On coefficients of the Berenstein-Kazhdan decoration
functions for classical groups

Gleb Koshevoy, Denis Mironov

Institute for Information Transmission Problems Russian Academy of Sciences
Moscow Center for Continuous Math Education

Polynomial Computer Algebra 2024
April 19, 2024

On coefficients of the Berenstein-Kazhdan decoration functions for classical groups Gleb Koshevoy, Denis Mironov 1/ 26



Notation

G simple, simply connected (simply-laced) algebraic group over C
B, B~ c G its Borel subgroups, T := Bn B~ the maximal torus,
W =Normg(T)/T Weyl group,

U, U™ be unipotent radicals,

A = (aj ) the Cartan matrix of G with an index set / = {1,2,---, n}.

g = Lie(G) with generators ¢;, f;, h; (i €l),

Cartan subalgebra b,

canonical pairing (,) between h and h*.

A; denote the i-th fundamental weight, that is, (h;,A;) =9 ;.

P = ®;)Z\; the weight lattice,

P, = ®;¢1Zso/\; the positive weight lattice,
P* = @ Zh; the dual weight lattice,

{a;} (i € 1) the set of simple roots.
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Notation

For each A € P, let V() denote the finite dimensional irreducible
g-module with highest weight A,

Uq(g) quantized universal enveloping algebra with generators E;, F; (i€ )
and Ky (A e P),
Uq(g)™ c Ug(g) be the subalgebra generated by {F;}je/,

It is well-known that Ug(g)~ has the crystal base (L(0), B(00)).

For two integers I, m € Z such that / < m, one sets
[[,m]:={l,1+1,- m-1 m}.
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A birational map

B,,,» Where wy is the longest element in W, and an open embedding

(CHN B,,, associated with a reduced word i = (i1, i, in) of wo
foriel and t e C, we put
xi(t) == exp(te;), yi(t) :=exp(tf) € G.

There exists the canonical embedding ¢; : SL,(C) — G satisfying

x,-(t)=¢i((é f)) y"(t):‘ﬁ"((1 ?))
ol )

xi(t) = yi () = ¢ ((til 2)) €G

foriel and t € C*.
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A birational map

For each i € | one can construct a representative of a simple reflection
sie W =Normg(T)/T by

5= x(-1)yi(1)x;(-1) e Normg(T)
For w € W, one can define a representative w € Normg(T) by the rule
av=u-v ifl(uv)=1I(u)+I(v),

where [ is the length function on W.
We define a variety B, := B- n UwpU.
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A birational map

One defines a map 6; : (C*)V — G associated with a reduced word
i= (il,"', iN) of wp € w by

ei_(tlf"vtN) = X—f1(t1)"'x—iN(tN)' (1)

Proposition ([2])

The map 6; is an open embedding from (C*)" to B, .
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Generalized minors and i-trails

Let Gp:= U™ TU c G denote the open subset whose elements x € Gy are
uniquely decomposed as x = [x]_[x]o[x]+ with some [x]- e U™, [x]oe T
and [x]. € U.

Definition ([4])

For u,v e W and i € I, the generalized minor A p, va, is defined as the
regular function on G such that

Dup,on, (%) = ([T 57]0)"

for any x € TGov *. Here, for t € C* and j € I, we define (t")N = (¢Ni(h))
and extend it to the group homomorphism T — C*.

For calculations of generalized minors, one can use i-trails [2].
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Generalized minors and i-trails

Definition

For a finite dimensional representation V of g, two weights -, § of V and
a sequence i = (i, i;) of indices from /, a sequence
m=(y=2,71, 7 =0) is said to be a pre-i-trail from ~ to ¢ if

Y1, vi-1 € P and for k € [1,/], it holds y4_1 — vk = ckaj, with some
nonnegative integer c.

For ke [1,/]
Yk-1~ Tk
! )
For a pre-i-trail 7 = (y0,71,+,7) and k € [1,/], we put
Yk-1+ Vk
() = P (), )

One obtains dy(7) = ck +vk(hi,) € Z by (2). If y4_1 = sj, vk then di(7) = 0.
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Generalized minors and i-trails

Definition ([2])

We consider the setting of Definition 8. If a pre-i-trail 7 from v to 0
satisfies the condition

<

Gil C2...e
Ul

e,
i
then 7 is said to be an i-trail from 7 to J, where V' =®,V,, is the weight
decomposition of V.

e e is a non-zero linear map from Vs to V,,,

.

