and vice
versa.

The restriction of the correspondence defining by the Jacobi
oscillator to the integral curve is birational.

The correspondence in space pgr can be described by a system of
transcendental equations

fi(p7Q7r7pOJQO7T07cl7c2):07 121776

After eliminating of c¢1, co we will not get a birational
correspondence. Thus the amendment about the restriction to the
integral manifolds is important.
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Differential case
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The main theorem in differential case

Theorem (Painléve, 1897)

Let the algebraic integral manifolds of the dynamical system be
lines of genus p = 1. The dynamic system integrates in classical
transcendental functions iff

dzy

fi
is an Abelian differential of the first kind on integral curves. The
system on the integral manifolds can be described by the quadrature

L _ .,
dey
fi

and x; are meromorphic doubly-periodic functions of t.
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Difference case
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Finite difference method

Within the framework of the finite difference method the system of
differential equations is replaced with the system of algebraic
equations

g’L(FaivAt):O) Zzlvana (5)

called as a difference scheme. In this case, 1 is interpreted as the
value of the solution at the time ¢, and t as the solution at the time
t + At.

@ Euler scheme & — x = f(x)At,

@ midpoint scheme & —x = f (

2) At,
f(z) At

@ trapezoid scheme & — xz = [@)+ ()
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Difference case
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Difference scheme as algebraic correspondence

By the definition, any difference scheme is a system of equations,
which define a correspondence between the initial value ¢ and the
final values r.

This is the correspondence, which was indicated by Painlevé in
differential case only in 1897. Painlevé's approach is transferred to
the finite differences naturally.

By analog of def 1 we can investigate when dynamical system can
be approximated by the difference scheme, defining the birational
correspondence between initial and final values.

We expected the results in two cases to be similar, but it is true
only in one dimensional case.
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Difference case
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One dimensional case

If ode define the birational correspondence between initial and final
values (as point of projective right line P), then this ode is Riccati

equation
d
d—f = az’® + bx +c.

.

If odes can be approximated by difference scheme, defining the
birational correspondence between initial and final values, then this
ode is Riccati equation

% =azr’+ bz +e.
Ref.: Malykh, M.D. et al. // Journal of Mathematical Sciences,
2019, doi 10.1007/s10958-019-04380-0
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Difference case
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Is the amendment about the restriction to the integral

manifolds important?

o At PCA'2018 and CASC'2019 we shown that the analogy can
be preserved if difference schemes on integral manifolds are
considered. However, no one considers difference schemes on
integrated manifolds. In contrast, difference schemes are
always written as a correspondence between two points of the
whole affine space.

o At PCA’2020 we considered difference schemes that preserve
the algebraic integrals of the system. Such a scheme does not
define the birational correspondence on the integral curve.

The midpoint scheme for Jacobi oscillator.
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Difference case
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Reversibility of difference schemes

Definition

By reversibility, we should understand the possibility to uniquely
determine the final data ¢ from the initial data ¢ and vice verse
using the system

g’L(FaiaAt):O) izlv"'ana

for any fixed value of the step At.

At PCA'21 we shown that any dynamical system with a quadratic
right-hand side admits a reversible difference scheme.
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Difference case
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The dynamical system with a quadratic right-hand side

For any dynamical system with a quadratic right-hand side, a
t-symmetric and reversible difference scheme can be constructed:

@—xi:Fi(m,i)At, = 1,...,TL7 (6)

where F; is obtained from f; by replacing monomials: x; with
(j + x;5)/2, xjoi, with (T; + x;)(& + x1)/4, and x? with z;Z;.

The reversible difference scheme is Cremona quadratic
transformation of projective space P".
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Difference case
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Example: Jacobi oscillator

Jacobi oscillator
p=qr, ¢ =—pr, i = —k’pqg,
can approximate by reversible difference scheme

At At . E2At

p—p= 7(ér+qf), 4—q = —7(137“+pf), Pt =y (Pa+pd)-

This is Cremona quadratic transformation in the space pgr.
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Difference case
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Example: the top

The movement of the top is described by six variables: three
coordinates of the angular velocity vector p, ¢ and r relative to the
main axes drawn through the fixing point, and three guiding cosines
of one of the main axes ~,v,7".

