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Introduction

The three body Hamiltonian in case of resonance can be reduced
to the form:
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Here fg - the according resonance term of the perturbation function expan-
sion, m, - central mass, m,a,n — mass, semimajor axis and mean motion of the
asteroid,my, ap, np — mass, semimajor axis and mean motion of the perturbing
planet, j, k — integer, @ - secular perihelion precession rate of the asteroid.

To measure the distance to the exact resonance we use the parameter o

following Murray and Dermott (1999)

a' = [(j— kn— jny, + k], (5)



The solution of pendulum equation in elliptic functions for case
of circulation (Wisdom,19895) is:
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In the case of libration:
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where K(k) and K'(k) are the complete elliptic integrals of the first kind
with modulus
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The classical phase portrait is symmetric:
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MD model

However, in according with the classical theory, the probability of the resonance
capture is depended on the direction of the resonance approach

0 4 =R .
0= Bn — ¥ [m] I:1-11

The main result of the Murray and Dermott model is the following: when
d increased (diverged orbits), the capture in resonance is impossible. At the
¢ decreasing (converged orbits) capture is possible with finite probability (in
dependence of the eccentricity value). At € < e.p; the capture is inevitable.

3 o A
'f-:r:r'ft — \.I.-"E _lrl _‘li,"l I.I-'-EJ--_:'I.'.!-E Ir15-|
fa' | my :



Yarkovsky effect
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Numerical integration evidence of
resonance asymmetry
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Fig.5. Forward and backward integration of orbit across 7:2J resonance




The reflection from resonance

The MD model explain the process of transfer or capture in resonance.
However in some cases the “reflection ” take place:
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Fig. 1 The evolution of the semimajor axis of the asteroid 485010 2009 V5116 in the vicinity
of the 9:16M resonance with different Yarkovsky drift.



Example of “reflection” in asymmetric model

do/dt




Asymmetric model

The case of constant average angular velocity (circulation solution)

First, we can simply redraw the lines with the same absolute value of
angular velocity in the classical phase portrait.
The exact solution of the pendulum equation is not suitable, because it con-
tained the elliptic integral. By this reason, we consider asymptotic solution|2].
After the substitution A = n — npee = 0, for the circulation solution we have:

: 0 ; i ;
A=+ o cosit = o0, = co8 o, 1 (5)
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Denote a — apeg = 0 and using the expansion:
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Finally we obtain:
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The phase portrait of asvimmetric pendubum in a, A coordinates
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Application for migration
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Results and Possible future study

 |tis easy to see that motion above and below of
resonance is not the same due to the different
gradient in a values

* |tis interesting to study the process of the
resonance approach in a, lambda coordinates
as a function of alpha and the angle of contact
separatrix (beta)



Another type of asymmetry

The case of fixed energy

According to the pendulum theory the relative angular velocity depends on
the resonance energy (expression 8.48 in MD):

; »* + o (1-cosp)=E

If we take into account the Keplerian energy, there is an asymmetry between the motion
above (close to the central mass) and below (close to the perturbing planet) the resonance.
In the case of the motion above the resonance, the average motion is slightly larger

than in the exact resonance: n=n, +6, Finally we have obtained:

: 2¢
(02 + 2603(1 —cos@)=2E,(1+ 3<D)
n

res



/ﬁ
< 2
(]
7 -
B 3
(V]
i @®
\z S
\ ..nlu.
o2
r ()]
C
I (b}
I @)
2

I R D . Y -

i O

-]

. )]

Y

i (@)

/ ®

Q.

|ﬂJ._ m

i ©

X

i ()

I ()

c

. —
\5



B planet pairs
60 |

20f

10
0

50 F
40F
30E

Possible application
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Conclusions

« The model of pendulum is widely used to study
resonance in celestial mechanics. It is usually
considered in (¢, ¢ ) coordinates where it is
symmetric.

 However, the asymmetry occurs when we
rebuild the phase portrait in (¢, a) coordinates,
where @ is resonance argument, a is semi-major
axis.

* This modification of the pendulum model has
some advantages because the migration rate
(and the rate of the resonance approach) is
expressed in terms of a semi-major axis.
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