Lemma ([8])

Let 7, 0 be weights of a finite dimensional representation V of g. Let

i = (i, I) be a sequence of indices from I and 7 = (v0,71, V1),

7" = (79,71, 7)) be two pre-i-trails from 7 to 4. If di(m) = di(n") for all
ke[1,/] then m=7".

A
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Generalized minors and i-trails

For a sequence i = (i1, ij) of indices from | and ty,---, t; € C*, just as in
(1), we set
(9;(1'1,---, t/) = x,,-l(tl)---x,,-/(t/) €G.

Then the following theorem holds:

Theorem ([2])

For u, ve W and i € [, it holds

Au/\;,vAi(Qi_(tl, ooog t/)) = Z thfll(w)...tld/(”),

where C; is a positive integer and 7 runs over all i-trails from —u/\; to
—V/\,' in V(—Wo/\;).

By this theorem and lemma, for each monomial M in
Aup, wa, (05 (t1, -+, 7)), there uniquely exists a corresponding i-trail 7 from
—ul\; to —vA; satisfying M = tfl(”)---t,d’(ﬂ)
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Geometric crystal structure on B,

Vi By, > C*, i B, ~CY, €:C*xB, - B,
on B, =B~ nUwgU define g-geometric crystal
(Bugs {€itier, {7itiers {gi}ier) ([1], Section 3 [8]).
The variety T - B, has a positive structure ¢; : T x (C*)/(wo) - T By,
associated with each reduced word i of wy so that we obtain a crystal
X. (T x (C*)/(")Y by the tropicalization functor.
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Geometric crystal structure on B,

The Berenstein-Kazhdan decoration function ®gi on T - B;,O is defined as

A A: s A A A
¢BK — Z AWO i>Si/\i + z AWOSI AT (4)
iel 2wl iel S wol\i, A

Here, A; is the i-th fundamental weight, for u, v € W, the function
Aup; v, 1s a generalized minor.

On coefficients of the Berenstein-Kazhdan decoration functions for classical groups Gleb Koshevoy, Denis Mironov 12/ 26



Geometric crystal structure on B,

Let us define a regular function CDgK on B, as follows:

h .
Ppk = ZAWOAhSiAi'

iel

In [12], Kanakubo and Nakashima proved that the function ®2 . is an
upper half-decoration on the geometric crystal B, .
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Geometric crystal structure on B,

An open embedding 0; : (C*)V - B,,, in Proposition 6, which gives a
positive structure on (B, ®h). Thus, one obtains a crystal B(’f’d’ﬁx

ée;,cbgK = {z € X, ((C)")[Trop(Pp © ;) (2) > 0},
By on. = (Bgi—,cpgK, (& ier, {FiYier, (Ei}ier {@iYier, (Fitier). ()

Here, we omitted the notation of restrictions |~ for &, f., &, @i and A
6

i 7 BK
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Geometric crystal structure on B,

Theorem ([12])

For each reduced word i of the longest element wy, the set B,- oh is a

Lg-crystal isomorphic to the crystal B(oo).
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i-trails and BK decoration functions

The main result of ([9], Theorem 4.4) allows us, for all reduced words i, to
get all monomials in Aya, s.A; © 0; (t1,-, ty) explicitly in the following
cases (the numbering of Dynkin diagram is same as in [6]), which covers a

significantly wide range of indices i € | comparing with type A due to

Postnikov, and minuscule weights due to [8].

g As

B

Cn

Dy

Ee

E7 Es | Fq

Go

i|alliel

all iel

all iel

all iel

1,2,4,5,6

1,5,6,7 | 1,7 | 1,4

all iel
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Motivation to compute coefficients in BK and GHKK

The Kanakubo-Koshevoy-Nakashima [9] algorithm allows us, for any
reduced decomposition of the longest element wy of the Weyl group for
the classical ABCD Dynkin types, compute all monomials in
Berenstein-Kazdan decoration function (as well as in the
Gross-Hacking-Keel-Kontsevic potential).

The upshot of this computation is that upon going to tropicalization, we
get the inequalities defining string cone for upper canonical basis due to
Kashiwara and the cone for the theta basis due to
Gross-Hacking-Keel-Kontsevich.

