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Let k be a ground field of zero–characteristic with algebraic closure k. We as-
sume that k is finitely generated over its primitive subfield. Let k[[X1, . . . , Xn]] (re-
spectively k[[X1, . . . , Xn]]) the ring of formal power series in the variablesX1, . . . , Xn

with coefficients from the field k (respectively k). By definition an algorithm con-
structs a polynomial with coefficients in the ring of formal power series if and only if
it can construct arbitrary approximations of all the coefficients of this polynomial.

Let f ∈ k[X1, . . . , Xn, Z] be a polynomial of degree degZ,X1,...,Xn
6 d, d > 2,

and the leading coefficient with respect to Z of f is equal to 1. We suggest algo-
rithms for factorization such a polynomial f in the rings k[[X1, . . . , Xn]][Z] and
k[[X1, . . . , Xn]][Z]. To our knowledge so far nobody has described such algorithms
for the case n > 2 (may be only particular cases has been considered). As a di-
rect consequence of the suggested algorithms we get algorithms for factorization of
polynomials from k[X1, . . . , Xn] in the rings of formal power series k[[X1, . . . , Xn]]
and k[[X1, . . . , Xn]]. Again as far as we know no such algorithms have been ob-
tained for n > 3 (the case n = 1 is trivial and the case n = 2 can be treated using
the method of Newton’s broken lines, cf. [6]).

For any j > 1 the suggested algorithms can construct the j-th approximation
of all the objects at their output. We give explicit complexity bounds for the
running time of the described algorithms. These complexity bounds are polynomial
in j and the size of the input data if the number n of variables is fixed, say
n = 2, 3, 4, . . ..

There is no easy solution of the considered problem of factorization of a
polynomial f ∈ k[X1, . . . , Xn, Z] using only Newton polygons or polyhedrons for
n > 2. Of course the roots of the polynomial f belong to the field of multiple formal
fractional power series in X1, . . . , Xn, i.e. to the union by all integers ν1, . . . , νn > 1
of the fields of multiple formal power series

k((X
1/ν1
1 ))((X

1/ν2
2 )) . . . ((X1/ν2

n )).
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For example, it is difficult to decide whether a root z of the polynomial f from
this field actually belongs to k[[X1, . . . , Xn]].

Our method is based on the results on normalization of algebraic varieties
and completions of their local rings. First of all it is an effective normalization
of algebraic varieties in zero–characteristic with the explicit complexity bound. It
was described by the author erlier, see [3], [4], [5]. Secondly we use the theorems
related to analytical irreducibility and analytical normality of normal algebraic
varieties, see [9] v.II, Chapter 8 §13 Theorems 31–33. Of course we use also the
results from [2].

We don’t consider the case of nonzero characteristic mainly since no results
similar to [3] have been obtained so far in this case. But, of course, one can use
another algorithms for normalization of algebraic varieties in nonzero characteristic
(there are no explicit estimates of complexity for these algorithms in literature)
and get an analog of our result in nonzero characteristic but without a bound for
the complexity of algorithms.

For more details, see Theorem 1 [7]. Actually the complexity of the algorithm
from this theorem is polynomial in d2

nc

and jn for a constant c > 0. At present we
have analysed the construction of this algorithm thoroughly. We hope to improve
it using the result of [8]. The complexity bound of the new version of this algorithm
will be polynomial in dn

c

and jn (the constant c will be specified).
Note also that in [7] we refer to Theorem 1 §3 Chapter IV [1] about factroring

polynomials over a field complete with respect to a discrete valuation (although
factually one can manage without this theorem in [7]). Recently we have found
that it is not quite obvious that the construction from the proof of this theorem
in [1] gives a polynomial time algorithm in our situation. Still it is true. Only
minor modifications are required in this construction. We are going to clarify this
question in the next paper.
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