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Introduction
The three body Hamiltonian in case of resonance can be reduced 
to the form:



The solution of pendulum equation in elliptic functions for case
of circulation (Wisdom,1985) is:
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In the case of libration:

 


 



1 /')2/1(cosh)12(

)12sin(4
n KKnn

tn




where K(k) and K'(k) are the complete elliptic integrals of the first kind 
with modulus 
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• The classical phase portrait is symmetric:



MD model
• However, in according with the classical theory, the probability of the resonance 

capture is depended on the direction of the resonance approach

•



Yarkovsky effect



Numerical integration evidence of 
resonance asymmetry

Fig.5. Forward and backward integration of orbit across 7:2J resonance



The reflection from resonance
• The MD model explain the process of transfer or capture in resonance. 

However in some cases the “reflection ” take place:



Example of “reflection” in asymmetric model



Asymmetric model
The case of constant average angular velocity (circulation  solution)

First, we can simply redraw the lines with the same absolute value of 
angular velocity  in the classical phase portrait.





Application for migration



Results and Possible future study

• It is easy to see that motion above and below of 
resonance is not the same due to the different 
gradient in a values

• It is interesting to study the process of the 
resonance approach in a, lambda coordinates 
as a function of alpha and the angle of contact 
separatrix (beta)



Another type of asymmetry
The case of fixed energy

According to the pendulum theory the relative angular velocity depends on 
the resonance energy (expression 8.48 in MD):
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If we take into account the Keplerian energy, there is an asymmetry between the motion
above (close to the central mass) and below (close to the perturbing planet) the resonance. 
In the case of the motion above the resonance,  the average motion is slightly larger
than in the exact resonance:                               Finally we have obtained:nresnn 

)
3
21(2)cos1(2 0

2
0

2

resn
E 


 



The example of such “isoenergetic” asymmetry 



Possible application



Conclusions

• The model of pendulum is widely used to study
resonance in celestial mechanics. It is usually
considered in (φ, φ˙ ) coordinates where it is
symmetric. 

• However, the asymmetry occurs when we
rebuild the phase portrait in (φ, a) coordinates, 
where φ is resonance argument, a is semi-major
axis. 

• This modification of the pendulum model has
some advantages because the migration rate
(and the rate of the resonance approach) is
expressed in terms of a semi-major axis.
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