For type A, the coefficients with all monomials are 1 (all weights are
minuscule).

For types BCD, this is not typically the case. Note for all types, there exist
special reduced decompositions of wy such that coefficients with all
monomials in BK-decoration are equal to 1, so-called nice decompositions
due to Littelmann.
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Motivation to compute coefficients in BK and GHKK

Knowing coefficients allows us

@ to detect redundant inequalities in defining the string cone
(theta-cone)

@ to define the geometric crystal

© to get a crossing formula for defining crystal actions on the Lusztig
canonical basis

@ to compute Euler characteristics of quiver Grassmannians for quivers
corresponding reduced decompositions and injective modules
(Caldero-Chapoton cluster character formula)

© to characterize faces with interior integer points of Newton polytopes
of Beretstein-Kazhdan decoration function
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Motivation to compute coefficients in BK and GHKK

Caldero-Chapoton cluster character formula

Fu(ti,... tn) = Y x(Gre(M)) Tt
e Jel

where M is a representation of a quiver Q of dimension d = (d;);cv (@),
Gre(M) is the quiver Grassmannian of subrepresentations N ¢ M of
dimension e, x the Euler characteristic.
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Coefficients of BK decoration functions for classical types
ABCD

In case of g is of type A, all coefficients with i-trails in
Ayon; s:n; © 07 (t, -, ty) are equal to 1.

In case of g is of classical type B,, C, or D,, coefficients with i-trails in
Ayon, sin; © 0 (t1, -+, ty) are of the form 2k k>0.

For any reduced decomposition i, the portion of i-trails m with coefficients
bigger than 1 is rather small, and we have an algorithm for computing
such cases.
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Sketch of proof

By using cluster algebra tools, we relate the BK decoration function and
sum of F-polynomials of injective modules for fundamental weights A; (a

quiver corresponding to reduced decomposition of wy following
Berenstein-Fomin-Zelevinsky). Then, using tools from
Kanakubo-Koshevoy-Nakashima, we show that in formula (5.8) from
Derksen-Weyman-Zelevinsky

Fu(te, o tn) = 30 X(Zerrs(M))tE(1+ 1) " Tt

e',r,s J*k

where Z , s(M) denotes some sunset of the quiver Grassmannian
Gre(M), x is the Euler characteristic, we have s <2 and r = 0.
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Algorithm for computing coefficients of BK decoration
functions for classical types ABCD

From the proof of Main Theorem we provide an algorithm to compute all
coefficients in Ay a, sa; © 0; (t1,--, ty). Firstly, we use the algorithm of [9]
(see also [11]) to get monomlals in Ay, sa; © 6 (t,+ ty), and
edge-colored directed graph DG. Then we apply the following procedure:

set S=all monomials
set k=1
while S is not empty
Sl=get all pairs (a,b) of S,
such that ax*b is perfect square Laurent monomial
for each pair (a,b)eS1 set coefficient of Va+b to 2k
set S=S1
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Algorithm for computing coefficients of BK decoration
functions for classical types ABCD

To elaborate why this algorithm always stops we use correspondence
between monomials with coefficients 2¥ and k-dimensional faces of

Newton polytope of Ay, 5, © 05 (t1,-, tn) ([3]), so it runs no more than
length of wy cycles.
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Algorithm for computing coefficients of BK decoration
functions for classical types ABCD

This procedure can also be used to compute
Gross-Hacking-Keel-Kontsevich potential with proper coefficients [11] (set
same coefficients for corresponding monomials) and prove that coefficients
of Gross-Hacking-Keel-Kontsevich potential take the form 2%, k > 0.
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Algorithm complexity

From [11] we know that complexity of computing Ay, s, © 0; (t1,-, tn)
consisting of K monomials is

O(r*K) ~ O(r? « length of string representation)

where length of string representation ~ O(r?>K). Overall complexity of
computing coefficients is bounded by product of number of cycles (length
wo ~ r?) and square of number of monomials

O(r? + K?) < O(length of string representation?).

This means that whole Berenstein-Kazhdan decoration function and
Gross-Hacking-Keel-Kontsevich potential computation algorithm is
polynomial (square) in length of string representation of answer.
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