These variables satisfy a system of six autonomous equations with a
quadratic right-hand side

Ap= (B - C)gr+ Mg(yoy" — z07), - - -
and

y=ry—aqy" ...

where A, B, C are moments of inertia with respect to the main
axes, M is mass of the top, and (xg, Yo, z0) are the coordinates of
gravity center.
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Difference case
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There is no analogy between differential ans difference cases

The difference case is more interesting and richer than the
differential case.

@ In differential case we need in the amendment about the
restriction to the integral manifolds, in difference case this
amendment is not needed.

@ In differential case only a few dynamical systems with a
quadratic right-hand side possess the Painlevé property and
can be integrate in classical transcendental functions
[Kowalewski, 1880s], in difference case any such a system can
be approximate by reversible difference scheme

17/37



Elliptic oscillators
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Elliptic oscillators

Dynamical system, which is integrable in elliptic functions, will be
called elliptic oscillators.

Elliptic oscillators are notable not for the fact that reversible
schemes exist for them, but for something else. What is it? — Let's
look at examples of approximate solutions for elliptic oscillators and
other system with a quadratic right-hand side
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Elliptic oscillators
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Approximate solution

The system have a quadratic right-hand side can be approximate by
reversible difference scheme

which is Cremona quadrtaic transformation.
If xo is a point of the space P", then we can calculate the sequence

Emt1 = R(Em, At), m=0,1,2....

This is a solution of Cauchy problem

dx B B
pri f(x), ©(0) = ro,

and
t(mAt) =t + O(A)
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Elliptic oscillators
0O®00000000000000000

Jacobi oscillator, approximate solution

1.04

The solution projection on the 05
plane pq, points marked

approximate solution, red line
is exact integral curve, green
is approximate integral curve.
In all our experiments k = %

-0.54

-1.01, . - . .
-1.0 -0.5 0.0 0.5 1.0
p

The projections of the exact solution points lie on the circle, and

the approximate — on the ellipse.
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Elliptic oscillators
000®0000000000000000

Volterra-Lotka system, approximate solution

Points of a solution of
Volterra-Lotka system line up
also. At the fig. we can see
points of solution of Cauchy

problem
dx dy
— =—x(y—-2), —=(x-2
i i G L
I(O) — 1’ y(O) =9 10 15 20 2:.65 30 35 40

We use a big interval 0 < t < 500 ans 10° points. Red line is the
exact trajectory.
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Elliptic oscillators
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Kowalewski top, approximate solution

In Kowalewski case, when .

A=B=20=1,

.ZO:l,yO:ZO:O,

solution points do not line up,
but fill an area everywhere

dense. _
In our experiments M =1, g = 10, and

(p.q,7) =(0,1,2), (v,7,7")=(1,0,0).

The step At =1/10.
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Elliptic oscillators
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Results of experiments

Our experiments suggest that:

@ the points of solutions line up in case of oscillators and fill
multidimensional areas in other cases

@ in case of oscillators, the approximate integral lines don't
coincide with exact integral curve

@ in case of elliptic oscillators, the approximate integral lines
look like algebraic curves of small order.

To investigate approximate integral varieties found in computer
experiments we generalize Lagutinski theory of algebraic integrals.
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Elliptic oscillators
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Approximate integral varieties

Definition

The set of all hypersurfaces of the form

aOQO(?) + -+ amgm(F) =0,

where ayg, . .., a,, are parameters and g, . . . g, are polynomials, is
called a linear system of dimension m.

If for any approximate solution ro,t1, . . .

det(gi(xj)) =0, (Z7J:0717m)

then any approximate solution lies on a hypersurface of the linear
system.
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Elliptic oscillators
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Jacobi oscillator, integral curve

The points of a approximate solution lie on a curve V, defined by
the system of eqs

k2At? At?
p2+q2:cl<1+ 1 q2>, k2p2+r2202<1—r2).

This is elliptic curve. It passes into an exact integral curve
P+ =, FpP+r’=c

at At — 0, but they do not coincide.
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Elliptic oscillators
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Non algebraic integral curve

Controversy, if any approximate solution lies on a hypersurface of
the linear system, than

det(g;(x;)) =0, (4,7=0,1,...m)

At At — 0, this determinant passes into Lagutinski determinant.
Thus Lagutinski determinant with respect to the linear system is
equal to zero and, via Lagutinski's theorem, the dynamical system
has a rational integral.

