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Abstract. We prove that an odd positive integer n is prime iff denominator
of the rational number 〈

(
n

n−1

)
〉 is nn−1, where 〈

(
n
x

)
〉 = Bn(x) is interpolation

polynomial on x for the set of binomial coefficients {
(
n
r

)
}
r=0,1,....n

and x ∈
[0, n] ⊂ R.
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1. Introduction and Preliminaries
Binomial coefficients have

surprisingly great expressive power . . .
Yu. V. Matiyasevich [2]

In this paper we use generally accepted definition of the (generalized) bino-
mial coefficients as polynomials on the (real) variable x:(

x

m

)
=
x(x− 1) . . . (x−m+ 1)

m!
(1)

where m is a nonnegative integer,
(
x
0

)
= 1. [3]

However in joint publication [4], among other things, we proved that the identity(
n

k

)
= (−2)n

n∑
i=0

( i−1
2

n

)
K

(n)
i (k) (2)

is valid for all integer k, 0 ≤ k ≤ n, whereK(n)
i (k) are the Krawtchouk polynomials

of order n. [3]
The right side of this equality is a polynomial on k and this allows us to accept

it as the definition of the symbol 〈
(
n
x

)
〉 where x stands for k and can be treated
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now as an element of any (not necessarily commutative) algebra over a field of zero
characteristic and n is a (fixed) nonnegative integer. In particular if x ∈ [0, n] ⊂ R
the polynomial Bn(x) = 〈

(
n
x

)
〉 is of course the ordinal interpolation polynomial for

the set of binomial coefficients {
(
n
r

)
}
r=0,1,....n

. expanded by the (orthogonal) basis
of Krawtchouk polynomials. Since Bn(x) is interpolation polynomial, we can use
its notation in any form convenient for our purposes. Here we take the explicit
Newton interpolation formula for equidistant nodes with a step h = 1 [5]:

Let f(k), k = 0, 1, . . . , n be a tuple of values of a real function f . Then the
following formula for interpolation polynomial Pn(f ;x) is s valid:

Pn(f ;x) =

n∑
m=0

(
x

m

) m∑
k=0

(−1)m−k
(
m

k

)
f(k), (3)

where x ∈ [0, n] ⊂ R.

2. Some Auxiliary Formulas
Applying formula (3) to x = n−1 and f(k) =

(
n
k

)
we get the equality

Bn(n−1) =
〈( n

n−1

)〉
=

n∑
m=0

(
n−1

m

) m∑
k=0

(−1)m−k
(
m

k

)(
n

k

)
. (4)

Let now A(n) and B(n) be two auxiliary arrays :

A(n) = {am}0≤m≤n , with a0 = 1
and for 1 ≤ m ≤ n

am =

(
n−1

m

)
=
n−1(n−1 − 1)(n−1 − 2) . . . (n−1 − (m− 1))

m!
=
λm
nm

, (5)

where

λm =

∏m−1
r=0 (1− nr)∏m

s=1 s
, (6)

and

B(n) = {bm}0≤m≤n with b0 = 1 and for 1 ≤ m ≤ n

bm =

m∑
k=0

(−1)m−k
(
m

k

)(
n

k

)
= #tm [(1− t)m(1 + t)(n+m)−m] = K(n+m)

m (m). (7)

In particular if m = n and n is odd then bn = 0 [6]. Formula (4) evidently can be
written as a scalar product:

Bn(n−1) =
〈
A(n), B(n)

〉
(8)

.
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From the equalities (4),(7) and (8) we get the “duality” formula:

(
n

n−1

)
=

n∑
m=0

(
n−1

m

)
K(n+m)
m (m). (9)

Lemma 1. 1. (a) If 1 < s ≤ m is an index of the denominator of formula (6)
such that gcd(s,n)=1 then there exists a unique index r , 0 ≤ r ≤ m−1
in its numerator such that s|(1− nr);

(b) In particular if n = p is an odd prime integer then all numbers λm are
integers with gcd(λm, n = p) = 1 for all m < n = p.

2. (a) an = an−1(1−n(n−1))
n for any n;

(b) in particular if n = p then λp = 1− p(p− 1) ≡ 1 mod(p);
3. (a) A(p) =

{
{am = λm

pm }0≤m≤(p−1), ap =
λp−1(1−p(p−1))

pp+1

}
;

(b) Denominators of A(p) are{
pm for 0 ≤ m ≤ p− 1
pp+1 for m = p

. (10)

Proof. 1. s|(1− nr)⇐⇒ r = n−1(mod s) is unique because gcd(s, n) = 1;
The special case n = p is obvious from formula (5);

2. (a) is clear from formula (5);
(b) is evident;

3. is obvious from 2. (a) and (b).
�

Lemma 2. If n = p is an odd prime integer then

bp = 0; bm ≡ (−1)m(mod p) for 0 ≤ m ≤ p− 1. (11)

Proof. For the first equality see formula (7) above.
For the second congruence we get from formula (7):

bm = (−1)m
m∑
k=0

(−1)k
(
m

k

)(
p

k

)
. (12)

But
(
p
k

)
(mod p) ≡ 0 excepting k = 0 and k = p when it is ≡ 1. Thus here in

(12) we need only k = 0 and in this first case bm ≡ (−1)m(mod p) for all
0 ≤ m ≤ p− 1. �

Theorem 1. An odd natural number n is prime iff.

Denominator
〈( n

n−1

)〉
= Denominator

n∑
m=0

(
n−1

m

)
K(n+m)
m (m) = nn−1. (13)
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Proof. 1. If n = p (prime) then by f. (8) we have
〈(

p
p−1

)〉
= 〈A(p)|B(p)〉

and recollecting item (3) of Lemma 1 and formula (10) we get
〈(

p
p−1

)〉
=∑p−1

m=0 ambm + apbp =
∑p−1
m=0

λm

pm bm +
λp

pp+1 bp = Q
pp+1 where Q − λpbp =

Q − λp · 0 = Q = p2(λ0p
p−1b0 + . . . + λp−1bp−1) hence

〈(
p
p−1

)〉
= Q

pp−1 .
This fraction is evidently irreducible because λp−1 · bp−1 ≡ 1(mod p) and so
Denominator

〈(
p
p−1

)〉
= pp−1

2. Otherwise, if n is not prime and index s, 1 < s < n is such that gcd(n, s) > 1
then n is not inversible modulo s (compare the proof of Lemma 1, item 1)
and this s becomes an ‘extramultiplier ′ (besides nn−1) in the denominator of〈(

n
n−1

)〉
and hence this denominator cannot be equal to nn−1.

�

3. Concuding Remark
At the present moment we consider the Neville’s algorithm as the most convenient
tool for evaluation of the Denominator

〈(
n
n−1

)〉
(See theorem 1). The complexity

of this algorithm can be estimated as O(n2) [7].
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