There are no rational integrals for the system Volterra-Lotka.
Points of a solution of Volterra-Lotka system line up, however the
approximate integral curve is transcendental.
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Elliptic oscillators
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Volterra-Lotka system

At the fig. we can see
points of solution of y

Cauchy problem . /\.\
d:r o ’j/‘ . .
—_ = — - 2 2.5 '
dt x(y )7 ‘ N
dy 2.0 .
a = (.’13 - Q)y, 15 /.’_._’_...—u)
x(o) = 1, y(o) = 2 B 1.0 15 “:/25 3.0 35 ‘

at a big enough step At.
They lie on a curve with cusps. We use a big interval 0 < t < 500

ans 740 points.
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Elliptic oscillators
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Invariant sets of Crenona transformation

Approximate integral manifold is an invariant set of Crenona
transformation.

In general case, Crenona transformation hasn’t simple invariant sets.
In contrary of that, in case of elliptic oscillators Crenona
transformation has invariant sets of the smallest dimension, that
are curves

hl(x, At) =Cly..., hn—l(?, At) = Cp_1-

Furthermore, these curves are algebraic and have the genus 1
(elliptic curve). It's very special case!

We are used to thinking that quadrature is obtained due to the
separation of variables. However in this special case we can
describe difference scheme as a quadrature also.
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Elliptic oscillators
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Quadrature for difference scheme

Let the dynamical system t = f(xr) can be approximate be revertible
difference scheme
i = m(?a At)?

and let Cremona transformation has an invariant curve V' of genus
1. Then difference scheme can be written in form of quadrature

x, At dxl = At

’w—e
i3

where vdxy is elliptic differential of the 1st kind on the curve V.
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Elliptic oscillators
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Jaconi oscillator, quadrature

Due to the th. 13 the quadrature

D
| 7=
] V(er = p?)(e2 — k?p?)
on approximate integral curve

k2 At? At?
P+ =a <1+ 7 q2> , KPP+ = <1 r2> :

is a function of At, ¢y, co only.
We calculate this function in Sage, it's a transcendental function of
At.
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Jaconi oscillator, quadrature

At the fig. we can see the ~

value

i H H ﬂ
/ V(1 — p?)(c2 — k2p?)

on the approximate ’

solution form previous

example.
It is not a constant because we must select the root branch

correctly.

IS

1
°
I

S

31/37



Elliptic oscillators
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The periodicity of approximate solution

The periodicity of approximate solution is consequence of
quadrature form for difference scheme.
One step is described as

Im
/ v(g, At)dzy = At,
Im—1
m steps — as
m
/U(;, At)dz, = mALt.
fo

Sequence 1,11, ... has the period M, iff
MAt = 7{1}(;, At)dry = Nw(At),

where w is real period of elliptic integral.
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Example: Jacobi oscillator

-10  -05 00 05 10 10 -0s 00 05 10 -0 -05 0.0 05 10

Periodic solutions with period M = 13 and with N = 1,2 and 3.
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Elliptic oscillators
[sleleleleleleleleleTeleleleTeTe] Yololo)

Jaconi oscillator, the periodicity

We demonstrated such a solution at PCA'2021. Our old algorithm
was purely analytical and lacked resources already at N ~ 10.
Using the quadrature, we proved the existence such a solution at
any M and found that

BAL = fsn<N ( clk) Clk)
Cc2 (&)

44/c1c0 (4 — Clk‘2At2) (4 + C2At2)
16 + 862At2 — ClczAt4k2

These exact formulas work only for small enough steps At.

where

8=
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The meromorphic representation of approximate solution

The quadrature

Im

/v(x, At)dx; = mAt
Yo

showed also that the approximate solution can be represented as a
set of values of a meromorphic doubly periodic function:

Im = p(MAL).
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Conclusion

The discrete and continuous theories of elliptic oscillators are
described by the same formulas: the quadrature describes the
transition from initial to final data, the motion is periodic, it is
described by meromorphic functions, and so on.

The whole difference lies in the fact that in the discrete theory the
birational transformation describing the transition from the old
position of the system to the new one is continued to the Cremona
transformation
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The End

oNole
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